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Abstract

In this paper we prove the existence and uniqueness, as well as the regularity, of the udapred
solution to a class of degenerate linear backward stochastic partial differential equations (BSPDE)
of parabolic type. We apply the results to a class of forward—backward stochastic differential
equations (FBSDE) with random coefficients, and establish in a special case some explicit formu-
las among the solutions of FBSDEs and BSPDEs, including those involving Malliavin calculus,
These relations lead to an adapted version of stochastic Feynman—Kac formula, as well as a
stochastic Black—Scholes formula in mathematical finance. © 1997 Elsevier Science B.V.
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1. Introduction

In this paper we study a class of (linear) backward stochastic partial difterential
equations (BSPDE for short) of the following type:

T
u(t,x,-) = g(x, )+ / {(Lu)(s.x, )+ (Hg)s.x.- )+ f(s,x. )} ds

T
—/ {g(s,x,-),dW), (,x)€[0,T] x R", (1.1}
Jt

where W= {W,: t €{0,T]} is a d-dimensional Brownian motion defined on some filtered
probability space (Q, #,P;{ % }q), with { %}, being the natural filtration generated

' This author is supported in part by NSF grant #DMS 9301516 and ONR grant #N00014-96-1-0262.

2 This author is supported in part by the NNSF of China, the Chinese State Education Commission Science
Foundation and the Trans-Century Training Programme Foundation for the Talents by the State Education
Commission of China.

0304-4149/97/$17.00 (©) 1997 Elsevier Science B.V. All rights reserved
PII S0304-4149(97)00057-4



60 J. Ma, J. Yong{Stochastic Processes and their Applications 70 (1997) 59-84

by W, augmented by all the P-null sets in #; and for ¢ € C3(R"), ¥ € C'(R*; R?):

n

n
(Lo)txw) =Y a/(tx,0)pe, + Y d(t.x,0)p, + an(t,x, ©)g;

ij=1 i=1

(1.2)
n d d
(APt x o) = S B x oW + > K x o
k=1 /=1 —
We assume that @V, a’,ap,b*" and b, i, j,k=1,...,n, £=1,...,d (resp. g) are real-

valued measurable random fields defined on [0, 7] x R" x Q (resp. R" x Q), such that
for fixed x, they are #,-progressively measurable (resp. #r-measurable). Further, we
assume that @/ =a”, i,j=1,2,...,n, and the following parabolicity condition holds:

d
(A2 (za"f' - Z b"’b!") >0, V(,x)€[0,T]xR" as. weQ, (1.3)
=1

where (c¥) denotes a matrix. Our purpose is to find a pair of random fields (, ¢): [0, T]
x R" x Q— R xR?, such that for each fixed x € R*, {u(-,x,-),q(-,x,-)} is a pair of
adapted processes, and that (1.1) is satisfied almost surely; and to study the regularity
of the solution pair (#,q) in the variable x.

We should point out here that the stochastic integral in (1.1) is a forward Itd inte-
gral and the solution pair is assumed to be adapted to the forward filtration {%,}.
Therefore our BSPDE is an extension of the backward SDE initiated by Bismut
(1973), later developed by Pardoux and Peng (1990); and is different from those pre-
sented by many other authors (e.g., Rozovskii, 1990; Krylov and Rozovskii, 1982,
Kunita, 1990; Pardoux, 1979, etc.) in which no such adaptedness of the solutions
was required. The BSPDEs of this kind were originally found useful in stochastic
control theory. The works concerning the existence, uniqueness and regularity of the
adapted solution to a BSPDE, mostly in the context of stochastic maximum prin-
ciple for optimal control problems involving SPDEs (Zakai equation in particular),
can be found in, for example, Bensoussan (1983, 1992), Hu and Peng (1991), Peng
(1992) and Zhou (1992, 1993). However, most of the existing results essentially re-
quired the so-called superparabolic condition: to wit, the matrix (4Y) in (1.3) is uni-
formly positive definite. We note that in Zhou (1992, 1993) the degenerate cases
were discussed, but the results there required that the operator .# to be bounded,
which is unfortunately not the case we are interested in this paper, due to the spe-
cial form of the BSPDE arising in our applications. As a matter of fact, it is this
application (to be described in the next paragraph) that motivated the present pa-
per; moreover, to our best knowledge, the existence, uniqueness and regularity of
the adapted solution of a degenerate BSPDE with unbounded .# has remained open
so far.

The second aim of the paper is to apply the result of BSPDE to the study of a
class of forward—backward SDEs (hereafter FBSDEs) with random coefficients, which
has recently been found useful, apart from stochastic control theory, in mathemati-
cal finance. In the case when the coefficients of an FBSDE are deterministic, it was
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proved in our previous work (Ma et al., 1994) that, under certain conditions, the FB-
SDE has a unique adapted solution over an arbitrarily prescribed time duration; and
more importantly, the backward and forward components of such adapted solutions
can be related explicitly via a classical solution to a backward quasilinear parabolic
PDE. Some earlier results concerning the solvability of an FBSDE can be found in
Antonelli (1993) and Ma and Yong (1995), using different methods; and the appli-
cations of FBSDEs, especially in mathematical finance, can be found in Duffie et al.
(1995) and Cvitanic and Ma (1996). However, when the coefficients and the termi-
nal value ¢ are allowed to be random, the problem becomes much more formidable.
It turns out that in this case the corresponding PDE has to be replaced by a back-
ward quasilinear SPDE similar to (1.1) with a strong degeneracy: i.e., the matrix
(A7)=0, and the operator .# is unbounded. We note that the existence and unique-
ness of adapted solutions to a class of FBSDEs with random coefhicients was studied
recently by Hu and Peng (1997) and Peng and Wu (1996), under certain “mono-
tonicity” conditions on the coefficients. In this paper we do not pursue the general
solvability of such FBSDEs, instead we content ourselves with some simpler cases in
which the structure of the adapted solution can be clearly seen, based on our results
in BSPDEs. We establish in a special case the relation between an FBSDE and a
BSPDE, which leads to an adapred version of stochastic Feynman—Kac formula, and
later a generalized option pricing formula. The derivation of these formulas depends
heavily on the method we have been using, namely, the Four-Step Scheme as presented
in Ma et al. (1994).

Finally, we would like to point out that the main difficulty in deriving the satisfactory
existence, uniqueness and regularity result for a degenerate BSPDE seems to be that the
best a priori estimate of Krylov—Rozovskii (cf. Krylov and Rozovskii, 1982, or Zhou,
1993) for a degenerate second first-order differential operator, on which the existing
method is heavily based, is not strong enough to guarantee the desired convergence of
the finite-dimensional approximating sequences (see Zhou, 1993 for more discussion on
this issue). In this paper, however, we shall derive an a priori estimate for the BSPDE
directly without using the Krylov—Rozovskii estimate, which enables us to approximate
the degenerate BSPDE by a sequence of nondegenerate ones for which the existence
of adapted solutions is known; and derive the existence, uniqueness and regularity of
the adapted solution to a degenerate BSPDE in a different way. For technical reasons,
in this paper we deal only with the case when the coefficients () and (b*') are
independent of x. And we shall, hopefully, address the more general cases in our
future publications.

This paper is organized as follows. In Section 2 we give some preliminaries. Sec-
tions 3— 5 are devoted to the proof of the existence and uniqueness of the adapted
solution to the degenerate BSPDE (1.1). In Sections 6 and 7 we discuss the relation
between the BSPDE (1.1) and a class of FBSDEs. We relate their solutions explic-
itly through a set of formulas, including those involving Malliavin calculus; and as
a corollary we derive a stochastic Feynman—Kac formula. We note that the relations
involving the component ¢ of the adapted solution to BSPDE (1.1) are new. Finally,
in Section 8 we apply our result to an option pricing problem in mathematical finance,
and derive (for the first time) a stochastic Black—Scholes formula.
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2. Notation and preliminaries

Throughout this paper we assume that the time duration [0,7] is fixed; and that
(Q, #,P) is a complete probability space on which is defined a d-dimensional standard
Brownian motion W= {W,: 1 €[0,T]}. We further assume that the filtration {F,}:5¢
is generated by W, augmented by all the P-null set in %, and thus satisfies the “usual
hypotheses™ (Protter, 1990).

For any integer m >0, we denote by C™(R"; R") the set of functions from R" to R’
that are continuously differentiable up to order m; by C;/(R"; R”) the set of those func-
tions in C"(R%; R?") whose partial derivatives up to order m are uniformly bounded. If
there is no danger of confusion, C”(R"; R”) and CH(R™; R’) will be abbreviated as C™
and C}', respectively. We denote the inner product in an Euclidean space £ by (-,-); and
the norm in E by |-|. With the notation &y, = /0y, i=1,...,n and V=(0,,,...,0, )",
we shall denote, for any ¢ € C'(R"), Vo =(0x,@,.... 0, @) . If E=(E',...,&") is a
vector field such that each & € C'(R"), then we denote by V¢ the matrix (0,8 7

and by V- ¢2 Y 8, ¢ the divergence of ¢&.

For any multi-index = (%,%,...,%,), we denote |o|=ay + % + -+ + &, and
pre 031 0% - oy If B=(P, B2...., Bn) is another multi-index, then by <o we mean

that f; <o; for 1 <i<n; and by <o we mean that f<a and |f| <|a|. For m>0, we
denote by W™P(R") the usual Sobolev space, and H"(R") = W™2(R"). In the case of
no ambiguity, we often write H™”, W™? etc., instead of H™(R"), W™P(R"), etc. for
simplicity.

Finally, for any 1< p, »r< oo, any Banach space X, and any sub-g-field ¥ C %, we
denote

e by L,(2,X) the set of all X-valued, ¥-measurable random variable ¢ such that
Ello||% <oo; and we simply write LP(;X)=L%(2;X),
e by L;(O, T;L’(€2; X)) the set of all {#,}-predictable X-valued processes ¢(t, -, w):
JAN T ¥ ¥ /
[0, 7] x @ — X such that HQDHL;(O,T;L"(Q;X)) ={ [, [Elle@)|I317" de}VP < .

Similarly, we can define the space C#([0,T];L"(£;X)), etc.. If p=#, we shall
denote L7.(0,T;LP(Q;X)) by L5(0,T;X) for simplicity. In particular, if X =R" and
p=r=2, we denote L%(0, Ty =L%(0,T; R")=L%(0, T; L*(2; R")), which is the set
of all {#,}-adapted square integrable processes taking values in R".

To conclude this section, we recall a useful fact. Let h € L%(0, T; C"(R"; R?)). Then
it can be shown (see, for example, Kunita, 1990, Exercise 3.1.5) that the stochastic inte-
gral with parameter: fot (h(s,x,-),dW;) has a modification that belongs to L%(0,7; C" 1)
and it satisfies

t t
D"/ (h(s,x,-), dW;) = / (D*h(s,x,-), dW;) for |a|=1,2,...,m — 1. (2.1)
0 0

Consequently, if A€ L%(0,T;C), then fd(h(s,',-), dW;) € L%(0,T;C>); and (2.1)
holds for all multi-index «.
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3. A linear degenerate BSPDE

The main result of this paper concerns the following BSPDE: for (z,x) € [0, 7] x R".

T
u(rox.) = glx.) + / {(LuYs.x) + CAgY s + f(s.x )} ds

T
‘/ {q(s,x,-), dW), (3.1)
t

where the random differential operators ¥ and ./# are given as (in vector forms):

(Lu)(t,x,w) =V - (A(t, 0)Vu(t.x,w)) + {a(t.x. W), Vu(t,x, w))
+ ao(t, x, 0)u(t,x, ), (3.2)
(A g)t,x,0) = tr{B(t,w) Va(t.x,0)} + (b(t,x, ), q(t.x.»));
and
A=(a"):[0,T]x Q >R,
B=(b"):[0,T] x Q — R™,
a=(a',....a"):[0,T] x R" x Q — R",

! i d (3.3)
b=(b'..... pY:[0,T] x R" x Q - R,
ag, [0 T]xR"x Q— R,
g:R'"xQ—R.

In the sequel, the dependence of all the functions on « will be suppressed for the
simplicity of notation. We shall make the following assumptions: for an integer m >0,

(A1), functions 4,a,ay, B, b, f and ¢ satisfy: 4 € L_z,;(O, T;R™"y, BELZ(0,T; Ry
a€ L (0,T;Cr(R"; RY); b€ L%(0.T; C/(R"; RY)); ap € L0, T; CI'(R")):
fELL(0, T;CrHRHYNH™RY)); gGLEFI(Q;C,’,"(R”)GH’”(R")). Further, the partial
derivatives of a,aq,b, f and ¢ in x up to order m are bounded uniformly in (¢ m).
by a constant K >0;

(A2) it holds that 24(¢) — B(1)B(¢) =0,vt €[0,.T] as.

We remark here that the assumption (A2) allows the degeneracy of the operator &
in the sense of stochastic PDEs. It is such a degeneracy and our intention of finding
the adapted solutions to be defined below that distinguish the BSPDE (3.1) from the
existing ones in the literature, as we pointed out in Section 1.

Definition 3.1. (i) A pair of random fields {(u(t,x;m).q(t,x;®)), (Lx,w)E[0.T] %
R" x Q} is called a classical solution of (3.1), if uc C([0,T]; L*(Q; C*(R"))) and
g € L%(0,T; CY(R"; R?)), such that (3.1) is satisfied for all (z,x)€[0.T] x R", almost
surely.

(i) A pair of random fields {(u(t,x:w),g(t.x;w)), (Lx,w)€[0,T] x R" x Q} is
called a strong solution of (3.1), if uc C#([0,T];L*(Q: H*(R"))) and g€ L%(0.T:
H'(R"; R?)), such that (3.1) holds for all t€[0.7], a.e. x € R", almost surely.
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(iii) A pair of random fields {(u(z,x;w),q(t,x;w)), (t,x,w)€[0,T] x R" x Q} is
called a weak solution of (3.1), if u€ C#([0,T];L*(Q;H'(R"))) and q€L%(0,T;

L2(R*;RY)), such that Yo € H'(R"), Vr€[0,T], it holds almost surely that (Q, =
[1, T] x B")

/ u(t,x)p(x)dx

= [ apedx+ [ {40Vt 0. Vo)
a0, Vi) 06) + (s (5, 1)0(5,5) (V2. B g, )

T
+(b(s,x),q(s,x)) p(x) + f(s,x)p(x)} dxds */ </R q(s,x)p(x)dx, dWs>.
(3.4)

The main theorem of this paper is stated below. The proof of the theorem will be
carried out in the following two sections.

Theorem 3.2. Let (Al),, and (A2) hold with m= 1. Then, (3.1) admits a unique weak
solution (u,q) with
{24(-) = BC)B(-) }Y2Vu(-,-) € L5(0, T H™(R"; R")),
(") + B Vu(-,) € L5(0, T; H"(R"; RY)), G-
and the following estimate holds:

]
Elt. o +E [ 1) dr
max Bl )l + / laCt, s

+E/ Z |D*q(t,x) + B(t)TV (D u(t, x)) — b(t,x)D*u(t,x)|?
[0,T]x B!

o] <m

+ > {(24(2) — B@OBAT V(D u(t.x)), V(D*u(t.x))) ¢ dxdt

|2 <m
gc{”f”]%ly((k?‘;]_]m) + 'Igi|i2¢7(g;ﬁrr1)}, (36)

where the constant C depends only on m, T and K.
Furthermore, if m =2, the weak solution (u,q) becomes the unique strong solution;
and if m>2 +d/2, then (u,q) is the unique classical solution.

Remark 3.3. We note that in the case either 4(¢) — B(¢)B(¢)" =4I, a.e. t €[0,T), for
some 6>0; or A(¢)=0, B(t)=0, ae. t€][0,T], one can easily show that (3.6) leads
to similar estimates given in Zhou (1993).

Remark 3.4. The square root of the left-hand side of (3.6) is a norm, under which
the set of all processes (u,q) € C#([0,T]; H™) % L%;(O, T; H™ ') with (3.5) being true
is a Banach space. We will denote this space by #".
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4. A priori estimates

In order to prove Theorem 3.2, we first provide an a priori estimate for the solutions
of (3.1). We begin by assuming that the coeflicients a,aq,b, f and g of the equation
(3.1) are infinitely differentiable in x with all the partial derivatives up to order m
being bounded by a constant K,, >0 for all m>0. We also assume that (u,¢) 1$ an
adapted solution of (3.1) such that

ue Cr([0,T]; L7 (2 C(R) NH" (R))),
(4.1)
g e L0, C(R", R)yN H™(R"; RY)).

We remark here that a random field u (resp. ¢) satisfying (4.1) can be roughly described
as one that is continuous (resp. square-integrable) in ¢, square-integrable in «, and
infinitely differentiable in x, with all the partial derivatives up to order m+ 1 (resp. m)
being square-integrable on R”".

Let 2 be any multi-index, |«| <m. In this case, by using the fact (2.1) we can apply
the operator D* to both sides of (3.1) to obtain (suppressing w):

T
(D*u)(1.x) = (D*g)(x) + / D*{(Lu)s.x) + (Aq)(s,x) + f(s,2)} ds

T
—/ (D*q)s,x), dW5), (4,x)€[0.T] x R". (4.2)

Next, for each ne N, let ¢, € C'(R) such that

0<0.(p)<2p An,

0a(P)12p. @n(p)—2, WER, n—oc.

Define ®,(p) = [ @a(r)dr. It is clear that @, is C* and @,(p) 1 p*. ¥p € R. Now, by
It6’s formula we have, for each n € N, that

D,((D*g)(x)) — B, ((D*u)(t,x))

T
= - / @ (D)5, X ND*{(Lu)(s,x)+ (A g)s.x)+ [(s,x)} ds

T T
+%/ @f,(D“u(S,X))ID“(IIZ(S,X)dSwL/ Pa((D*u)(s.))(D*g(s.x). dW,).
Jit St

(4.3)

Since ¢, is bounded, the last term above is a martingale. We can first take expectation,
and integrate with respect to x over R”, then let w — oc by using the Dominated,
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Monotone Convergence Theorem to obtain that (recall O, =[#, 7] x R" and note (4.2))
628 [ {(00re) - (D) dx
= —2E/Q (D*u)(s, x)D*{(Lu)(s,x)+ (M g)(s,x)+ f(s,x)} dx ds
+E | |D*q*(s,x)dxds. (4.4)

O

We shall now do a detailed analysis of the right-hand side of (4.4). To begin with, let
us denote by I the d x d identity matrix, and define

1 Bt -b D%q
A=| B 24 ~-Bb |, n=| v |. (4.5)
—b" —bp"BT 14 (D*u)

Then a direct computation shows that

n' An = |D*q* + (24V(D*u), V(D*u)) + (D"u)*(1 + |b[*)
+ 2(B(D*q), V(D*u)) — 2(D*u){b, D*q) — 2(D"u){Bb, V(D" u)). (4.6)

On the other hand, we have

I 00 I 0 0 I B —b
nay=y4"| B I 0 0 24—BB" 0 0 I 0 |g
- 0 1 0 0 1 0 0 1
= |D*q + BTV(D*u) — (D*u)b|* + (24 — BB")V(D*u), V(D*u)) + (D*u)*.

4.7)

Therefore, recalling the definition of the operators ¥ and .# (see (3.2)), and using
standard techniques of integration by parts (note that all the coefficients together with
their partial derivatives in x up to order m are bounded and (4.1) holds), we see
that (4.4) can be written as follows (suppressing all variables):

O =E | {|D*q)* = 2(D*u)[V - {AV(D*u)} + tr{BV(D*q)}
Ql
+D*({a,Vu)) + D*(apu) + D*(b,q) + D* ]} dx ds

O

—2(D*u){a, V(D*u)) — 2ag(D*u)* — 2(D*u) (b, D"q)
—2 > Cy(D"w{(D*Pa, V(D u)) + (D" Pag)(DPu)

0sfi<a

{ID°‘61I2 + (24V(D*u), V(D*u)) + 2(B(D*q), V(D"u))

+ (D“‘/’b,D”cﬁ} _ Q(D“f)(D“u)} dxds, (4.8)
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where C,;3 >0 are some constants depending only on % and f§. Comparing the right-hand
side of (4.6) with the integrand on the right-hand side of (4.8), and noting that

E / (D*u)(Bb —a,V(D"u)) dxds = %E / (Bb — a, V[(D*u)*]) dx ds
JQ, JO,

:—.%E/ V - (Bb — a)(D*u) dx ds,

0

we see that (4.8) (hence (4.4)) becomes

E/ {(D"gY (x) = (D*uy(1,x)} dx
J

:E/ {nTAn—V-(Bb—a)(D"u)z—(2a0+ I+ bW D*u)
JQ,

-2 Z Cx,g{<D““/;a,VDﬁu>(D"u)+(D"/;ao)(D/ju)(D“u)

0<f<n

+ (D" b Dg)(D*u)} — 2D f')(D’u)} d ds. (4.9)

We now replace the quadratic form #' Ay by (4.6), then from (4.9) we obtain that

E/ (D*u(t,x) dx +E | {|D*q+ BV (D*u) — (D*u)b|?
IR 1o,

+ (24 — BBY)YV(D*u), V(D*u)) } dx ds

= (D*u(t,x)y dx +E | [n" Ay —(D*uy*]dxds
S 19,

:E/' (D“g)zdx+E/ {(\h2+2a0+V~(Bba))(D“u)2
SR .

QV

+2 > Cy{(D*Pa, YD u)(D*u)y + (D* P ag )\ DPu)(D*u)

0 <
+(D* b, DFq)(D*u)} + 2(D*./')(D“u)} dxds. (4.10)

With the help of (4.10), we can now prove the main result of this section.
Proposition 4.1. Ler m € N. Suppose that the coefficients a,ay and by are infinitely
differentiable in x, and their partial derivatives in x up to order m are uniformly

bounded by an absolute constant K >0. Suppose also that (u,q) is a classical solution
of (3.1), such that both u and q are C> in x and

’
max E|u(t, 3 +E / lg(t. )7 dt <. {4.11)
r€10.7) Jo

Then the estimate (3.6) holds.
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Proof. First, by (4.11), we see that (4.10) is true for all multi-indices o with |o| <m
(if |¢|=0, the term 3, _,_, -+ does not show up). We now add up (4.10) for all
|a| <m, and recalling the norms of H™ and L%(0, T; H™), we obtain

Elut N+ [ {3 10+ B0~ 0w

& o] <m

+ Y (24— BBN)V(D*u), V(D*u)) ¢ dxds

[ <m

<Elol+E [ 3 (68 +2lanf +[9-Bo-a) 3 0y

o |t <m

+2 > 3" Cop{|D*a||VDPu||Du| + |D*Fag| | DFul|D |

x| <mO<f<n

+(D*Pb||DPq||D*ul} +2 Y D" f]|Du] § dxds.

Jaf <m

<E|\glm +E / (bl +2lao] + V- (BB —a)| +1) 3 (D7

i || <m

2
1
+ § § Ca,;{2|D°‘_’5a|+JD°‘*ﬁaol+E|D°“/‘bjz} § |D*ul

Jaf <mO< < || <m

e > D CulDPqlP+ Y DU} dxds. (4.12)

Jx| <mO<f<a |2] €m

Here we have used the inequality 2ab < 1|a|? + ¢[b|%. Now recall that all the coefficients
a,ap,B and b as well as their partial derivatives in x up to order m are uniformly
bounded by a constant K >0, and note that there exists a constant C; >0, depending
only on m, such that

Yo D CyldfalP<ci Y DMl

e <mO0<f<a Bl <m—1

2
Z |D*u| | <Ci Z |D*ul*.

Jx| <m {2 <m
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Thus, there exists a constant C(&)>0, such that the right-hand side of (4.12) is dom-
inated by

T
E||q||f,, +C(£)E/ ||u(s,-)||i,m ds

ek / Z 1D/{Q|2dXdS‘+H/{HL (O.T H" ) (4.13)

T ES B

Now note that for |f| <m, one has
E/) 1D/‘q|2dxds<35/) {BPID u? + | B IV(D u))?
Jo, 0,
+ D g+ BY(DPu) — (DPu)b*} dx ds. (4.14)
Summing up both sides of (4.14) with respect to || <m — 1, we have

T
/ > IDfgPdxds<6K’E / l|aeCs, |2, ds

T <m=

+3E [ 3 |D*q+ B"(VD*u) — (D*u)b|* dx ds. (4.15)
% j2] <m

Plugging (4.15) into (4.13), we see that the right-hand side of (4.12) is now dominated
by

T
E||gll3n + (C(e) + 6:C K*)E / loeCs, o A5+ 1 2 g0, 72100
t

+3:C > E | |D*q+ BT (VD u) — (D*u)b|* dx ds. (4.16)
|x| <m o

Now let us replace the right-hand side of (4.12) by (4.16) with the choice that
£=1/6C), and C,=C(1/6C,)+K?, then after a slight rearrangement of terms we
obtain from (4.12) that

Ellu(z, - )||H,+ > /{|D"q+BTV(D°‘u) (D u)b?

2 i

+{(24 — BBY)V(D*u), V(D*u)) } dx ds

)
<Ellglfn + CE [ s ) s + 171 e (417)
J1
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Applying Gronwall’s inequality, one can easily derive, with a suitable choice of the
constant C which depends only on m, T and K, that

2 o T o _ % 2
s Bt e £ S D%+ BTV(D") — (Db

0718 | |

+ 3 (24~ BBN)YV(D*u), V(D*u)) p dxds

xl<m
<CLENglim + 1Az 0,75 - (4.18)

Finally, note that by (4.15) we have

T
D12 <6K2 312
E/O gt Mz dr 6KZT max Ellu(ts Iz
3k / > 107+ BIV(D"u) — (Db dw dt. (4.19)
[0, T]x R# o <m

By (4.18) we see that both terms on the right-hand side above can be dominated
by C'{E||g|l%. + ||f||izi(0’ 7.1my}> With some absolute constant C’>0. Combining this
with (4.18), we derive (3.6). [J

5. Proof of Theorem 3.2

Let us first assume that the coefficients a,aq,b,g and f are all infinitely differentiable
in x. For any £>0, we consider the following approximate problem:

du'(t,x) = = {(La’ W6, x) + (M g" )1, x) + f(t.x)} di + (g°(1.x) AW,
(t,x)€[0,T] x R, (5.1)
u(Tx)=g(x), xeR",
where
(ZLu)t,x)=V - {(A(t) + e )Vu(t,x)} + {a(t,x), Vu(t,x)) + ap(t, )u(t,x).  (5.2)

We note that (5.1) is a nondegenerate BSPDE. Then, using the result of (Zhou, 1992),
we know that there exists a unique classical solution (u,¢%) to (5.1), such that both
u® and ¢° are infinitely differentiable in x, thanks to the Sobolev Imbedding Theorem;
and (4.11) holds for any m > 1. Therefore, we can apply Proposition 4.1 to get

T
Ell(t, o + E 5, d2
tg{xg);] e (8, |z + /0 llg“ (2, Ml ggm—

+E/ Z |D°‘q‘:—f—BTV(D“u")_(D“ug)b[z
[0, T]x R"

x| <m
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+ Z (24 + 2e] — BBOYV(D "), V(D*u*)) » dxds

|x] <m

<Cw{H.fH‘Z%}(QT;HW) + HgHi:[’ (Q:HV”)}7 (53)

with the constant C depending only on m, T and K (independent of ¢>0). Now. for
any &,¢ >0, we have

d(u' — u” Y1.x) = —{ LW — " Wi.x)+ (g — ¢ )1.x)
+eAu(t,x)— 5:'A1/“I(t,x)} de+{g"(tx) — q"/(t,x) dW )y,
(t,x)€[0,T] = R",
(W = NT.x)=0, xeR", (5.4)

where A is the Laplacian operator. Let m >3 and apply Proposition 4.1 again. Noting
that for any multi-index 2, (24 — BBT)V(D*u), V(D u)) =0, ¥(£,x), a.s., we obtain
that

T

max E|(u" —u" )¢, ')H%{H“*l(nﬁzﬁ/) +E / (¢"—q" )1, ‘)“}?/‘”*‘(H“)dt
1€[0.7] J0

SO ey T )

<Cle+ f’/){Hf”?f;(o.r;ﬁ/") + HQHI%:”.(Q:H”’)}‘ (5.5)

Therefore, by letting m >4, we can find a random field (u,¢) with u € L%(0. T H" " °)
and qELZ/;(O, T: H"3 ), such that

T
}Erg) { ;g[l(?,);] lu® — uH:,Z;y_(O_T:H,,,,Z) +E /0 lg“(e.-) — gz, )Hf, ; dt} =0,
It is easily seen, by passing to the limits in (5.1), that (u,q) is an adapted strony
solution to (3.1) satisfying (3.6). The uniqueness follows easily from the estimate (3.6).

In the general case when only Assumptions (A1), and (A2) are satisfied, we adopt
the standard technique of “smoothing coefficients” (see, for example, Rozovskii, 1990).
Namely, we first apply an “averaging operator” on both sides of (3.1) so that the coef-
ficients become infinitely differentiable, and therefore obtain the corresponding approx-
imating solutions which are all infinitely differentiable. Then, together with the « priori
estimates derived in Section 4, we can show that the approximating solution converges
to the strong solution (or weak solution) of (3.1), provided the Assumptions (Al),
and (A2) are in force. Also, estimate (3.6) holds true since we are taking the limits
in the space #" (see Remark 3.4 for the definition of ). Finally, the classical so-
lution can be obtained by a simple application of the well-known Sobolev imbedding
theorem. For the detailed arguments, one is referred to, e.g., Rozovskii {1990). This
completes the proof of Theorem 3.2. ]

Discussion. Recall that in (Al), we have assumed both ¢ and f are bounded with
bounded derivatives. This is sometimes too restrictive in applications, and we would
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like to consider the following relaxation: suppose that there exists some ¥ € C™,
Y(x)>0, ¥Vx € R, such that

lgCO, L (6, x)| < C(x),  Y(tx)€[0,T] x R" (5.6)
Define
v(t,x) = Y(x) " "u(t,x), pt,x)=y(x)""q(t,x). (5.7)

Then, multiplying Eq. (3.1) by ¥(x)~!, and noting that Vu=yVv+(Vi)r,
Vq=y/Vp+(Vi)p, we obtain from some simple computation that

T
v(t,x):ﬁ(x)+/ {V-(AVUH—(5,Vv>+aov+tr(BVp)+5p+fA} ds

T
_/ P (5.8)
where
Sy 90 s fGx)
g(X)~W(x), f(t,x) TER
a(t,x)=a(t,x) + 2—14%//@
(5.9)
at, x) = ag(t,x) + V- (A()Vi(x)) + <a(t,x),Vlﬁ(x)>’
Y(x)

b - B(t)Vi(x)
b(t,x)=b(t,x)+ 0

Therefore, if the new coefficients @,ao, b, g and f satisfy conditions (A1), and (A2),
BSPDE (5.8) will have a unique strong solution (v, p), which in turn shows that (3.1)
has a unique strong solution (u,q) such that (u,q) and (v, p) are related by (5.7). Thus,
we have proved the following theorem that slightly generalizes Theorem 3.2.

Theorem 5.1. Suppose that there exists a function y € C™ such that the correspond-
ing coefficients a, Go, b, and [ defined by (5.9) satisfy conditions (Al),, and (A2) for
some m>=1. Then, (3.1) admits a unique weak solution (u,q) with (3.5) being true.
Furthermore, the weak solution (u,q) becomes the unique strong solution if m>=?2,
and it becomes the unique classical solution if m>?2+d/2. Finally, the estimate (3.6)
holds when the functions u,q, f and g are replaced by y~'u,y~'q, f and §. O

To conclude this section we point out that if (Al), holds for 4,a,a0,B and b
except for f and g, (5.6) holds with P(-) = |Vy(-)|/y(-) € C(R"), then, (Al), holds
for a,a0,b, f and §. Some obvious examples for functions Y with desired properties
are, e.g.,

Yy =1+x["" or Ylx)=eSVIHE xR
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6. Relations between BSPDEs and FBSDEs

In this section we discuss how to use the adapted solution of a BSPDE to obtain the
adapted solution of a forward-backward SDE (FBSDE) with random coefficients, based
on the Four-Step Scheme designed in Ma et al. (1994). We shall start from a general
discussion that will at least reveal our motivation; and then we content ourselves with
a special case for which the results in the previous sections apply.

Let us consider an FBSDE with random coefficients:

. ¥
X,:X+ / E(S'H/\/,\" YwZSa')ds + / O-(Sanst')dVVm
0 r R J0 7 (() 1 )
N+ [ BeX Lz [z
Jt Jr

We assume that the coefficients E, b and o are random fields defined on [0, 7] x R”
x RxR? x Q such that for fixed (x, y,z), the processes b(-,x. v,z,-), E(- X, v,z,-) and
o(-,x,y,) are predictable. Also, we assume for the moment that for fixed ¢ and o,
the functions b, b and ¢ are smooth in x, v and z. Finally, we assume that for fixed
x,¢(x,-) is an Fr- measurable random variable, and it is smooth in x for fixed (.

Our purpose is to find an “adapted solution™ (X, Y,Z) to Eq. (6.1). In light of our
previous work (Ma et al, 1994), we proceed by the following heuristic argument.
Supposing that (X, Y, Z) is an adapted solution to (6.1), we denote B(t) =b(t. X, Y. 7))
and a(t) = a(1.X,, Y;). Suppose that there is a random field {u(z,x,®): (t.x,»)€[0.T)
x R" x Q}. which takes the form (suppressing «):

t

u(t,x):u(x,O)+/ pls, x)ds + / {q(t,x),d 1),
0 Jo

where pe€L%(0,T;C*) and g€ 1%(0,T;C’) with k=3, #>2, such that ¥ and X are
related as Y, = u(t, X,,), Vt<€[0,T], a.s. Then, by applying a generalized [to-Ventzell
formula (see [Kunita, 1990, Theorem 3.3.1]) from ¢ to T, together with some com-
putation using the definition of the stochastic integral based on semimartingales with
spatial parameter x, one shows that

T
u(t,X,):u(T,Xr)f/ {p(s,X,) + Ltr{G6" (s )(D*u)(s, X, )}
Jir
+(b(s), Vu(s, X,)) + tr{dT(s)Vq(s, X))} ds
T
‘/ (q(s,X5) + 61 (s)Vu(s, X,) dI), (6.2)
t
where (D?u)(t,x) denotes the matrix (uxy,(£,x)). Now noting that Y, = u(t, X,.-). we
can compare (6.2) with (6.1) to obtain that
Zi=q(t,%) + 0" (6, X, u(t, X,))Vu(t, X, );
p(.X) =~ {b (L, X u(t, X)), 2,) + Str{oaT (1. X, u(t. X,))(D*u)(1.X,)} 63)

+ (X u(t, X0, Z,). Vit X)) + tr{a" (1. X, u(t, X))V q(t, X))},
w(T,X7)=g(Xr).
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Combining the above, we have the following modified Four Step Scheme:

Step 1: Define a function z(,x, y,w,q) =q + ' (¢, x, y)w.
Step 2: Using the function z(- - -) defined above, solve the quasilinear BSPDE:

u(t,x) = g(x) + / T{E(s, x, u(s, x),2(s, x, u(s, x), Vu(s, x), q(s, X)))
+ %tr{aol'T(s, x,u(s, x))(D*u)(s, x)}
+ (b (s, x, u(s, x),2(s, x, u(s, x), Vu(t,x),q(t,x))), Vu(s, x))
+tr{a" (s, x,u(s, x))Vg(s, x)} ds — /tr<q(s,X)dVK>, (6.4)

and denote the (adapted) solution by (u,q).
Step 3: Using the solution (u,q) from above, define

b(t, x, ) = B(t,x, u(t, x, ), 2(t, X, u(t, x, ), Vu(t, X, 0), 4 (8, X, 0)), 0);

a(t,x, )= o(t,x,u(t,x,w),w).

Then we solve the forward SDE:
[~ H
Xt=X+/ b(S,Xs,')dS+/ a(s, X;,-)dW,.
0 0

Step 4: Define ¥, = u(t,X,,-) and Z, = (1, X,, )+ (6, Xp, u(t, X,, ), )Vu(t, Xy, -), then
one shows that (X, Y,Z) is the adaptd solution to (6.1).

It is clear that the most difficult part in the Four-Step Scheme is Step 2, in which
we have to find a (classical) adapted solution to a quasilinear BSPDE. Notice that in
this case we have (using the corresponding notations in the previous sections)

A(t,x,w) = %O‘O’T([,x, u(t,x,w),w), B(t,x,0) = a(t,x,u(t,x, w), ®),

hence 24(t,x, w)—B(t,x,w)BT(¢,x,w)=0. Namely, the BSPDE is degenerate; and the
coefficient in front of Vg is 6T =/ 0, which means that the operator .# in the BSPDE is
unbounded. Thus the problem becomes very difficult in general. Also, we should point
out that although the solvability of BSPDEs might imply the solvability of the FBSDE,
it does not guarantee the uniqueness of the adapted solution of the latter. We refer the
interested readers to Duffie et al. (1995) and Ma et al. (1994) for the issue of a “nodal
solution” of an FBSDE (a solution that can be obtained by Four-Step Scheme). The
following is a simplified case where the Four-Step Scheme does go through, thanks to
the results of previous sections. We note that our attention is not the well-posedness of
the FBSDE, but rather the relation between the adapted solutions of the two equations.

A Special Case. Suppose that in the FBSDE (6.1) we have
b(t,x, v,z,) = b(t,x,w),
o(t,x, y,w)=o(t,w),
E(t,x, V,zZ,m)= Bl(t, X, W)y + 27\2(1, X, w)z + 53(t,x, ).
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In other words, we consider the decoupled FBSDE with random coefficients and ter-
minal condition:

ot !
X,:x+/ l_)(s,XS)ds+/ o(s)dW;
0 0 R T (6.5)
Y,:.q(XrH/ [bl(S»X\')Yv‘f'b?(5~X.\\)Zv+b?»(S-X\')]dS’/ (Z,. AW,
Jr Jt

Suppose for the moment that n =d = 1. Then following the Four-Step Scheme de-
scribed above, we see that by setting z(f,w,q,w) = ¢ + wa(t,»), the BSPDE (6.4)
becomes (suppresssing variables in the integrals):

u(t,x) = g(x)+ /T{%ozuﬁ + bu, + og, + ugl + (g + um)gg + gg}dx - /.I g dw,
. rr ' ,-1
=g(x)+ / {%02”,\-.\- + (b + 652 Y, + byu+ ag, + /Anq + 27\3}(15'— / g dW,
{ : (6.6)

Now, if we define the operators:

(Z0)(t.x) = L0 (D)pu + (B(LX) + 0(1)bo(t.X)p, + by (1),

(AY)(L.x) = o (1 + ba(t. )
and f(4,x) :gg(t,x), then (6.6) becomes

T T
u(t,x)=g(x)+ / [(Lu)(s,x)+ (#g)s.xy+ f(s,x)]ds — / g(s, x)dW(s),
(6.7)

which is exactly the BSPDE (3.1) with n =d = 1. Returning to the higher-dimensional
case, we see that the (6.6) is the same as (3.1) with

A = oo B)y=0(1):  alt,x)=b(t.x) + a(t)ba(t,x)
ap(t.x) = bi(L.x);  b(Gx)=ba(tx ) f(0.%) = by(1.x). (6.8)

Thus, we have the following theorem.

Theorem 6.1. Suppose that the random functions ( fields) b, o, 51, 52, B and ¢ are
such that the corresponding functions A, B, a. ag, b, f. ¢ defined by (6.8) satisfv
either the conditions of Theorem 3.2 or that of Theorem 5.1 with m =2+ d/2. Then
the FBSDE (6.5) has a unique adapted solution (X,Y,Z) such that

Y, =u(t, X, ), Zi=q(t, X, )+ O‘T(t)Vu(t, Xi.o) ae t€[0,T] as. (6.9)

where (u,q) is the unigque adapted classical solution to the BSPDE (6.6).

In particular, if all the coefficients in (6.5) ure deterministic, then the unique so-
lution of (6.6) is deterministic. More precisely, it is given by (u,0), where u is the
classical solution to a backward PDE. derived from (6.6) by setting ¢ = 0.
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Proof. Note that since the FBSDE (6.5) is decoupled, it is well known (see Pardoux
and Peng (1990)) that it possesses a unique adapted solution. Next, by Theorem 3.2
(or Theorem 5.1), we see that under our assumption, the BSPDE (6.6) has a unique
classical solution, therefore the Four-Step Scheme goes through (note that in this case
Step 3 is trivial). Consequently, (6.9) must hold by the uniqueness of the FBSDE and
the construction of the Four-Step Scheme.

To see the second assertion, we note that by setting ¢ = 0, the BSPDE (6.6) becomes
a backward PDE, which, under our assumptions on the coefficients, possesses a unique
classical solution u since Theorem 3.2 holds regardless of the data being deterministic
or random. Thus by the uniqueness of the BSPDE, the pair (#,0) must be the only
solution to the BSPDE. The theorem is proved. [

We should point out here that the real issue in Theorem 6.1 is the relation between
the solutions (X, Y, Z) and (u,q). Such a relation, especially the one between Y and X,
will lead to a stochastic Feynman-Kac formula, as stated in the following corollary.
Let us now consider the FBSDE (6.5) on the interval [s, 7] with X; = x, a.s. for some
0<s<T. Denote the solution to such an FBSDE by (X**, Y** Z5%).

Corollary 6.2. (Stochastic Feynman-Kac Formula). Suppose that the conditions of
Theorem 6.1 are in force, with /b\2EO. Let (u,q) be the classical solution to the
corresponding BSPDE (6.6). Then, for any (s, x)€[0,T]x Q and a.e. o€ Q,u(s, x,w)
has the following representation:

u(s, x, ) =u(s, X;*, w)=1>*

T~ RIRY T o AINY -~
:E{ef.«- P& g xmTy + / oJ PG yeTy 4
5

.7} (6.10)

Proof. Since in this case the backward SDE in (6.5) is linear in Y and the drift is
independent of Z, thus solution ¥;™* can be written as, for s<¢<7,

L RNRY T ey EIRY o~
¥ = o, XD sy / el PWHOW D o X5V dr - Z57 AW,
t

by taking the conditional expectation on both sides above, noting the adaptedness of
the solution (X%, Y** Z5*) and setting s = ¢, we see that (6.10) follows from (6.9).
O

Remark 6.3. Except for our restriction on the coefficient o, Corollary 6.2 extends the
classical Feynman—Kac formula and (partially) the one in Pardoux and Peng (1992) in
which all the coefficients were assumed to be deterministic. We note that the Feynman—
Kac formulas involving backward stochastic integrals or Malliavin calculus/Skorohod
integrals were studied by many authors, e.g., Krylov and Rozovskii (1982), Pardoux
(1979), and Ocone and Pardoux (1993). But with the adaptedness requirement, our
version is different.
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7. A look via Malliavin calculus

The relation between an FBSDE and a BSPDE can be further studied by using
Malliavin calculus. In this section, we shall establish such a relation for (6.5) and
(6.6), based on the results of Pardoux and Peng (1992) and El Karoui, Peng and
Quenez (1997). In order to keep the paper to a proper length, we refer the reader to
the recent book of Nualart (1995) for all undefined notation concerning derivation on
Wiener Space, and here we give only some less standard ones which will be useful in
the discussion. To simplify notation, throughout this section we assume n=d = 1, the
higher-dimensional cases can be obtained analogously.

Let D:L*(Q)— L*([0,T] x Q) be the Malliavin derivation operator, and Dy ,.p=22
be the set of all ¢ L?(2) such that

HéHl,p = Hénu(_@) + H||D§“L1([o,ﬂ)“u(9) <oc. (7.1%

For any /-dimensional random vector #, and any random field f :[0,7T]x R’ x £, we
shall distinguish D.(f(z,n{w), w)) from D. f(¢,x, w)|s—yw) by use of the notation (see
also Ocone and Pardoux (1993): [D. (& n(w).w):=D.f(t.x,0)|x=ye) Further, for
p=2 wedefine L, ,=L7(0,7;D ,); and we denote Llll,p to be the set of all elements
ucly ,, such that u.(-) is progressively measurable, and

.7 T T
||ul|£(, QE{/ u,|” de + / / Dx.u,|”dsdt} <. (7.2)
RE Jo Jo Jo

Finally, we give a definition that is an adaptation of Definition 2.1 in Ocone and
Pardoux (1993).

Definition 7.1. We say that a random field ¢ = {¢(x,w): x€R, ®w€Q} satisfies hy-
pothesis (B) with moment p, if ¢ is a measurable function such that
(1) o(-,w)cC'(R) almost surely, and there exists a constant K >0 such that

Vo(x,w)| <K, Y(x,o)eR!xQ;

(2) @(x,-)€Dy, for every x; and the map (s, x,w)— Dyg(x,w) admits a measur-
able version that is continuous in x for a.e. (s,w). Further, there exists a process
ceLP([0,T]x Q) and a constant >0, such that for all x and a.s. we €, it holds that

Dyp(x, )| <c(s,0)(1 + |xf), YxeR ae s€[0,T] as. we.

Let us now consider again the FBSDE (6.5) and BSPDE (6.6) with n=d = |. Be-
sides the assumption of Theorem 6.1 on the coefficients b,c.by — by and g, we further
assume that they satisfy the following:

Assumption 7.2. (i) For fixed x € R, 5(,x,-), 6(-,-). bi(x-), ba(-x. ) by(ox.-)
€L .

(i1) The functions E,Bl,gz, and ?73 and their first order partial derivatives in x are
uniformly bounded and Lipschitz continuous in x, uniform in (4, w), with a common
constant K > 0. Further, b is C? in x, and there exists a version of D b that is C' in .
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(iii) There exist a random field {c|(s, ¢, w)} satisfying EfOT fOT le1(s,t, w)|Pr ds dt < oo,
and a process ¢, € LP'([0,T] x Q) for some p, >4, such that for all s,2,x,y and a.s.
w € Q, it holds that

ID2B(, 0, )| + |VDsb(t,x, )| + |Dyo(1,0,0)] + |Dsby(4,x, )| <c(s, 1, w);
|D5/b\2(t,x, w)l + ,D?Z3(tv x7 (,U)' SCZ(S, (,U)

(iv) The function g(x, -) satisfies the hypothesis (B) with p>4 and f=1.

Theorem 7.3. Suppose that the assumptions of Theorem 6.1 and Assumptions 7.2
hold. Let (X,Y,Z) be the adapted solution to the FBSDE (6.5) and (u,q) be the
adapted classical solution to (6.6). Then the process u(-,X.,-)€ D, o; and for t €[0,T],
it holds that

Dtu(taXt,'):Dth:Zt:q(tale')+J(Zs')vu(t’Xh') a.s. (73)

Moreover, if for each t €[0,T1, u(t,-, ) satisfies hypothesis (B) with p>2 (see Def-
inition 7.1), then one has

q(t, X:, ) =[Du](t, X;,-), Vtc[0,T] a.s. (7.4)

Remark 7.4. We note that when the function g and the coefficients b, 0,51 and Zz
are all deterministic, the relation Z, =D,Y, was proved by Pardoux and Peng (1992).
El Karoui et al. (1997) generahzed the result to the random coefficient case, but es-
sentially assumed that by and b, are independent of X. Theorem 7.3 is a further gen-
eralization of the latter, with the drift coeflicient of the backward SDE being linear in
y and z; and the connection with solutions of BSPDE is new.

Proof of Theorem 7.3. Since the proof is merely technical, and many estimates are
more or less standard in the context of Malliavin calculus, we shall give only a sketch
without going through all the details. First, it is clear that the first and last equalities
in (7.3) are the direct consequence of Theorem 6.1, therefore we need only show
that DY, =Z,, Vt &[0, T]. Note that if X is the solution to the forward SDE in (6.5),
then by the uniform Lipschitz property of the function » and the boundness of ¢, and
following the proof of Lemma 3.16 in Ocone and Pardoux (1993), one shows that

X €Lf 4., NLP(;Cl0,T]), (7.5)

for all p>1 and all £>0 such that 4 + e<p,, where p; >0 is the constant appeared
in Assumption 7.2(iii). Further, for fixed s € [0, T'], the process D, X. satisfies a linear
SDE:

t
DX = leen {O'(S) + / {VE(r,X,, DX, + [Dsb) (1, X,,-)} dr

t
+/ Dsa(r,-)dW,}, 0<s, t<T (7.6)
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Thus, by standard arguments one derives from (7.6) that, for any 2< p’ <p| A8,

1€[0.7]

T
E{ sup \D.vlep’} <CE{|o(s>|P’ + / <|D\~a<rw”H[D\-b](r,X,)v’/)dr}'
JO

(7.7)

Since L ¢ CL“,_,},, using Assumption 7.2(i)—(iii), Definition (7.2), and Héider's in-

equality, it can be shown that the right side of (7.7) is finite. Consequently, we have

.
E/ sup 1DSX,V’/ ds<oo forall 2< p’ <p A8, (7.8)
Jo rejo.m)

Now, let us define a random variable ¢ = g(X7.-), and a random field
ft.woy.z) :Bl(t,X,((o), W)y + 7;2(1,/Y,((u), M)z + ;3(1. X(m),m),
for (1, y,z,w)€[0,T] x R? x Q. Then by Assumption 7.2(i1)—(iv) and (7.5),
EIE)" =E|g(Xr. )P <KPE(L + X7 ) <00, ¥p> 1 (7.9)

and
2 2

T T 2
E{/ \f(t,O,O)|2dt} :E{/ B;(z,X,,~)2dt} <.
JO 0

Thus by Theorem 5.1 in El Karoui et al. (1997), the unique solution (Y.Z) of the
backward SDE in (6.5) satisfies

T /)'2
E{ sup 1Y,\/’}+E{/ 1Z,i2dr} <oc. Wp>1. (7.10)

01T J0

Further, by (7.5) and (7.8), Xy €[, 4., for any £>0 such that 4 + ¢ <p, (recall
Definition (7.1)), and it has finite moments of all orders. Applying Lemma 2.2 in
Ocone and Pardoux (1993) again we obtain that g(X+(-),-) € D'* for any 2<k <p, Ap
with p>4, and

Dy = Dl g(Xr, ) = Vyg( X7, )De X7 + [Dig](XT.-). (7.11)

Now, using hypothesis (B)—(2), and Hélder’s inequality, one shows that both terms
on the right side of (7.11) belong to L*(Q x [0. T]). Consequently, one has

T
£ / D,
JO

Finally, following a similar argument using Assumption 7.2(ii) and (ii1). and applying
Lemma 2.2 of Ocone and Pardoux (1993) to get that for each s,/ €[0.71],

ds <. (7.12)

(D, f Y Y0 Z0) = Dby (1. X))y + bo(t.X)2) 1oy =7,
= Vb, X )(DX)Y: + Db (L X)Y, + Vhalt, X WD X)Z, + [Dbs](1.X)Z,
+ Vbs(1t, X ) (De X)) + [Dybs)(4, X)).
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Again, analysing right-hand side above term by term, using Assumption 7.2(ii), Holder’s
inequality (7.10), and the fact that X €L, , V4 + &< p, one shows that

T T 2
2
E/o {/0 D £ Vs, Z,)] dt} ds <o0. (7.13)

Now by using (7.12) and (7.13), together with Assumption 7.2, we can apply Propo-
sition 5.4 in El Karoui et al. (1997) to obtain that ¥, €D, such that D, Y, =2,
vt €0, T], a.s., whence (7.3).

To see the second part of the theorem, we note that if u satisfies hypothesis (B),
then by Lemma 2.2 of Ocone and Pardoux (1993) and (7.6), we have

Dyu(t, X, )= Vu(t, X;)D X, + [Du] (4, X)) = Vu(t, X))o (t) + [Du] (4, X,).

Comparing this with (7.3), we have ¢(¢,X;) =[D,u](t,X;). This completes the proof of
the theorem. [J

8. An application in option pricing

In this section we apply our result to a problem in option pricing. For the detailed
formulation of an option pricing problem (or the problem of hedging a contingent
claim), we refer the reader to the book of Karatzas and Shreve (1988); or the expository
paper of El Karoui et al. (1997) for the formulation involving backward SDEs. Here
we give only a brief description.

Let us consider a financial market consisting of 1 bond and d stocks. For notational
simplicity, we assume d = 1. Suppose that their prices per share at any time ¢ are
described by the following differential equations, respectively,

dP’ =r()P’dt; (bond),

8.1)
dP, =P[b(t)dt + o(t)dW], (stock),

where 7 is the interest rate, b is the appreciation rate, and o is the volatility. We as-
sume that #,5 and ¢ are bounded, progressively measurable processes and ¢ is bounded
away from zero. Furthermore, if we denote by Y the wealth process and n the portfolio
process, that is, the amount of money that the investor puts in the stock at time ¢ (there-
fore what he puts in the bond is ¥; — m;), then the process Y (with no consumption)
satisfies the following SDE:

AY, =[Yr(t) + n(b(t) — r(2))] dt + m,0(t) AW, (8.2)

Finally, a contingent claim is by definition some given %r-measurable random vari-
able ¢ satisfying some integrability conditions. We shall assume that ¢ is of the form
E(w) =g(Pr(w),w), where g: R x € — R is such that it is jointly measurable; and for
each fixed x,g(x, ) is Fr-measurable. Note that if g=g(x) is deterministic, then we
have an option; while if g=g(w) is independent of x, then we have a general con-
tingent claim. Moreover, a hedging price (or fair price) at 1 =0 is defined to be the
smallest initial endowment Y such that there exists a portfolio process © for which the
corresponding wealth process satisfies: ¥, >0, Ve €[0,T], as., and Yr=g¢g(Pr,-), a.s.
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In the case where r(-)=r, b(-)=D, and o(-)=o are all constants and ¢ is deter-
ministic (g(x)=(x — ¢)* for the European call option), the celebrated Black—Scholes
Option Valuation Formula (see, for example, Karatzas and Shreve, 1988) tells us that
the fair price of the option at any time 7 € [0, T] is given by

Y, =E{e " g(Pr)| 7}, (8.3)

Here £ is the expectation with respect to some risk-neutral probability measure (or
“equivalent martingale measure™). Furthermore, if we denote v(r, x) to be the (classical)
solution to the backward PDE:

b+ Lol e+ rxv — =0, (Lx)€[0,T) x (0,%);
v(7.x) = g(x),

then it holds that Y, =u(, ), Vi €[0,T], a.s. Using the theory of backward SDE, it
can be shown (see, El Karoui et al., 1997) that, if we denote (Y,Z) to be the unique
adapted solution of the backward SDE:

(8.4)

T T
Y,:g(PT)f/ [rY_wi—rfl(b‘r)ZA]ds—/ Z,dW,, (8.5)
Jt g1

then Y coincides with that in (8.3); and the optimal hedging strategy is given by
=02 =t:(t,P).

We note that the option (or contingent claim) valuation formula (8.3) has been
proved to be valid for more general cases in which the coefficients r.b.0 and the
terminal condition g are allowed to be random (see, e.g., Karatzas and Shreve, 1988
and El Karoui et al.,, 1997), but as far as the “Black—Scholes PDE” (8.4) is con-
cerned, no significant progress has been made when the coefficients are random, since
in such a case a PDE is no longer appropriate to handie the situation. In the rest of
this section we apply our results in the previous sections to derive a new result in this
regard.

Let us consider the price equation (8.1) with random coefficients r,b. o, and we
consider the general terminal value g as described at the beginning of the section. We
allow further that » and b may depend on the stock price in a nonanticipating way. In
other words, we assume that (¢, 0)=r(t, F(w).w);, b(t,w)=>b(t, P(w),w), where for
each fixed p€ R, r(-, p,-) and b(-, p,-) are predictable processes. Thus we can write
(8.1) and (8.5) as an FBSDE:

¥3 t
F=p+ / va(S,Ry)dS+/ Po(s)dw;,
. 0

oy T (8.6)
Ye=g(Pr)— / [Yor(s, R)) + Z:0(s, B)] ds — / Z, d W,
r 1
where 0 is the so-called risk premium process defined by
0(t.P)=0" (OBt R) — r(t.R)]. Ye[0.r}; (8.7)

S . . . .
and Z, = m,0(t). We do a slight transformation so that the results in the previous
sections can be applied. First we note that the process P can be written as an stochastic
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exponential:

P,:pexp{/ot {b(s,l%)— %JZ(S)J ds+/0t o(s)dW(s)}. (8.8)

Thus P, >0, Vr€[0,T], a.s., provided p>0. (In the higher dimensional case, we can use
the same arguments as those in (Cvitanic and Ma (1996) to show that every component
is positive, a.s.). Therefore, we can define a log-price process X by X, =logh, Wi,
and by Ito’s formula we have

1 t
X,:x+/ E(s,Xs)ds+/ o(s)dW,,
0 0

T B T (8.9)
n=g0i) - [ 1) + 206,601 ds - [ zeam,
t I3
where x =log p, and
b(t,x,w)=b(t,e", ) — o’ (tw);  Gxw)=g(e", ) (5.10)

F(t,x, ) =r(t,e*, ); 0(1,x, ) = 0(t,e*, );

Note that (8.9) is exactly the same as (6.5), with by begin replaced by —F; b, by —5;
and g by g. Therefore, we can now apply Theorem 6.1 to obtain the following result.

Theorem 8.1. (Stochastic Black—Scholes Formula). Suppose that the random functions
b,7,0 and § defined in (8.10) satisfy the conditions of Theorem 6.1. Let the unique
adapted solution of (8.9) be (X,Y,Z). Then the hedging price against the contingent
claim &= g(Pr,-) at time any t €[0,T] is given by

r
r{s,R)ds

Y= E{e ) Y00, gy = Efe ), g(Pr, )| F}, (8.11)

where E {|#} is the conditional expectation with respect to the equivalent martingale
measure P defined by

4 _ X —/Té(tX)dW—l/TW(tX)Pdt
dP_ep 0 ERL Y4 t 2 0 s 4Lt .

Furthermore, the backward SPDE

T
u(t,x) =g(x) + / {%Jz(s)un(s,x) + (B(s,x) — a(s)g(s,x))ux(s,x)

T
—7(s, x)u(s,x) + o(s)g:(s,x) — q(s,x)g(t,x) } ds — / q(s,x)d W,
(8.12)

has a unique adapted solution (u,q), such that the log-price X and the wealth process
Y are related by

Y=u(t X,-), Vt€[0,T] as. (8.13)
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Finally, the optimal hedging strategy n is given by, for all t€[0,T],
TCI:GAI(I)ZI:vu(t,Xh')+O’(’)”lq(t’/\/h'):Gil([)DI(M(LXZﬂ-)) a.s., (814)

where D is the Malliavin derivative operator. In particular. if u satisfies the hypothesis
(B) in Section 7, then

q(t. X, ) =D (t, X, -), Veel0,T] as. (8.15)

Proof. First, it is by now well known that in this setting the hedging price at any time
¢ is just Y, (see El Karoui et al.,, 1997 or Cvitanic and Ma, 1996), and (8.11) holds.
The rest of the theorem, including (8.13) and (8.14), is now a direct consequence of
Theorem 6.1 and 7.3, the definition Z, =a(¢)x,, and the fact that ¢~ '(¢) exists for
any . L

Remark 8.2. In the case when all the coefficients are constants, we see from Theo-
rem 6.1 that the unique solution of the BSPDE (8.12) 1s (u1,0), where u is the classical
solution to a backward PDE which, after a change of variable x =logx’ and by set-
ting v(#,x")y=u(t,logx"), becomes exactly the same as (8.4). Thus, by setting ¢ =0 in
(8.13) and (8.14), we see that the Theorem 8.1 recovers the classical Black—Scholes
formula.
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