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Abstract. A numerical method for a class of forward-backward stochastic differential equa-
tions (FBSDEs) is proposed and analyzed. The method is designed around the four step scheme
[J. Douglas, Jr., J. Ma, and P. Protter, Ann. Appl. Probab., 6 (1996), pp. 940–968] but with a
Hermite-spectral method to approximate the solution to the decoupling quasi-linear PDE on the
whole space. A rigorous synthetic error analysis is carried out for a fully discretized scheme, namely
a first-order scheme in time and a Hermite-spectral scheme in space, of the FBSDEs. Equally
important, a systematical numerical comparison is made between several schemes for the result-
ing decoupled forward SDE, including a stochastic version of the Adams–Bashforth scheme. It is
shown that the stochastic version of the Adams–Bashforth scheme coupled with the Hermite-spectral
method leads to a convergence rate of 3

2
(in time) which is better than those in previously published

work for the FBSDEs.

Key words. forward-backward stochastic differential equations, four step scheme, Hermite-
spectral method, convergence rate

AMS subject classifications. Primary, 60H10; Secondary, 34F05, 93E03

DOI. 10.1137/06067393X

1. Introduction. Since the seminal work of Pardoux and Peng [32] in early
1990s, the theory of backward stochastic differential equations (BSDEs) and forward-
backward stochastic differential equations (FBSDEs) has grown into a ubiquitous tool
in the fields of stochastic optimizations and mathematical finance (see, for example,
the books of El Karoui and Mazliak [14] and Ma and Yong [28] and the survey of El
Karoui, Peng, and Quenez [15] for a detailed account of both theory and applications
of such SDEs). In the meantime, after the earlier works of Bally [1] and Douglas, Ma,
and Protter [13], finding an efficient numerical scheme for both BSDEs and FBSDEs
has also become an independent but integral part of the theory. Tremendous efforts
have been made during the past decade to circumvent the fundamental difficulties
caused by the combination of the “backward” nature of the SDEs and the associated
decoupling techniques for FBSDEs. In the “pure backward” (or “decoupled” forward-
backward) case, various methods have been proposed. These include the PDE method
in the Markovian case (e.g., Chevance [8] and Zhang and Zheng [36]), random walk
approximations (e.g., Briand, Delyon, and Mémin [6] and Ma et al. [26]), Malliavin
calculus and Monte-Carlo method (e.g., Zhang [35], Ma and Zhang [29], and Bouchard
and Touzi [5]), the quantization method (e.g., Bally and Pagès [2] and Bally, Pagès,
and Printems [3]), and recently the regression-based Monte-Carlo method (Lemor,
Gobet, and Warin [23] and [24]).

In the case of coupled FBSDEs, however, the results are very limited, largely due
to the lack of a solution method itself in such cases. It has been well understood
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NUMERICAL APPROXIMATIONS OF FBSDEs 2637

that in order to solve an FBSDE in an arbitrary duration, a (numerically) tractable
method is to utilize the “decoupling PDE,” based on the so-called four step scheme
initiated in Ma and Yong [28]. Such an idea has led directly to most of the existing
numerical results for FBSDEs: from the early work [13] to the recent improvements
by Milstein and Tretyakov [31] and Delarue and Menozzi [12]. Extending such a
decoupling idea and combining it with an optimal control method as well as Monte-
Carlo simulation, Cvitanić and Zhang [9] and Bender and Zhang [4] recently proposed
a numerical scheme for FBSDEs without attacking the associated PDE directly. We
should note that the Monte-Carlo method is most effective only when a single value
of the solution is concerned at each computing cycle, which is quite different from the
original problem where essentially the distribution of the solution at each time point
was sought.

There are two main technical obstacles in developing numerical schemes for FB-
SDEs: the dimensionality and the rate of convergence. The former is a natural conse-
quence of the close relation between the FBSDE and its decoupling quasi-linear PDE,
where the notorious “curse of dimensionality” is still a formidable difficulty for any
numerical method. In fact, to the best of our knowledge, there is still no efficient
numerical method for high dimensional PDEs that is directly applicable to our case.
We note that almost all the existing numerical schemes for FBSDEs are constructed
with convergence rate 1

2 , except in [31], where the Euler scheme for the forward SDE
is replaced by Milstein’s first order scheme so the rate of convergence is improved
to 1. We should mention that although higher order approximation is possible for
forward SDEs (cf., e.g., [21]), it is by no means clear whether this can be extended
to the coupled FBSDEs, even when all the coefficients are assumed to be smooth(!),
given the intrinsic difficulties arising from the current numerical methods.

This then raises an interesting question: Is it possible to design a numerical
scheme that has better than first-order convergence rate, and at the same time is
applicable (in the practical sense) to high-dimensional cases? This paper is an effort
towards this goal. We shall revisit the four step scheme again, but will replace the
usual finite difference method for the PDE by a Hermite-spectral method. Several
main features of the Hermite-spectral method are worth noting: (i) the PDE solution
is approximated directly by Hermite functions as an orthonormal basis on the whole
space, without using ad hoc artificial boundary conditions as in previous approaches
using finite differences; (ii) the rate of convergence is related directly to the regularity
of the coefficients; to wit, the higher regularity implies the higher convergence rate.
We should remark that this last feature marks the main difference between a spectral
method and traditional finite difference and finite element methods. In fact, as we
pointed out before, even given smooth coefficients, none of the existing schemes for
FBSDEs seems to be able to achieve higher than first-order convergence rate.

Given the aforementioned spectral accuracy in space, it seems hopeful that one
can produce arbitrarily higher-order global error by applying a higher-order scheme
in SDEs in, e.g., [21], at least when the coefficients are smooth. We shall carry out
some numerical simulations to validate this point. To compare with the existing
results, we shall use an example proposed in Milstein and Tretyakov [31], and we test
several methods for the forward SDEs. These include the standard Euler scheme,
the Milstein scheme, the Platen–Wagner scheme, and the stochastic Adam–Bashforth
(SAB) scheme proposed in [16]. By the nature of these schemes, we expect the Euler
scheme to be 1/2-order convergent, the Milstein first-order scheme to be first-order
convergent, and the Platen–Wagner and SAB schemes to be 3/2-order convergent.
Our simulation results give numerical evidence that this is exactly the case. Also, this
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2638 JIN MA, JIE SHEN, AND YANHONG ZHAO

example shows that in the one-dimensional case our scheme has the best performance
(in terms of computing time). Due to the apparent complexity of the error analysis
and the length of the paper, in this paper we only give a rigorous proof of the rate of
convergence with the Euler scheme for the forward SDE. A rigorous proof for higher
order schemes would be quite similar, although conceivably much more tedious. We
hope our numerical results are sufficiently convincing for this purpose.

As a final remark, we would like to point out that the numerical method in this
paper, albeit technical, can be extended to higher-dimensional cases with a tensor-
product approach. However, such a method quickly becomes nonfeasible for spatial
dimensions higher than three, unless some non–tensor-product method, such as those
based on sparse grid (cf. [7] and [34]) or lattice rules (cf. [25], [19], and [22]), is
introduced. We plan to address the higher dimensional issue in a forthcoming work.

The rest of the paper is organized as follows. In section 2 we give the necessary
preliminaries; in section 3 we introduce the Hermite-spectral method for the PDE and
perform an error analysis. In section 4 we study the synthetic error analysis of the
full numerical scheme, and in section 5 we carry out some numerical experiments.

2. Problem formulation and preliminaries. Throughout this paper we as-
sume that (Ω,F , P ) is a complete probability space, on which is defined a d-dimensional
Brownian motion W = {W (t) : t ≥ 0}. We shall denote FW = {FW

t : t ≥ 0} to be
the natural filtration generated by W , with usual P -augmentation so that it is right
continuous and contains all the P -null sets in F .

We consider the following FBSDE: for t ∈ [0, T ],

(2.1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X(t) = x +

∫ t

0

b(s,Θ(s))ds +

∫ t

0

σ(s,X(s), Y (s))dW (s),

Y (t) = ϕ(X(T )) +

∫ T

t

g(s,Θ(s))ds−
∫ T

t

Z(s)dW (s),

where Θ
�
= (X,Y, Z). To simplify presentation, in what follows we shall assume

that all processes involved are one dimensional. Moreover, we shall make use of the
following standing assumptions in what follows.

(A1) The functions b, σ, g, and ϕ are continuously differentiable in all variables.
Moreover, if we denote these functions by a generic one ψ, then there exists a
constant K > 0 such that, for any t ∈ [0, T ], ψ satisfies the uniform Lipschitz
condition:

|ψ(t, x, y, z) − ψ(t, x′, y′, z′)| ≤ K(|x− x′| + |y − y′| + |z − z′|).

(A2) The functions b, g, and ϕ satisfies the following growth conditions: for some
K > 0,

|g(t, x, y, z)| ≤ K(1 + |y| + |z|),

|ϕ(x)|, |b(t, x, y, z)| ≤ K.

(A3) Function σ has bounded second derivatives, and there exist constants 0 <
c < C such that

(2.2) c ≤ σ(t, x, y) ≤ C ∀ (t, x, y) ∈ [0, T ] × R
2.
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NUMERICAL APPROXIMATIONS OF FBSDEs 2639

Remark 2.1. We remark that assumptions (A1)–(A3) are stronger than is neces-
sary for the well-posedness of FBSDE (2.1). In fact, in [10] it was shown that under
(A1)–(A3) but without the differentiability assumption on the coefficients the FBSDE
(2.1) already possesses a unique adapted solution over an arbitrarily prescribed time
duration. The extra smoothness condition is needed only for our numerical scheme,
and therefore is not essential, in principle. Note also, however, that even with the
added differentiability conditions, our assumptions are still much weaker than that of
[13].

Four step scheme. In [27] (see also [10]) it was shown that the unique adapted
solution of FBSDE (2.1) can be obtained by the following steps:

Step 1. Define a function z : [0, T ] × R
3 → R by

z(t, x, y, p) = p σ(t, x, y) ∀ (t, x, y, p).

Step 2. Using the function z above, solve the quasi-linear parabolic PDE :

(2.3)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ut +

1

2
σ2(t, x, u)uxx + b(t, x, u, z(t, x, u, ux))ux

+ g(t, x, u, z(t, x, u, ux)) = 0, (t, x) ∈ (0, T ) × R,

u(T, x) = ϕ(x), x ∈ R.

Step 3. Using the functions u and z, solve the forward SDE:

(2.4) X(t) = x +

∫ t

0

b̃(s,X(s))ds +

∫ t

0

σ̃(s,X(s))dW (s),

where b̃ = b(t, x, u(t, x), z(t, x, u, ux)) and σ̃ = σ(t, x, u(t, x)).
Step 4. Set

Y (t) = u(t,X(t)) and Z(t) = σ(t,X(t), u(t,X(t)))ux(t,X(t)).

Then, (X,Y, Z) is the adapted solution to (2.1).
It is readily seen that if a numerical scheme is designed along the lines of four

step scheme, then one essentially has to deal with two separate discretization schemes:
one for the PDE (2.3) and the other for the (forward) SDE (2.4). We shall adopt a
Hermite–Galerkin method with numerical integration. To do this we find it convenient
to rewrite PDE (2.3) in a divergence form, mainly for the sake of numerical stability:

(2.5)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ut + ∂x

(
1

2
σ2(t, x, u)ux

)
+ b̂(t, x, u, ux)ux

+ g(t, x, u, σ(t, x, u)ux) = 0, (t, x) ∈ (0, T ) × R,

u(T, x) = ϕ(x), x ∈ R,

where

b̂(t, x, y, z) = b(t, x, y, σ(t, x, y)z) − σ(t, x, y)(σx(t, x, y) + σy(t, x, y)z).

Remark 2.2. We note here that the main difference between b and b̂ is that
the latter now has a linear growth in the variable z, and thus it no longer satisfies
assumptions (A1) and (A2). We shall make the following adjustment in what follows
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2640 JIN MA, JIE SHEN, AND YANHONG ZHAO

to facilitate the error analysis. Note that under (A1)–(A3) it is known (cf. [11]) that
the solution to the PDE (2.3), whence (2.5), has a globally bounded gradient ux. Thus
in light of the four step scheme, if we introduce the “cut-off” version of the coefficient
function b̂,

b̂K(t, x, y, z) = b(t, x, y, σ(t, x, y)z) − σ(t, x, y)(σx(t, x, y) + σy(t, x, y)γK
(z)),

where γ
K

(z) ∈ C∞(R), γ
K

(z) = z for |z| ≤ K, and |γ
K

(z)| ≤ K+1, |γ′
K

(z)| ≤ 1, then

for K large enough, the solution of the PDE (2.5) with coefficient b̂K will coincide
with the original solution. In other words, we can simply consider the “truncated”
coefficients b̂K for the purpose of approximation, which again satisfies (A1) and (A2).

For the sake of simplicity, in what follows we shall still use b̂ to denote b̂K .

Hermite polynomials, Hermite functions, and their properties. Through-
out this paper we shall denote by L2(R) the space of all square integrable functions
u : R �→ R, with the inner product

〈u, v〉 =

∫
R

u(x)v(x)dx ∀ u, v ∈ L2(R)

and the norm ‖u‖2 �
=
∫

R
|u(x)|2dx. For simplicity, in what follows, without further

specification we shall always denote by ‖ · ‖ the L2(R) norm.

Next, for each integer k ≥ 1, we denote the differential operator ∂k �
= dk

dxk . Then
the Sobolev space Hm(R) is defined by

Hm(R) = {u | ∂ku ∈ L2(R) ∀ 0 ≤ k ≤ m},

with the seminorm |u|m
�
= ‖∂mu‖, and the norm ‖u‖2

m
�
=
∑m

k=0 ‖∂ku‖2. We note that
the operator ∂k can be easily extended to the higher-dimensional case, namely, as a
partial differential operator, in an obvious way. We define H−1(R) as the dual space
of H1(R), and its norm will be denoted by ‖ · ‖−1.

We recall that (cf., e.g., [17]) the Hermite polynomials {Hn(x)}n≥0 are defined by

(2.6) Hn(x) = (−1)n exp(x2)
dn

dxn
exp(−x2), n = 0, 1, . . . .

One can easily check that Hn is the solution to the recursive equations⎧⎪⎨⎪⎩
Hn+1(x) = 2xHn(x) − 2nHn−1(x),

H ′
n(x) = 2nHn−1(x),

H0(x) = 1, H1(x) = 2x,

and the following orthogonality condition holds:

(2.7)

∫ ∞

−∞
Hm(x)Hn(x)e−x2

dx = γnδmn, m, n ≥ 1,

where γn =
√
π2nn! and δmn is the Kronecker delta. For each n ≥ 1, Hn(x) is called

the “Hermite polynomial of degree n,” and the Hermite function of degree n is defined
by

Ĥn(x) =
1√
2nn!

e−x2/2Hn(x).
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NUMERICAL APPROXIMATIONS OF FBSDEs 2641

It follows immediately that the Hermite functions Ĥn(x) enjoy the following recur-
rence and orthogonal relations:

Ĥn+1(x) = x

√
2

n + 1
Ĥn(x) −

√
n

n + 1
Ĥn−1(x), n ≥ 1,(2.8)

d

dx
Ĥn(x) =

√
n

2
Ĥn−1(x) −

√
n + 1

2
Ĥn+1(x),(2.9)

∫ ∞

−∞
Ĥm(x)Ĥn(x)dx =

√
πδmn.(2.10)

Moreover, we derive from H ′
n = 2nHn−1 that Ĥ ′

n + xĤn =
√

2nĤn−1. Hence, by

introducing a new operator Du
�
= ∂xu+xu, we obtain the following recursive relation:

(2.11) DĤn =
√

2nĤn−1.

Using the operator D we can define a Hilbert space similar to the Sobolev space
Hm(R), which will be important for our error analysis. To begin with, for any positive
integer N , let PN be the space of polynomials of degree less than or equal to N . We
then define

(2.12) HN = e−x2/2PN
�
= {e−x2/2p(x) : p(x) ∈ PN}.

Next, for each N ∈ N let us denote {xi}Ni=0 to be the roots of the polynomial HN+1(x)
and define

(2.13) wj =

√
π2NN !

(N + 1)[HN (xj)]2
, 0 ≤ j ≤ N.

The pairs {(xi, ωi)}Ni=0 are known as the Hermite–Gauss quadrature points and weights,
respectively (cf., e.g., [33]). Using the Hermite–Gauss quadrature points and weights,
we can then define a discrete scalar product defined on C(R) by

(2.14) 〈f, g〉N
�
=

N∑
j=0

f(xj)g(xj)ŵj ∀f, g ∈ C(R),

where ŵj ’s are the normalized Hermite–Gauss quadrature weights defined by

ŵj
�
= wj e

xj
2

=

√
π

(N + 1)Ĥ2
N (xj)

, 0 ≤ j ≤ N.

A direct consequence of the Hermite–Gauss quadrature is

(2.15) 〈u, v〉 = 〈u, v〉N ∀ u ∈ Hm, v ∈ Hn, n + m ≤ 2N + 1.

For any integer m ≥ 0, let us define

Hm
D (R)

�
= {u | Dmu ∈ L2(R)},

equipped with norm ‖Dmu‖. Moreover, for any real number r ≥ 0, the space Hr
D(R)

and its norm can be defined by the usual space interpolation.
In order to introduce our numerical approximation we need the following two

operators:

D
ow

nl
oa

de
d 

12
/0

1/
16

 to
 1

28
.1

25
.2

08
.5

7.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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• the “orthogonal projection operator” PN : L2(R) → HN , defined by

〈u− PNu, v〉 = 0 ∀u ∈ L2(R), v ∈ HN ;

• the “Hermite–Gauss interpolation operator” IN : C(R) → HN , defined by

(2.16) INf ∈ HN such that INf(xj) = f(xj), j = 0, 1, . . . , N.

The following basic approximation results for PN can be found in, e.g., [18].
Lemma 2.3. For any u ∈ Hr

D(R), N ∈ N, and 0 ≤ s ≤ r, there exists a constant
C > 0, independent of N and the function u, such that

(2.17) ‖Ds(u− PNu)‖ ≤ CN
s−r
2 ‖Dru‖

and

(2.18) ‖∂x(u− PNu)‖ ≤ CN
1−r
2 ‖Dru‖.

3. Numerical schemes. In this section we present our numerical schemes, both
for the PDE (2.5) and for the forward SDE (2.4). Although the scheme for the
general quasi-linear PDE (2.5) can be treated the same way with more complicated
notation, to simplify presentation we shall assume that the coefficients b and g are
both independent of variable z. We note that under such a simplification the PDE
(2.5) becomes, with a slight abuse of notation in light of Remark 2.2,

(3.1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ut + ∂x

(
1

2
σ2(t, x, u)ux

)
+ b̂(t, x, u, ux)ux + g(t, x, u) = 0,

(t, x) ∈ (0, T ) × R,

u(T, x) = ϕ(x), x ∈ R,

where b̂(t, x, y, z) = b(t, x, y)−σ(t, x, y)(σx(t, x, y)+σy(t, x, y)γK̄
(z)), for some K̄ > 0.

We shall design a numerical scheme for (3.1) based on a semi-implicit discretization in
time and the Hermite-collocation method in space, and discuss three types of schemes
for the corresponding forward SDE (2.4). The error analysis for the combined scheme
will be carried out in the next two sections.

Before we proceed further, we should note that the constant K̄ > 0 above is
determined by the true solution, which is independent of the numerical scheme, and
is useful only for error analysis. In what follows we shall denote all the constants
depending on K in (A1)–(A3) and K̄ above by a generic one, and still denote it
by K. Then, from (A1) we see that |σx(t, x, y)| ≤ K and |σy(t, x, y)| ≤ K for all
(t, x, y) ∈ [0, T ] × R

2 follow easily. Furthermore, by (A3) it implies that σy satisfies
the Lipschitz condition as

|σy(t, x, y) − σy(t, x, y
′)| ≤ K |y − y′|.

Hence,

|σ(t, x, y)σy(t, x, y)γK
(z) − σ(t, x, y′)σy(t, x, y

′)γ
K

(z′)|

≤ |σ(t, x, y)σy(t, x, y)γK
(z) − σ(t, x, y′)σy(t, x, y)γK

(z)|

+ |σ(t, x, y′)σy(t, x, y)γK
(z) − σ(t, x, y′)σy(t, x, y

′)γ
K

(z)|

+ |σ(t, x, y′)σy(t, x, y
′)γ

K
(z) − σ(t, x, y′)σy(t, x, y

′)γ
K

(z′)|

≤ K2(K + 1)|y − y′| + CK(1 + K)|y − y′| + CK|z − z′|.
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Similarly, we have

|σ(t, x, y)σx(t, x, y) − σ(t, x, y′)σx(t, x, y′)| ≤ (K2 + CK)|y − y′|.

For notational simplicity, we often allow the generic constant K to vary from line to
line; then by the above arguments, the function b̂ satisfies the Lipschitz condition

|b̂(t, x, y, z) − b̂(t, x, y′, z′)| ≤ K(|y − y′| + |z − z′|).(3.2)

On the other hand, b̂ satisfies the bounded property by boundedness of b and γ
K

(z);
i.e.,

|b̂(t, x, y, z)| ≤ K.(3.3)

3.1. Numerical scheme for the PDE (3.1). For any M ∈ N
∗, let h = T

M be
the length of the time step and set tk = kh, k = 0, 1, . . . ,M .

We begin with a first-order semi-implicit time discretization: Let uM (x) = ϕ(x).
For k = M − 1, . . . , 0, we compute uk by solving the following discretized version of
(3.1):

uk+1 − uk

h
+

1

2
∂x

(
σ2(tk, x, u

k+1)uk
x

)
+ b̂(tk, x, u

k+1, uk+1
x )uk+1

x + g(tk, x, u
k+1) = 0.(3.4)

In other words, at each time step, the problem is reduced to solving the following
elliptic equation:

(3.5) uk − h

2
∂x

(
σ2(tk, x, u

k+1)uk
x

)
= fk+1

h (x), lim
x→±∞

uk(x) = 0,

where

fk+1
h (x) = uk+1 + h

{
b̂(tk, x, u

k+1, uk+1
x )uk+1

x + g(tk, x, u
k+1)

}
.

Since the problem is set on the whole domain, it is natural to consider a Hermite-
spectral method. To be more precise, let {xj}Nj=0 be the Hermite–Gauss quadrature
points and let HN be defined in (2.12). A Hermite-collocation method for (3.5) is as
follows:

Let uM
N (x) = INϕ. For k = M − 1, . . . , 0, we compute uk

N ∈ HN such that

(3.6) uk
N (xj) −

h

2
∂x

(
IN (σ2(tk, x, u

k+1
N )∂xu

k
N )
)
(xj) = fk+1

h (xj), j = 0, 1, . . . , N.

Using the identity (2.15) and integration by parts, we can rewrite (3.6) in the following
variational formulation: Find uk

N ∈ HN such that

(3.7) 〈uk
N , vN 〉N +

h

2
〈σ2(tk, x, u

k+1
N )∂xu

k
N , ∂xvN 〉N = 〈fk+1

h,N , vN 〉N ∀vN ∈ HN ,

where fk+1
h,N ∈ HN and fk+1

h,N (xj) = fk+1(xj), j = 0, 1, . . . , N.
We remark here that while the first-order (time discretization) scheme is simple

to use and analyze, in practice one often prefers higher-order schemes. These schemes
could be easily constructed and often implemented in a straightforward manner, but
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their error analysis becomes rather tedious. In fact, as we will see in the next sections,
the error analysis for the first-order semi-implicit scheme presented in (3.7) is already
unpleasantly lengthy. As an example, we present the following second-order backward
difference formula (BDF) Adam–Bashforth scheme which will be used in our numerical
experiments without theoretical error analysis.

The second-order BDF Adam–Bashforth scheme.
Let uM

N (x) = ϕ(x) and let uM−1
N (x) be computed from (3.4).

For k = M − 2, . . . , 1, 0, we compute uk from

(3.8)
−3uk+2

N + 4uk+1
N − uk

N

2h
+ ∂x

(σ2

2
∂xu

k
N

)
+ (2∂xu

k+1
N − ∂xu

k+2
N )b̂ + g = 0,

where

σ2 �
= σ2(tk, x, 2u

k+1
N − uk+2

N ), g
�
= g(tk, x, 2u

k+1
N − uk+2

N ),

b̂
�
= b̂(tk, x, 2u

k+1
N − uk+2

N , 2∂xu
k+1
N − ∂xu

k+2
N ).

We note that this scheme still leads to an elliptic equation of the form (3.5) for
uk at each time step. In particular, this second-order scheme should be used together
with the 3

2 -order SDE scheme presented below.

3.2. Numerical schemes for the SDE (2.4). We now turn our attention to
the discretization of the forward SDE (2.4). We begin with the simplest one, known
as the “forward Euler scheme.” Assuming that for each N ∈ N we have obtained the
approximating solution to the PDE (3.1), denoted by uk

N , k = 0, 1, . . . ,M , at each
time tk = kh we define recursively the approximate solution to the SDE (2.4) by

(3.9){
XN

0 = x,

XN
k+1 = XN

k + b(tk, X
N
k , uk

N (XN
k ))h + σ(tk, X

N
k , uk

N (XN
k ))ΔkW, k = 0, 1, . . . ,M,

where ΔkW
�
= W (tk + h)−W (tk). For notational simplicity in what follows we shall

simply denote Xk = XN
k when the context is clear.

It is well understood that the Euler scheme is easy to implement and has the
minimum requirements on the coefficients. Furthermore, if we denote the true so-

lution to the PDE (3.1) by u, denote uk(x)
�
= u(tk, x), and define an intermediate

approximation X̂ by

(3.10){
X̂0 = x,

X̂k+1 = X̂k + b(tk, X̂k, u
k(X̂k))h + σ(tk, X̂k, u

k(X̂k))ΔkW, k = 0, 1, . . . ,M,

then by the fundamental convergence theorem (cf., e.g., [21]), the mean-square error
of the Euler scheme is E|X(tk) − X̂k|2 ∼ h, where X is the true solution of (2.4)
(namely, the rate of convergence is 1

2 ).
In order to obtain a higher-order rate of convergence, one has to use a higher order

scheme for the forward SDE. However, we should note that while in theory arbitrarily
high-order schemes for (2.4) can be constructed with Taylor–Itô-type expansions (see,
e.g., [21]), the complexity of these schemes increases drastically. Consequently it often
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becomes too “expensive” in computational terms to implement. We will consider the
following higher-order schemes in our numerical experiments to test the numerical
accuracy and to compare our method with existing results.

A. Milstein scheme (cf. [21], [31]).
This is a well-known scheme with a first-order convergence rate. The recursive

relation, adapted to our case, is given as follows:

(3.11)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X0 = x,

Xk+1 = Xk + b(tk, Xk, u
k
N (Xk))h + σ(tk, Xk, u

k
N (Xk))ΔkW

+
1

2
σ(tk, Xk, u

k
N (Xk)){σx(tk, Xk, u

k
N (Xk)) + σu(tk, Xk, u

k
N (Xk))∂xu

k
N (Xk)}

×(Δ2
kW − h), k = 0, 1, . . . ,M − 1,

where Δ2
kW

�
= (W (tk+1) −W (tk))

2.
The next two schemes require higher-order regularity of the coefficients. We shall

assume that all such requirements, whenever needed, are fulfilled without further
specification.

B. Platen–Wagner scheme (cf. [21]).
Using the idea of Taylor–Itô expansion up to order 3

2 , and assuming that the
coefficients are actually twice continuously differentiable, Platen and Wagner proposed
the following scheme: for k = 0, 1, . . . ,M − 1,

(3.12)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X0 = x,

Xk+1 = Xk + bh + σΔkW +
1

2
σσ′{Δ2

kW − h} + b′σΔkΨ +
1

2

(
bb′ +

1

2
σ2b′′

)
h2

+
(
bσ′ +

1

2
σ2σ′′

)
{hΔkW − ΔkW} +

1

2
σ
(
σσ′′ + (σ′)2

){1

3
Δ2

kW − h

}
ΔkW,

where Δ2
kW

�
= (W (tk+1) − W (tk))

2, ΔkΨ
�
=
∫ tk+1

tk
[W (t) − W (tk)]dt, b = b(tk, Xk,

uk
N (Xk)), σ = σ(tk, Xk, u

k
N (Xk)), and, for ϕ = b, σ,

(3.13) ϕ′ = ϕx + ϕu∂xu
k
N , ϕ′′ �

= ϕxx + 2ϕxu∂xu
k
N + ϕuu(∂xu

k
N )2 + ϕu∂

2
xu

k
N .

Here the partial derivatives of b and σ should be evaluated at (tk, Xk, u
k
N (Xk)), and

the approximate functions uk
N ,

duk
N

dx , and
d2uk

N

dx2 should be evaluated at point (Xk).

We should note that ΔkΨ =
∫ tk+1

tk
W (t)−W (tk)dt ∼ N(0, 1

3h
3) , and the covari-

ance of ΔkW and ΔkΨ is E

(
ΔkWΔkΨ

)
= 1

2h
2. The presence of the ΔkΨ obviously

complicates the analysis of the scheme. This will be even more so when the order of
expansion increases. Treating these terms effectively will become more important.

C. The stochastic Adam–Bashforth (SAB) scheme (cf. [16]).
It is easily seen from (3.13) that the Platen–Wagner 3

2 -order scheme requires that
b and σ are both twice differentiable. Recently, Ewald and Temam [16] constructed a
stochastic version of the Adam–Bashforth scheme which does not involve the second
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2646 JIN MA, JIE SHEN, AND YANHONG ZHAO

derivatives of coefficient function b but still achieves the 3
2 -order convergence rate.

This SAB scheme, adapted for a one-dimensional diffusion of the form

dXt = b(t,Xt)dt + σ(t,Xt)dW (t),

can be rewritten as follows:

(3.14)

Xk+2 = Xk+1 +
Δt

2
[3b(tk+1, Xk+1) − b(tk, Xk)] −

3

2
ΔtAk(tk, Xk) + Bk(tk, Xk),

where

Ak(t, x) = [σbx](t, x)ΔkW,(3.15)

Bk(t, x) = σ(t, x)ΔkW +

[
σt + bσx +

1

2
σ2σxx

]
(t, x)I(0,1) + [σbx](t, x)I(1,0),

+ [σσx](t, x)I(1,1) + [σ((σx)2 + σσxx)](t, x)I(1,1,1),

with ΔkW = Wtk+1
−Wtk and h = tk+1 − tk as before, and the random coefficients

I’s are defined by

I(0,1) = 2hΔk+1W −
∫ tk+2

tk+1

[W (s) −W (tk+1)]ds,

I(1,0) = hΔkW +

∫ tk+2

tk+1

[W (s) −W (tk+1)]ds,(3.16)

and I(1, 1), I(1, 1, 1) are the iterated Itô integrals

(3.17)

I(1,1) =

∫ tk+2

tk

∫ t

tk

dW (s)dW (t) −
∫ tk+1

tk

∫ t

tk

dW (s)dW (t),

I(1,1,1) =

∫ tk+2

tk

∫ t

tk

∫ s

tk

dW (r)dW (s)dW (t) −
∫ tk+1

tk

∫ t

tk

∫ s

tk

dW (r)dW (s)dW (t).

To calculate the iterated Itô integrals I(1,...,1), the useful formula of Itô [20] is
often employed. More precisely, recall the scaled Hermite polynomials hn defined by

hn(x) = (−1)ne
1
2x

2 dn

dxn
(e−

1
2x

2

), n = 0, 1, 2, . . . .

Let H∗
n(x, z) = zn/2hn(x/

√
z). For any g ∈ L2([a, b]), let Xt =

∫ t

a
g(s)dWs. Applying

Ito’s formula repeatedly to H∗
n(Xt, 〈X〉t) from a to b and using the fact that ( ∂

∂z
+

1/2 ∂2

∂x2
)H∗

n(x, z) = 0, we can derive

(3.18) n!

∫ b

a

∫ tn

a

· · ·
∫ t2

a

g(t1)g(t2) · · · g(tn)dWt1 · · · dWtn = ‖g‖nhn

(
θ

‖g‖

)
,
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where

‖g‖ = ‖g‖L2([a,b]) and θ =

∫ b

a

g(t)dWt.

Thus the coefficients I(1,1) and I(1,1,1) in (3.17) can be calculated explicitly as

I(1,1) =
1

2

(
Δ2

k+1W + 2Δk+1WΔkW − h
)
,(3.19)

I(1,1,1) =
1

6

(
(Δk+1W + ΔkW )3 − (ΔkW )3 − 6hΔk+1W − 3hΔkW

)
.

Using the above relations, we can rewrite the 3
2 -order SAB scheme for the one-

dimensional forward SDE (2.4) as

X0 = x,

Xk+2 = Xk+1 +
h

2

[
3b(tk+1, Xk+1, u

k+1
N (Xk+1)) − b

]
−3

2
hσb′ΔkW + σΔkW +

1

2
σσ′
{

(Δk+1W )2 + 2(Δk+1W )(ΔkW ) − h
}

+
(
σt + bσ′ +

1

2
σ2σ′′

)
{2hΔk+1W − Δk+1Ψ} + σb′{hΔkW + Δk+1Ψ}

+
1

6
σ
(
σσ′′ + (σ′)2

){
(Δk+1W + ΔkW )3 − (ΔkW )3 − 6hΔk+1W − 3hΔkW

}
,

where k = 0, 1, . . . ,M − 1. Similarly,

b = b(tk, Xk, u
k
N (Xk)),

σ = σ(tk, Xk, u
k
N (Xk)),

b′ =
∂b

∂x
+

∂b

∂u

duk
N

dx
,

σ′ =
∂σ

∂x
+

∂σ

∂u

duk
N

dx
,

σ′′ =
∂2σ

∂x2
+ 2

∂2σ

∂x∂u

duk
N

dx
+

∂2σ

∂u2

(
duk

N

dx

)2

+
∂σ

∂u

d2uk
N

dx2
,

where the partial derivatives of b and σ are evaluated at (tk, Xk, u
k
N (Xk)) and the

approximate functions uk
N ,

duk
N

dx , and
d2uk

N

dx2 are evaluated at point (Xk).

Finally, the components Y and Z of the solution to (2.1) are approximated as

(3.20) Yk = uk
N (Xk), Zk = σ(tk, Xk, Yk)

∂uk
N

∂x
(Xk).
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4. Error analysis for the PDE approximation. In this section we carry out
an error analysis for the approximation of the PDE (3.1). In order to simplify the
presentation, we shall consider only the following Hermite–Galerkin scheme for (3.4).

Let uM
N (x) = PNϕ. For k = M − 1, . . . , 0, we compute uk

N ∈ HN such that〈
uk+1
N − uk

N

h
, vN

〉
+

1

2

〈
∂x

(
σ2(tk, ·, uk+1

N )(uk
N )x

)
, vN

〉
(4.1)

+ 〈b̂(tk, ·, uk+1
N , (uk+1

N )x)∂x(uk+1
N ) + g(tk, ·, uk+1

N ), vN 〉 = 0 ∀vN ∈ HN .

We note that the only difference between this Hermite–Galerkin scheme and the
Hermite-collocation scheme (3.7) is that in the latter the continuous inner product is
replaced by the discrete inner product. It is well known that for N sufficiently large,
the differences between the two approaches are negligible (cf. [18]).

Hereafter, we shall use “A � B” to mean that there exists a constant C > 0
independent of N or h such that A ≤ CB.

Our main result in this section is the following theorem.
Theorem 4.1. Assume (A1)–(A3). Let u and uk

N be the solutions of (3.1) and
(4.1), respectively. Assume further that u ∈ C([0, T ];Hm

D (R)), that ut ∈ L2(0, T ;Hm
D (R))

with some m > 1, and that utt ∈ L2(0, T ;H−1(R)). Then, there exists h0 > 0 such
that for h ≤ h0 the scheme (3.4) is stable, and the following error estimates hold: for
each k = 0, 1, . . . ,M ,

‖u(tk, ·) − uk
N‖ +

⎛⎝h

M∑
j=k

‖∂x(u(tj , ·) − uj
N )‖2

⎞⎠ 1
2

� h
(
‖utt‖L2(0,T ;H−1(R)) + ‖ut‖L2(0,T ;H1(R))

)
+ N

1−m
2

(
‖u‖C([0,T ];Hm

D ) + ‖ut‖L2(0,T ;Hm
D )

)
.

Proof. Let Ek, k = M − 1, . . . , 1, 0, be the consistency error defined by

Ek(·) �
=

1

h

(
u(tk+1, ·) − u(tk, ·)

)
+ b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·)

+ ∂x

(
1

2
σ2(tk, ·, u(tk+1, ·))∂xu(tk, ·)

)
+ g(tk, ·, u(tk+1, ·)),(4.2)

where u(tk, ·) is the exact solution to (3.1). First, we shall obtain the estimate for the
consistency error Ek. By using the integral residue form of the Taylor series, and the
fact that u(tk, ·) is the exact solution to (3.1), we can easily rewrite Ek(·) as

Ek(·) =
1

h

∫ tk+1

tk

utt(t, ·)(t− tk)dt

+ g(tk, ·, u(tk+1, ·)) − g(tk, ·, u(tk, ·))

+ b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·)

− b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk, ·)

+ b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk, ·) − b̂(tk, ·, u(tk, ·), ∂xu(tk, ·)) ∂xu(tk, ·)D
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+ ∂x

(
1

2
(σ2(tk, ·, u(tk+1, ·)) − σ2(tk, ·, u(tk, ·)))∂xu(tk, ·)

)
.

Under assumptions (A1)–(A3) (see also Remark 2.2), it is known that the solution
to (3.1) must have bounded first-order derivative ∂xu; i.e., ‖∂xu‖L∞((0,T )×R) ≤ C (see,
e.g., [10]). We can then derive from assumptions (A1)–(A3) (see also Remark 2.2)
that

‖Ek(·)‖−1 � 1

h

∫ tk+1

tk

‖utt(t, ·)‖−1(t− tk)dt + h
1
2

(∫ tk+1

tk

‖∂tu(t, ·)‖2dt

) 1
2

+ h
1
2

(∫ tk+1

tk

‖∂txu(t, ·)‖2dt

) 1
2

+ ‖(σ2(tk, ·, u(tk+1, ·)) − σ2(tk, ·, u(tk, ·)))∂xu(tk, ·)‖.
Applying the Schwarz inequality and using the boundedness of ∂xu, we find

‖Ek(·)‖2
−1 � h

∫ tk+1

tk

‖utt(t, ·)‖2
−1dt + h

∫ tk+1

tk

‖ut(t, ·)‖2
1dt,

which implies that

(4.3) h

M∑
k=0

‖Ek(·)‖2
−1 � h2‖utt‖2

L2(0,T ;H−1(R)) + h2‖ut‖2
L2(0,T ;H1(R)).

In what follows we set êkN = PNu(tk, ·)− uk
N , ẽkN = u(tk, ·)−PNu(tk, ·), and thus

we have ekN = u(tk, ·) − uk
N = êkN + ẽkN .

Next, multiplying by vN ∈ HN on both sides of (4.2), using integration by parts,
and then subtracting (4.1), we obtain that

〈Ek, vN 〉 =
1

h
〈ek+1

N − ekN , vN 〉 −
〈

1

2
σ2(tk, ·, u(tk+1, ·))∂xu(tk, ·) , ∂xvN

〉

+

〈
1

2
σ2(tk, ·, uk+1

N )∂xu
k
N , ∂xvN

〉
+ 〈b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·))) ∂xu(tk+1, ·)

−b̂(tk, ·, uk+1
N , ∂xu

k+1
N )∂xu

k+1
N , vN 〉

+ 〈g(tk, ·, u(tk+1, ·)) − g(tk, ·, uk+1
N ) , vN 〉.

Or, equivalently,

〈Ek, vN 〉 =
1

h
〈ek+1

N − ekN , vN 〉 −
〈

1

2
σ2(tk, ·, uk+1

N )∂xe
k
N , ∂xvN

〉

−
〈
∂xu(tk, ·) ,

1

2
σ2(tk, ·, u(tk+1, ·))∂xvN − 1

2
σ2(tk, ·, uk+1

N )∂xvN

〉
+ 〈b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·)

−b̂(tk, ·, uk+1
N , ∂xu

k+1
N )∂xu

k+1
N , vN 〉

+ 〈g(tk, ·, u(tk+1, ·)) − g(tk, ·, uk+1
N ) , vN 〉.
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2650 JIN MA, JIE SHEN, AND YANHONG ZHAO

Since ekN = ẽkN + êkN , we have

1

h
〈êk+1

N − êkN ,vN 〉 −
〈

1

2
σ2(tk, ·, uk+1

N )∂xê
k
N , ∂xvN

〉

= − 1

h
〈ẽk+1

N − ẽkN , vN 〉 +

〈
1

2
σ2(tk, ·, uk+1

N )∂xẽ
k
N , ∂xvN

〉

+

〈
∂xu(tk, ·) ,

1

2
σ2(tk, ·, u(tk+1, ·))∂xvN − 1

2
σ2(tk, ·, uk+1

N )∂xvN

〉
− 〈b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·)

− b̂(tk, ·, uk+1
N , ∂xu

k+1
N )∂xu

k+1
N , vN 〉

− 〈g(tk, ·, u(tk+1, ·)) − g(tk, ·, uk+1
N ) , vN 〉 + 〈Ek(·) , vN 〉.

(4.4)

Denote

I1 = −〈g(tk, ·, u(tk+1, ·)) − g(tk, ·, uk+1
N ) , vN 〉,

I2 = −〈b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·) − b̂(tk, ·, uk+1
N , ∂xu

k+1
N )∂xu

k+1
N , vN 〉,

I3 =

〈
∂xu(tk, ·) ,

1

2
σ2(tk, ·, u(tk+1, ·))∂xvN − 1

2
σ2(tk, ·, uk+1

N )∂xvN

〉
,

I4 =

〈
1

2
σ2(tk, ·, uk+1

N )∂xẽ
k
N , ∂xvN

〉
,

I5 = − 1

h
〈ẽk+1

N − ẽkN , vN 〉,

I6 = 〈Ek(·) , vN 〉.

We shall estimate these terms separately under assumptions (A1)–(A3) (see also Re-
mark 2.2). To begin with, noting the Lipschitz property of g and applying the Cauchy–
Schwarz inequality, we have, for some constant C1 > 0 and any ε > 0,

|I1| ≤ C1〈|u(tk+1, ·) − uk+1
N | , |vN |〉 = C1〈|ek+1

N | , |vN |〉(4.5)

≤ C1h

2ε
‖ek+1

N ‖2 +
C1ε

2h
‖vN‖2 ≤ C1h

ε
‖êk+1

N ‖2 +
C1h

ε
‖ẽk+1

N ‖2 +
C1ε

2h
‖vN‖2.

Similarly, we have

|I4| ≤ C4〈|∂xẽkN | , |∂xvN |〉 ≤ C4h

2ε
‖∂xẽkN‖2 +

C4ε

2h
‖∂xvN‖2;(4.6)
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|I2| ≤ |〈b̂(tk, ·, u(tk+1, ·), ∂xu(tk+1, ·)) ∂xu(tk+1, ·)
− b̂(tk, ·, uk+1

N , ∂xu
k+1
N )∂xu(tk+1, ·) , vN 〉|

+ |〈b̂(tk, ·, uk+1
N , ∂xu

k+1
N ))(∂xu(tk+1, ·) − ∂xu

k+1
N ) , vN 〉|

≤ |〈‖∂xu‖L∞((0,T )×R)K(|ek+1
N | + |∂xek+1

N |), |vN |〉| + K|〈|∂xek+1
N |, |vN |〉|

≤ C2〈|ek+1
N | + |∂xek+1

N |, |vN |〉 + C2〈|∂xek+1
N |, |vN |〉(4.7)

≤ C2〈|êk+1
N | + |∂xêk+1

N | + |ẽk+1
N | + |∂xẽk+1

N | , |vN |〉

+ C2〈|∂xêk+1
N | + |∂xẽk+1

N | , |vN |〉

≤ C2h

ε
(‖êk+1

N ‖2 + ‖ẽk+1
N ‖2 + ‖∂xẽk+1

N ‖2)

+
C2ε

h
‖vN‖2 + C2ε1h‖∂xêk+1

N ‖2 +
C2

ε1h
‖vN‖2,

where C2 depends only on K, ‖∂xu‖L∞((0,T )×R) and ε1 is to be determined later;

|I3| ≤ CK ‖∂xu‖L∞((0,T )×R) 〈|ek+1
N | , |∂xvN |〉 ≤ C3h

2ε
‖ek+1

N ‖2 +
C3ε

2h
‖∂xvN‖2(4.8)

≤ C3h

ε
(‖êk+1

N ‖2 + ‖ẽk+1
N ‖2) +

C3ε

2h
‖∂xvN‖2,

where C3 = CK ‖∂xu‖L∞((0,T )×R). Finally, let Ẽk
N = − 1

h (ẽk+1
N − ẽkN ); then we have

(4.9) |I5| ≤
h

2ε
‖Ẽk

N‖2 +
ε

2h
‖vN‖2 and |I6| ≤

h

2ε
‖Ek(·)‖2

−1 +
ε

2h
‖vN‖2

1.

To obtain the desired estimate, let us now look at the left-hand side of (4.4) with
vN = −h êkN . Note that

1

h
〈êk+1

N − êkN ,−h êkN 〉 =
1

2
(‖êkN‖2 − ‖êk+1

N ‖2 + ‖êkN − êk+1
N ‖2),

−
〈
∂xê

k
N ,

1

2
σ2(tk, ·, uk+1

N )∂xvN

〉
≥ ch‖∂xêkN‖2,(4.10)

where c > 0 is a lower bound of σ2, with a slight abuse of notation (compare to
the constant c > 0 in (A3)). Thanks to the Schwarz inequality, and denoting C =
5 max1≤i≤4{Ci} + 1, we derive from (4.5)–(4.10) that

‖êkN‖2 + ch‖∂xêkN‖2 ≤
(
Ch

ε
+

1

2

)
‖êk+1

N ‖2 + Cε1h‖∂xêk+1
N ‖2(4.11)

+

(
Ch

ε1
+ Cεh + εh +

1

2

)
‖êkN‖2

+ Cεh‖∂xêkN‖2 +
Ch

ε
(‖ẽk+1

N ‖2 + ‖∂xẽk+1
N ‖2)

+
Ch

ε
‖∂xẽkN‖2 +

h

ε
‖Ek(·)‖2

−1 +
h

ε
‖Ẽk

N‖2.
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Therefore, (4.11) can now be rewritten as(
1

2
− h

(
Cε + ε +

C

ε1

))
‖êkN‖2 + (c− Cε)h‖∂xêkN‖2

≤
(
Ch

ε
+

1

2

)
‖êk+1

N ‖2 + Cε1h‖∂xêk+1
N ‖2

+
h

ε

(
C‖ẽk+1

N ‖2 + C‖∂xẽkN‖2 + C‖∂xẽk+1
N ‖2 + ‖Ẽk

N‖2 + ‖Ek(·)‖2
−1

)
.

(4.12)

We choose ε small enough so that c− Cε > 0. Multiplying both sides of (4.12) by 2,

choosing ε1 = c−Cε
2C , setting C5

�
= C + 1, Cε

�
= 2(Cε+ ε+ C

ε1
), and assuming that the

time step h satisfies the conditions

h < h0 = min

(
1

2Cε
,
ε

2C

)
,(4.13)

inequality (4.12) becomes

(1 − hCε)‖êkN‖2 + 2(c− Cε)h‖∂xêkN‖2 ≤
(

2Ch

ε
+ 1

)
‖êk+1

N ‖2 + (c− Cε)h‖∂xêk+1
N ‖2

+
hC5

ε

(
‖ẽk+1

N ‖2 + ‖∂xẽkN‖2 + ‖∂xẽk+1
N ‖2 + ‖Ẽk

N‖2 + ‖Ek(·)‖2
−1

)
.

(4.14)

We now apply a standard discrete backward Gronwall inequality and, noticing that
êMN = 0, we obtain

(4.15) ‖êkN‖2 + h

M∑
j=k

‖∂xêjN‖2 � h

M∑
j=k

(
‖ẽjN‖2 + ‖∂xẽjN‖2 + ‖Ẽj

N‖2 + ‖Ej(·)‖2
−1

)
.

We now estimate the terms on the right-hand side. First, by virtue of Lemma 2.3
with s = 0, 1, respectively, and r = m, we have

‖ẽk+1
N ‖2 + ‖ẽkN‖2 ≤ C6N

−m(‖Dmu(tk+1, .)‖2 + ‖Dmu(tk, .)‖2),

‖∂xẽk+1
N ‖2 ≤ C6N

1−m‖Dmu(tk+1, .)‖2.(4.16)

It remains to estimate ‖Ẽk
N‖. Let ẽN (t, ·) = u(t, ·) − PNu(t, ·). Then,

Ẽk
N = − 1

h
(ẽk+1

N − ẽkN ) = − 1

h

∫ tk+1

tk

∂tẽN (t, ·)dt.

Applying the Schwarz inequality and (2.17) again, we obtain that

(4.17) ‖Ẽk
N‖2 ≤ 1

h

∫ tk+1

tk

‖∂tẽN (t, ·)‖2 dt.

We then derive from the above and (4.15) that

‖êkN‖2 + h

M∑
j=k

‖∂xêjN‖2 � h2
(
‖utt‖2

L2(0,T ;H−1(R)) + ‖ut‖2
L2(0,T ;H1(R))

)
+ N1−m

(
‖u‖2

C([0,T ];Hm
D ) + ‖ut‖2

L2(0,T ;Hm
D )

)
,
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proving the theorem.
Remark 4.2. We would like to point out that one of the main purposes of The-

orem 4.1 is to display a significant feature of the spectral method, that is, that the
rate of convergence of the scheme increases as the smoothness of the solutions (i.e.,
m in the assumption of the above theorem) increases. Assumptions (A1)–(A3) are
used only to guarantee the convergence of the numerical schemes proposed in this
paper (in fact, all but the Platen–Wagner scheme where the second derivative of the
drift b is required). The assumption on smoothness of the solution is used to prove
the rate of convergence, which should always be true if the coefficients are sufficiently
regular. We should note, however, that the explicit relation between the regularities
of the coefficients and that of the solution seems to be a more subtle issue due to the
quasi linearity of the PDE. We thus prefer making the exact smoothness requirement
needed on the solution rather than on the coefficients.

We note also that by using a tensor product approach, the results in the above
theorem can be directly extended to the high-dimensional case, although such a tensor
product approach will become prohibitively expensive for space dimension ≥ 4.

5. The synthetic error analysis. In this section we present an error analysis
for the synthesized numerical scheme. Our main result is the following.

Theorem 5.1. Assume that (A1)–(A3) and the assumptions in Theorem 4.1
hold. Let (X,Y, Z) be the adapted solution to the FBSDE (2.1), and let {Xk}Mk=0 be
the solution to the Euler scheme (3.9). Define

(5.1) Yk
�
= uk

N (Xk), Zk
�
= σ(tk, Xk, Yk)∂x(uk

N )(Xk), k = 0, 1, . . . ,M,

where {uk
N}Mk=0 is the solution to (4.1). Then, the following error estimate holds:

sup
0≤k≤M

E

[
(X(tk) −Xk)

2 + (Y (tk) − Yk)
2 + (Z(tk) − Zk)

2
]1/2

(5.2)

�
√
h + h

(
‖utt‖L2(0,T ;H−1(R)) + ‖ut‖L2(0,T ;L2(R))

)
+ N

1−m
2

(
‖u‖C([0,T ];Hm

D ) + ‖ut‖L2(0,T ;Hm
D )

)
.

Proof. Recall the intermediate Euler scheme (3.10):{
X̂0 = x,

X̂k+1 = X̂k + b(tk, X̂k, u
k(X̂k))h + σ(tk, X̂k, u

k(X̂k))ΔkW,
(5.3)

where uk(x) = u(tk, x) and u(·, ·) is the solution to the original PDE (3.1). Since
the true solution u is at least uniformly Lipschitz under (A1)–(A3), we can apply the
fundamental convergence theorem for SDEs (cf. [21] or [30]) to conclude that

E|X(tk) − X̂k|2 ≤ Ch ∀ k = 0, 1, . . . ,M.(5.4)

Thus it remains to evaluate E|X̂k −Xk|2. To this end, note that

X̂k+1 −Xk+1 = X̂k −Xk + [b(tk, X̂k, u(tk, X̂k)) − b(tk, Xk, u
k
N (Xk))]h(5.5)

+[σ(tk, X̂k, u(tk, X̂k)) − σ(tk, Xk, u
k
N (Xk))]ΔkW.
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Since ΔkW = W (tk+1) − W (tk) is independent of Ftk with E[ΔkW ] = 0 and
E|ΔkW |2 = h, one has E[(ΔkW )F ] = 0 and E[(ΔkW )F ]2 = hE[F ]2 for all F ∈
L2(Ftk ; R). Therefore, squaring both sides of (5.5), applying the Cauchy–Schwartz
inequality, and then using the Lipschitz assumption on the coefficients b and σ, we
obtain that

E|X̂k+1 − Xk+1|2

≤ (1 + h)E|X̂k −Xk|2 + (h2 + h)E|b(tk, X̂k, u
k(X̂k)) − b(tk, Xk, u

k
N (Xk))|2

+ h E|σ(tk, X̂k, u
k(X̂k)) − σ(tk, Xk, u

k
N (Xk))|2(5.6)

≤ (1 + h + 2K2(h2 + h))E|X̂k −Xk|2 + 2K2(h2 + h)E|uk(X̂k) − uk
N (Xk)|2.

Now, we write

uk(X̂k) − uk
N (Xk) = [uk(X̂k) − uk(Xk)] + [uk(Xk) − uk

N (Xk)](5.7)

and note that

E|uk(X̂k) − uk(Xk)|2 ≤ K2
E|X̂k −Xk|2.(5.8)

We need only to estimate E|uk(Xk)−uk
N (Xk)|2. To this end, let us first establish the

following simple inequality:

(5.9) ‖f‖L∞(R) ≤ ‖f‖L2(R) + ‖f ′‖L2(R) ∀ f ∈ H1(R).

Indeed, we first observe that f ∈ H1(R) implies that f ∈ C(R). Then, for any unit
interval [n, n + 1), n ∈ Z, there must exist xn ∈ [n, n + 1) such that |f(xn)| ≤
‖f‖L2(n,n+1) ≤ ‖f‖L2(R). Hence, for any given x ∈ [n, n + 1), we have

|f(x)| ≤ |f(x) − f(xn)| + |f(xn)| =

∣∣∣∣∫ x

xn

f ′(t)dt

∣∣∣∣+ |f(xn)| ≤ ‖f‖L2(R) + ‖f ′‖L2(R).

Thanks to (5.9), we obtain that

E|uk(Xk) − uk
N (Xk)|2 =

∫ ∞

−∞
|u(tk, x) − uk

N (x)|2fXk
(x)dx

≤ ‖u(tk, ·) − uk
N (·)‖2

L∞(R)

∫ ∞

−∞
fXk

(x)dx(5.10)

≤ 2‖u(tk, ·) − uk
N‖2 + 2‖∂x(u(tk, ·) − uk

N )‖2,

where fXk
is the probability density function of random variable Xk.

Combining (5.8)–(5.10), noting (5.7), and assuming without loss of generality that
h < 1, it follows easily from (5.6) that, for k = 1, 2, . . . ,M ,

E|X̂k+1 −Xk+1|2 ≤ (1 + Ch)E|X̂k −Xk|2

+ Ch
(
‖u(tk, ·) − uk

N‖2 + ‖∂x(u(tk, ·) − uk
N )‖2

)
.
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We now apply a standard forward discrete Gronwall inequality and, noticing that
X̂0 = X0 = x and using Theorem 4.1, we obtain, for k = 1, 2, . . . ,M ,

E|X̂k −Xk|2 � E|X̂0 −X0|2 + h

k∑
j=1

(
‖u(tj , ·) − uj

N‖2 + ‖∂x(u(tj , ·) − uj
N )‖2

)

� h2
(
‖utt‖2

L2(0,T ;H−1(R)) + ‖ut‖2
L2(0,T ;L2(R))

)
+ N1−m

(
‖u‖2

C([0,T ];Hm
D ) + ‖ut‖2

L2(0,T ;Hm
D )

)
.

This, together with (5.4), yields the final mean-square error estimate:

E|X(tk) −Xk|2 � h + h2
(
‖utt‖2

L2(0,T ;H−1(R)) + ‖ut‖2
L2(0,T ;L2(R))

)
+ N1−m

(
‖u‖2

C([0,T ];Hm
D ) + ‖ut‖2

L2(0,T ;Hm
D )

)
.

The error estimates for E|Y (tk)−Yk|2 and E|Z(tk)−Zk|2 then follow easily from the
relation (3.20), (5.1), and the estimate (5.11). The proof is now complete.

Remark 5.2. From the proof of Theorem 5.1 we see that if we combine the higher-
order schemes for both PDE (2.5) and the resulting decoupled SDE (2.4), then we will
obtain a higher-order rate of convergence. The proof would be completely similar, but
conceivably much more lengthy and tedious. We shall discuss this issue with extensive
numerical examples in the next section.

Unlike the results in Theorem 4.1, the results in the above theorem cannot be di-
rectly extended to the high-dimensional case due (only) to the fact that the embedding
(5.9) is no longer valid in a high space dimension.

6. Numerical simulations and conclusions.

6.1. Implementation details. Let {hj(x)}j=0,1,...,N be the Lagrange interpo-
lation polynomials in PN associated with the Hermite–Gauss points {xj}j=0,1,...,N ,

which are zeros of HN+1(x). We define ĥj(x) = hj(x) e
−x2/2

e
−x2

j/2
; then

ĥj(xi) = δij , HN = span{ĥj : j = 0, 1, . . . , N},

so any function g ∈ HN can be written as

g(x) =
N∑
j=0

g(xj)ĥj(x).

We derive easily from h
′

j(xi) that

ĥ
′

j(xi) =
e−x2

i /2

e−x2
j/2

(h
′

j(xi) − xiδij) =

⎧⎨⎩
ĤN (xi)

(xi−xj)ĤN (xj)
, i = j,

0, i = j.

Hence, ĥ
′

j(xi) can be computed in a stable way for N large.
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Let us denote

ū = (uk
N (x0), u

k
N (x1), . . . , u

k
N (xN ))T , f̄ = (fk+1(x0), f

k+1(x1), . . . , f
k+1(xN ))T

sij = (α(x)ĥ
′

j , ĥ
′

i)N =

N∑
l=0

α(xl)ĥ
′

j(xl)ĥ
′

i(xl)ŵl

with α(xi) = h
2σ

2(tk, xi, u
k+1
N (xi)). Then, (3.7) is reduced to the following linear

system:

(S + W )ū = Wf̄,

where

W = diag(ŵ0, ŵ1, . . . , ŵN ), S = (sij)i,j=0,1,...,N .

6.2. Numerical results and discussions. In order to make sensible compar-
isons to the existing results, we shall consider an example proposed by Milstein and
Tretyakov [31], use our spectral method to carry out the numerical approximation for
u(t, x), and then use different stochastic numerical schemes for the resulting decou-
pled SDE. In particular, we shall use the standard Euler scheme, first-order Milstein
scheme, 3

2 -order Platen–Wagner strong scheme, as well as the 3
2 -order stochastic SAB

scheme, respectively.
Example (Milstein–Tretyakov [31]). Consider the following FBSDE:

(6.1)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
dX =

X(1 + X2)

(2 + X2)3
dt +

1 + X2

2 + X2

√
1 + 2Y 2

1 + Y 2 + exp(− 2X2

t+1 )
dW (t), X(0) = x,

dY = −g(t,X, Y )dt− f(t,X, Y )Zdt + ZdW (t), Y (T ) = exp

(
−X2(T )

T + 1

)
,

where

g(t, x, u) =
1

t + 1
exp

(
− x2

t + 1

)[
4x2(1 + x2)

(2 + x2)3
+

(
1 + x2

2 + x2

)2(
1 − 2x2

t + 1

)
− x2

t + 1

]
,

f(t, x, u) =
x

(2 + x2)2

√
1 + u2 + exp(− 2x2

t+1 )

1 + 2u2
.

Then the corresponding Cauchy problem has the following form, for t < T, x ∈ R:
(6.2)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 =
∂u

∂t
+

1

2

(
1 + x2

2 + x2

)2
1 + 2u2

1 + u2 + exp(− 2x2

t+1 )

∂2u

∂x2
+

2x(1 + x2)

(2 + x2)3
∂u

∂x

+
1

t + 1
exp

(
− x2

t + 1

)[
4x2(1 + x2)

(2 + x2)3
+

(
1 + x2

2 + x2

)2(
1 − 2x2

t + 1

)
− x2

t + 1

]
,

u(T, x) = exp(− x2

T+1 ).
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It is easy to verify that the solution to problem (6.2) is

(6.3) u(t, x) = exp

(
− x2

t + 1

)
.

Since Y (t) = u(t,X(t)), plugging Y (t) into the forward equation in (6.1), we get

(6.4) dX =
X(1 + X2)

(2 + X2)3
dt +

1 + X2

2 + X2
dW (t), X(0) = x.

One can then easily check that the solution to this equation can be expressed as

X(t) = Λ(x + arctanx + W (t)),

where the function Λ(z) is defined by the equation

(6.5) Λ(z) + arctan Λ(z) = z.

Differentiating (6.5) with respect to z, we get

(6.6) Λ′(z) =
1 + Λ2(z)

2 + Λ2(z)
> 0, ∀ z ∈ R, and Λ′′(z) =

2Λ(1 + Λ2)

(2 + Λ2)3
,

which implies that Λ(z) is a one-to-one function. Hence X(0) = Λ(x+ arctanx) = x.
Furthermore, due to the Itô formula, we have

dX = Λ′(x + arctanx + W (t))dW (t) +
1

2
Λ′′(x + arctanx + W (t))dW (t)

=
X(1 + X2)

(2 + X2)3
dt +

1 + X2

2 + X2
dW (t).

Hence, the solution to (6.1) is

X(t) = Λ(x + arctanx + W (t)),

Y (t) = exp

(
− X2

t + 1

)
,

Z(t) = − 2X(1 + X2)

(t + 1)(2 + X2)
exp

(
− X2

t + 1

)
.

We first carry out numerical tests on the parabolic equation (6.2) using the second-
order (in time) scheme (3.8). In Tables 1–3, we tabulate the errors maxk ‖u(tk, x) −
uk
N (x)‖L2(R), maxk ‖∂u

∂x (tk, x)− d
dxu

k
N (x)‖L2(R), and maxk ‖∂2u

∂x2 (tk, x)− d2

dx2u
k
N (x)‖L2(R),

respectively. We note that it is important to measure the errors of the approxima-
tion uk

N (x) to the first and second derivatives of u(tk, x) since the first-order Milstein
scheme (3.11) and 3

2 -order Platen–Wagner scheme (3.12) need to use these derivatives.
In the last column of these tables, the rates of convergence in time with N = 150 are
reported. We observe that essentially second-order accuracy in time and exponential
convergence in space are achieved for all three quantities.

Next, we examine the errors of the full simulation for the FBSDE with four
different schemes presented in section 3 for the forward SDE and with the Hermite-
collocation scheme (3.7). For the sake of comparison with the results in [31], we
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Table 1

maxk ‖u(tk, x) − uk
N (x)‖L2(R).

h\N 64 70 100 128 150 Rate

0.5 0.0049 0.0049 0.0049 0.0049 0.0049
0.2 0.0010 0.0010 0.0010 0.0010 0.0010 1.7344
0.05 1.5391e-004 9.0229e-005 7.8519e-005 7.8554e-005 7.8555e-005 1.8351
0.02 1.5389e-004 8.3270e-005 1.3177e-005 1.3167e-005 1.3168e-005 1.9492
0.005 1.5388e-004 8.3266e-005 3.9669e-006 8.4446e-007 8.4360e-007 1.9822

Table 2

maxk ‖ ∂u
∂x

(tk, x) − d
dx

uk
N (x)‖L2(R).

h\N 64 70 100 128 150 Rate

0.5 0.0075 0.0074 0.0074 0.0074 0.0074
0.2 0.0018 0.0017 0.0017 0.0017 0.0017 1.6052
0.05 0.0017 9.6178e-004 1.3741e-004 1.3685e-004 1.3685e-004 1.8174
0.02 0.0017 9.6179e-004 5.4862e-005 2.3165e-005 2.3152e-005 1.9391
0.005 0.0017 9.6178e-004 5.4859e-005 3.7980e-006 1.4925e-006 1.9777

Table 3

maxk ‖ ∂2u
∂x2 (tk, x) − d2

dx2 u
k
N (x)‖L2(R).

h\N 64 70 100 128 150 Rate

0.5 0.0230 0.0226 0.0224 0.0224 0.0224
0.2 0.0188 0.0112 0.0055 0.0055 0.0055 1.5326
0.05 0.0188 0.0112 7.7070e-004 4.5192e-004 4.5174e-004 1.8029
0.02 0.0188 0.0112 7.7061e-004 7.8042e-005 7.7116e-005 1.9293
0.005 0.0188 0.0112 7.7058e-004 6.0488e-005 8.0385e-006 1.6310

also computed the same problem with a Monte Carlo simulation (with S = 1000
independent realizations of X(T ) and XN ) for the forward SDE. The results of the
Euler scheme with Monte Carlo simulation are reported in Table 4. The averages
presented in the table are computed as follows:

E(X(T ) −XN )2 =
1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)2

± 2

√
DS

S
,

where

DS =
1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)4

−
[

1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)2
]2

.

Hence,

[
E(X(T ) −XN )2

]1/2
=

√√√√ 1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)2

+

√√√√ 1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)2

± 2

√
DS

S

−

√√√√ 1

S

S∑
k=1

(
X(k)(T ) −X

(k)
N

)2

,
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where X(k)(T ) and X
(k)
N are independent realizations of X(T ) and XN , respectively

(k = 1, 2, . . . , S = 1000).

Table 4

Euler scheme with 1000 Monte Carlo simulation realizations with N = 150.

h
[
E(X(T ) −XN )2

]1/2
Rate

[
E(Y (T ) − YN )2

]1/2 [
E(Z(T ) − ZN )2

]1/2
0.5 0.2453 ± 0.0121 0.0325 ± 0.0022 0.0121 ± 7.9404e− 004
0.2 0.1603 ± 0.0083 0.4643 0.0213 ± 0.0015 0.0079 ± 5.0520e− 004
0.05 0.0745 ± 0.0037 0.5527 0.0101 ± 0.0007 0.0037 ± 2.2556e− 004
0.02 0.0479 ± 0.0024 0.482 0.0064 ± 0.0004 0.0023 ± 1.4899e− 004
0.005 0.0259 ± 0.0013 0.4435 0.0036 ± 0.0002 0.0013 ± 7.6865e− 005

For conciseness, we now omit the Monte Carlo errors, which, as can be seen from
Table 4, are significantly smaller than the approximation errors. In what follows, we
denote [E(X(T )−XN )2]1/2 by X, [E(Y (T )−YN )2]1/2 by Y , and [E(Z(T )−ZN )2]1/2

by Z.

In the Tables 5–7, we report these errors by using the three schemes with 1000
independent realizations of X(T ) and XN .

Table 5

First-order SDE scheme with N = 150.

h X Rate Y Rate Z Rate

0.5 0.0937 0.0131 0.0048
0.2 0.0394 0.9455 0.0052 1.0084 0.0021 0.9022
0.05 0.0095 1.0261 0.0013 1.000 4.7994e-004 1.0647
0.02 0.0039 0.9717 5.3451e-004 0.9700 1.9852e-004 0.9634
0.005 9.5023e-004 1.0186 1.2996e-004 1.0201 4.8413e-005 1.0179

Table 6

3
2
-order strong scheme with N = 200.

h X Rate Y Rate Z Rate

0.5 0.0425 0.0041 0.0025
0.2 0.0115 1.4266 0.0015 1.0974 5.4051e-004 1.6714
0.05 0.0015 1.4693 1.7410e-004 1.5535 7.5482e-005 1.4201
0.02 3.3583e-004 1.6333 3.6401e-005 1.7080 1.7780e-005 1.5779
0.005 3.9962e-005 1.5355 7.6776e-006 1.1226 2.2442e-006 1.4930

Table 7

3
2
-order SAB scheme with N = 200.

h X Rate Y Rate Z Rate

0.5 0.1301 0.0177 0.0063
0.2 0.0400 1.2872 0.0053 1.3160 0.0020 1.2522
0.05 0.0048 1.5294 6.6087e-004 1.5018 2.3552e-004 1.5430
0.02 0.0013 1.4256 1.6757e-004 1.4975 6.5992e-005 1.3885
0.005 1.5749e-004 1.5226 2.0907e-005 1.5014 7.9073e-006 1.5305

Observe that all three schemes produce expected convergence rates. The 3
2 -order

SAB scheme is slightly less accurate than the 3
2 -order strong scheme, but the conver-

gence rates of these two schemes are essentially the same.
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7. Concluding remarks. We presented a numerical method for a class of
forward-backward stochastic differential equations (FBSDEs). The method is based
on the four step scheme with a Hermite-spectral method to approximate the solution
to the decoupling quasi-linear PDE on the whole space. The use of the Hermite-
spectral method not only avoids the use of artificial far field boundary conditions
but also leads to spectrally accurate results in space. We carried out a rigorous er-
ror analysis for a fully discretized scheme for the FBSDEs with a first-order scheme
in time and a Hermite-spectral scheme in space, and indicated that similar analysis
can be extended to higher-order schemes in time. We presented detailed numerical
comparisons between several schemes for the resulting decoupled forward SDE and
showed that the stochastic version of the Adams–Bashforth scheme coupled with the
Hermite-spectral method leads to a convergence rate of 3

2 (in time).

Although the analysis and computation is performed for the one-dimensional case,
the numerical scheme, and most of the analysis, can be extended to higher-dimensional
cases. More precisely, the Hermite-spectral method for the PDE can be extended to
high-dimensional cases in a straightforward matter using a tensor-product approach.
Furthermore, the results in Theorem 4.1 still hold for high-dimensional cases; un-
fortunately, it appears to be very difficult to establish the results in Theorem 5.1 for
high-dimensional cases due mainly to the fact that the Sobolev-type inequality (5.9) is
no longer valid for higher-dimensional cases. On the other hand, the aforementioned
tensor-product approach is feasible only for two- or three-dimensional problems, as
the number of unknowns grows exponentially fast as the dimension increases, and
the computational cost quickly becomes prohibitive for problems of four or more di-
mensions. In a forthcoming work, we plan to introduce new elliptic solvers based on
lattice rules and sparse grids which would allow us to handle FBSDEs in relatively
large space dimensions.

Acknowledgment. The authors would like to thank an anoymous referee whose
comments and suggestions have led to numerous improvements to the paper.
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