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1 Introduction

In this paper we are interested in the Pontryagin Maximum Principle for a class of

general stochastic control problem with McKean—Vlasov dynamics:

u __ . u u . u u

IC)Z(}M(t _xb(ta 7X[7]P>X’7ul‘)dt+o'(t7 7Xt7]P)X,7ul)th7 t e [0’ T], (1'1)
0 = X0,

where W = {W;},;>0 is a one dimensional Brownian motion, defined on a complete
probability space (2, F,P), P :=Po £~ ! denotes the law of the random variable &,
T > 0is a given time horizon, and the coefficients b, o : [0, T]x 2 x R? x 22, (RY) x
U + R are measurable functions with appropriate dimensions. Here %, (R?) is the
space of all probability measures on R?, endowed with 2-Wasserstein metric (see Sect.
2 for details).

The stochastic control problems with dynamics (1.1) have been used in the study
of mean-field control/potential games, to describe the (Nash) equilibrium state of the
symmetric game, or the limiting state of large number of interacting players. We refer
to [16] for the main ideas of the mean-field games, and [1-4,11-13] and the references
cited therein for the history and recent developments of stochastic control problem
with controlled McKean—Vlasov dynamics and related mean-field games.

It is worth noting that the system (1.1) is very general, in that the dependence of the
coefficient on the law of the solution Py, could be genuinely nonlinear as an element
of the space of probability measures. In fact, while all existing works can be put into
a general framework of (1.1), many of them often fall into one of the following two

types:
(a) (p([,(,(),Xt,IP)Xt,Mt) :a(tva)vxtvE[Xl]vul)

= (Z(tsws th/RW()’)PX,(d)’), ul) s

where v isa given function, ¢ = b, o, and ¢ denotes a different function corresponding
to b or ¢ in an obvious way. Such a case resembles the mean-field interaction of scalar
type in mean-field theory, and was used as the controlled dynamics in [4]. We note
that in this case the role of the measure Py, would be averaged out and therefore less
essential in the analysis.

(b) (p(tv w, Xtv IPXN ul‘) = E[QZ(I’ X, Xl‘s Z)]|y:Xt,z=u;

=/R{o'(t,x,y,z)]P’X,(dy)|x=XhZzul, ¢ =0b,o.

This is the most common case in the literature, known as the mean-field interaction
of order 1, which comes often as a consequences of law of large numbers, and as the
limit of mean-field games (see, for example, [3,11-13], among the aforementioned
references). We note that in this case, the dependence on Py, is actually linear(!).
Clearly, the SDE (1.1) would cover higher order interactions as well.
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We should note that the optimal control problem with general McKean—Vlasov
dynamics has been studied along the lines of dynamic programming (see, e.g., [1,2,4]),
under various conditions. In particular, either the convexity of the control set or that
of the Hamiltonian, or the existence of optimal control is assumed so as to facilitate
the discussion of the dynamic programming principle. On the other hand, most of the
works mentioned above focused on the necessary condition of the optimal, known as
the Pontryagin’s Maximum principle. Again, the convexity of either the control region
or the Hamiltonian (or the coefficients) played an important role in the discussion. In
fact, to the best of our knowledge, the Stochastic Maximum Principle (SMP for short)
for a general controlled McKean—Vlasov dynamics with non-convex control region
remains an open problem to date, which is the main objective of this paper.

The main technical issue in dealing with the Stochastic Maximum Principle without
the convexity assumption on either the control region or the Hamiltonian, especially in
the case when the control enters the diffusion coefficient o (often referred to as Peng’s
SMP due to his seminal work [18]), is the need to consider a second order variational
equation, or equivalently, a second order Taylor expansion (see [18]), which naturally
involves the second order derivatives of all spatial variables in the coefficients. This
immediately leads to, among other things, the subtle difficulty in treating the desired
second order derivatives with respect to the measures in the space %2 (R¢), along with
some appropriate estimates.

An interesting observation is that by adding the tool of the derivatives with respect
to measures, we can now treat more general mean-field cases for which the method
of our previous work [4] would fail. A not-so-subtle example is the case where the
coefficients are of the form

¢(t7 le ]P)X[’ ul) = ¢(ta Xt’ E[III(XZ)]a ut)’ ¢ = b’ o, f7

where ¥ is some general nonlinear function (see, e.g., [8]). The method of [4] would
only work for the case ¥ (y) = y, but now it is clearly one of the simplest forms under
our setting.

The main result of this paper is to prove the following Stochastic Maximum Prin-
ciple (SMP), along the by now well-known scheme of [18]. More precisely, consider
the following Hamiltonian:

A
H(t,x,pu,p,q)=b(t,x, p,u)-p+ot,x,mu,u)-qg— flx,pmu), (12)

where (t, x, w,u, p,q) € [0, T] x RY x ﬁz(Rd) x U x R? x R. We are to show
that, if (u*, X*) is an optimal solution of the stochastic control problem, then there
are two pairs of adapted processes (p, g) and (P, Q) known as the first and second
order adjoint processes, respectively, such that for all u € U and a.e. t € [0, T], it
holds P-almost surely that

H([,XI*,IP)X?‘,M; ptvqt) _H(tv Xt*v]P)X;kv I/t;k, pt,Qt)

+ %[Aa*’“(r, NI PAG* (1, )] <0,
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where Ao*"(t,-) = o(t, X;, Pxx,u) — o(t, X, Pxs, uy). Furthermore, the
processes (p, g) and (P, Q) are the solutions of the first and second order adjoint
equations that are in the form of mean-field backward SDEs similar to those in [3], but
the parts involving second order derivatives require special attention. The key point,
however, would be to prove the following estimate:

E[ sup |XF() — (X*(1) + YE(1) + Z°(1)) |2"] < ¥ pr(e), (1.3)
tel0,T]

X2 X" denotes the state process corresponding to the spike variation of u™: uj =
ulg, (t) + uflge, where E. C [0, T] is a Borel set with |E.| = &; Y, Z° are the
solutions to the first and second order variational equations, respectively; and p; > 0
is some positive function such that pi(¢) | Oase | 0.

It is worth noting that, while our analysis follows idea of [17], there are some tech-
nical difficulties due to the presence of the second derivatives with respect to measures
in the Taylor expansion. In particular, as it is noted in [7], the second order Fréchet
derivative with respect to L?-random variables may fail to exist. It turns out, however,
that such difficulty can be overcome by some careful analysis and estimates on the
first and second order variational processes, so as to show that the term that potentially
involves the second order derivative with respect to measure is a higher order term,
and consequently only the mixed second order derivatives are relevant, as we observed
in [7]. To the best of our knowledge, these estimates, especially those in Propositions
4.3 and 5.3 of this paper, have never been established before. Consequently, albeit
technical, we show the scheme of [18] can still be validated, and that 1 < k < % will
be the desired order in (1.3).

The rest of the paper is organized as follows. In Sect. 2 we give all the necessary
preparations on the technical tools, including the precise definition of the second order
Fréchet derivative with respect to the measures Py, in the coefficients. In Sect. 3 we
formulate the problem and state the main theorem (SMP), and in Sect. 4 we study the
(first and second order) variational equations. Finally in Sects. 5 and 6 we establish
the main estimates and prove the main theorem.

2 Preliminaries

Throughout this paper we consider a complete, filtered probability space (2, F, P; ),
on which is defined a 1-dimensional F-Brownian motion W = {W,};¢[0,7], Where
T > 0 denotes an arbitrarily fixed time horizon, and F = {F;};>0. For a generic
Euclidean space X, we denote its inner product by (-, -) (or simply “ - ), its norm by
| - |, and its Borel o-field by A(X). Also, for any sub-o-field G € Fand 1 < p < oo,
we denote

e LP(G;X) to be all X-valued, G-measurable random variables & with [|£]|, 2
E[£]71Y/? < 0o.In particular, L%(G; R?) is the Hilbert space with inner product

(€. M2 2E[E - nl, & n € L2(F; RY), and the norm [|£[|; = /&, &),
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° L%([O, T1; X) to be all X-valued, F-adapted process n on [0, T'], such that

A T 1/p
Inllpr=E [/0 Inzl”dt} < 00;

e Z(X) to be the space of all probability measures u on (X, #(X)) with finite
second moment (i.e., fX Ix[2i(dx) < o0). In particular, we endow the space
P (R?) with the following 2-Wasserstein metric: for 1, v € 2 (R?),

Wa (e, v) éinf{ [/ Ix — yPp(dx, dy>]2 L p e PyRM),
R
PG RY =, p(RY, ) = v]. (2.1)

Furthermore, for an X-valued random variable & defined on (2, F, P), we denote
Pe 2po £~!, the law introduced by & on (X, Z(X)).

We now recall briefly an important notion in mean-field theory: the differentiability
with respect to probability measures. We shall follow the approach introduced in [15]
and later detailed in [9] (see also [7] and [13] for more discussions). The main idea
is to identify a distribution p € P5(R?) with a random variables 9 € L?(F; R%) so
that © = Py. To be more precise, let us assume that the probability space (2, F, P)
is rich enough in the sense that for every u € Z(R%), there is a random vari-
able ¥ € L?(F;RY) such that Py = pu. It is well-known that the probability space
([0, 11, A([0, 11), dx), where “dx” is the Borel measure, has this property.

Next, for any function f : 2, (RY) — R, we induce a function f* : L?>(F; R?) —
R, such that f4(9) := f(Py), ¥ € L*(F; R?). Clearly, the function f¥, often called
the “lift” of f in the literature, depends only on the law of ¥ € Lz(]-' R4 ), and is
independent of the choice of the representative ¢*. Recall now from [9] (see also [10]),
afunction f : 2 (R?) > Ris said to be differentiable at o € 2> (R?) if there exists
0o € L>(F, RY) with Py, = wo, such that its lift £* is Fréchet differentiable at 9. In
other words, there exists a continuous linear functional Df L) - Lz(}' ‘R > R
such that

FE@0 + ) — £EW0) = (DFEWo). n) +olnl2) 2 Dy £ (o) + o(lnl2). (2:2)

where (-, - ) is the “dual product” on L2(F: R?), and we will refer to Dy, f (o) as the
Fréchet derivative of f at g, in the direction n. Clearly, in this case we have

d
an(uo)=(Dfﬁ(ﬂo),n)éafﬁ(ﬁoﬂn)lz:o, o =Py, (2.3)

The second order derivative, however, is a much more subtle issue. For example,
.. . 2 . .
it is tempting to define Dr2m f (W) = 0‘117 f L + tn)‘ o But it turns out that with

such a definition even a function that is infinitely differentiable in usual sense becomes
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nowhere twice differentiable(!). (See [7] for a counterexample). The more reasonable
definition of the second order derivative have been given recently in [7] and [13],
which we now briefly describe.

First note that by Riesz’ Representation Theorem, there is a (unique) random
variable ®¢ € L2*(F;R%) such that (Df%(¥0),n) = (Og,n)2 = E[(Op, )],
n € L2(F: RY). Tt was shown (see [15] or [9]) that there exists a Borel function
hlpol : RY — R9, depending only on the law 119 = Py, but not on the particular
choice of the representative ¥y, such that ®g = h[uol(d9). Thus we can write (2.2)
as

F(®y) — f(Pyy) = (hlprol(0), @ — B0)a + o(|9 — Doll2), VO € LA(F; RY).
2.4)

We shall denote 9, f (Py,, y) éh[,uo](y), y € R4, Namely, we have the following
identities:

Df¥(90) = O = h[Pys,1(%0) = 3, f (Py,, Do), (2.5)

and Dy f(Py)) = (9, f(Py,, Vo), n), where n = & — . We note that for each
w € P> (RY), uf(Py, ) = h[Py](-) is only defined in a Py (dy)-a.e. sense, where
u="Py.

Let us now assume that the function f : @2(]}”’) — R is differentiable on the
whole space &) (Rd ), and consider the derivative d,, f (Py, y). It can be shown (see,
e.g. [13, Lemma 3.2]) that if the mapping ¢ — Df*(®) = h[Py](8) is Lipschitz
continuous with a Lipschitz constant K > 0, then for all ¢ € L2(]-' ; Rd) there is
a Py-version of 9, f (Py, -) such that the mapping y > 9, f(Py, y) = h[Py](y) is
Lipschitz continuous, with the same uniform Lipschitz constant. In what follows we
shall always refer to such a version, without further specification. It is worth noting
that while the law of Df%(9) = 0y f (Py, ¥) does not depend on the choice of ¥ (cf.
[9, Theorem 6.2]), but as an L%(F, R?) random vector, Df%(99) does(!).

Definition 2.1 We say that f € C,"' (22 (RY)) ifforall 9 € L*(F; RY), there exists a
Py-modification of 9,, f (s, -), denoted by itself, such that d,, f : &% (R xR? > R4
is bounded and Lipschitz continuous. That is, for some C > 0, it holds that

(i) 18, f (i, x)| < C,Vu € 2(RY), x € RY,

(ii) Iagf(u, Y) = f( ) < KWau, W)+ 1y =yt 1t/ € 2oRY), v,y €
R4,

Remark 2.2 We would like to point out that, if f € C,'(Z2(R%)), the version of
o fPy,.), 0 € Lz(}" ; ]Rd), indicated in Definition 2.1 is unique. Indeed, given
DS L2(.7-' - R4 ), let n be a d-dimensional vector of independent standard normal ran-
dom variables, independent of . Then, since 9, f (Pyyey, ¥ + €n) is P-a.s. defined,
9, f (Pyyen, y) is defined dy-a.e. From the Lipschitz continuity (ii) of 9, f in Defini-
tion 2.1 it then follows that 9, f (Py ¢y, ¥) is well-defined for all y € R¥. Taking the
limit 0 < & | O then yields that 9, f (Py, y) is uniquely defined for all y € R4,
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Now let f € Cé’l(ﬁ(Rd), and consider the mapping 9, f = ([0, 11, -
[0, f 107 ,@z(Rd) x R? > R4, We are now ready to define the second order
derivatives of f.

Definition 2.3 We say that f € C;'' (22(R%)) if f € C,' (22(R?)), and such that

@) [9:f1i (. y) € CyH (PR, forall y e R, 1 <i < d;
(i) 9y f(m,-): R4 — R4 is differentiable, for every u € 9 (Rd);
(iii) 0,0, f : 2R xR - RIQR? and 07 f (P, y. 2) := 9, [0, £ (. 1)1 (P, 2):
P, (Rd ) X RY x RY — R @ R? are bounded and Lipschitz-continuous.

To end this section we present a second order Taylor expansion that plays an essen-
tial role in our discussion. Let f € Ci’l (P, (R?)), then for | <i < d we have

DfF (90 + 1) — DFF90) = [0, f1i Bogan D0 + 1) — [0, £1i Poy, Do)
= (10,1 ooy, ) = [0 f 1 Pog. D] [y 4,

+ 100 1 Pogs )|,y 1y = B f1i oy My,

1
=/0 ( DI3, f1F Do + A, ¥), ) dA] _y

+ (0y[0, f1i Poy. Do), m) + o(linll2). (2.6)

Here, again (-, -) is the dual product in L2(F:RY), (-, ) is the inner product of R,
and as due to (2.5),

DI, f1(90. ¥) = 8,10, £1: . )1 Bog 90) =t 182 11 Pay. y. )|y, € R,
2.7

the latter line of (2.6) follows from the Lipschitz continuity of [85 f1i and 9,[9,, f1;
(see Definition 2.3).

We should note that, similar to our previous work [7], in this paper we actually
do not need Bﬁ f for the formulation of our main result, Theorem 3.5, but rather the
derivative aﬁy f defined in Definition 2.3. But the following discussion is necessary
for the second order Taylor expansion, and therefore interesting in its own right.
Let (2, F,P) be a copy of the probability space (€2, F, IP). For any pair of random
variables (%, 1) € ~[L2(]-' ,RH12, we let (50, 7) be an independent copy of (%o, 1)
defined on (fz, F,P). Now, we consider the product space (2 x ﬁ, FRQF, PP
and setting (99, 1)@, @) 20 (@), 1(@)), ¥(@, 0) € & x Q.

For any uo € P> (R with pg = Py,, and n € L?*(F; R?), we can define the
“second order derivative of f at ug € Z(R%), in the direction 1" via (2.6):

Dy f (ko) = (( DB, fTF ¢, )Py D] 5, ) [_gy» 1)+ (338, f Py, D0)n, 1)

= E(E{u[d? £ P, D0, 90)7 ® nl}} + E{tr[dy ;. f Py, 90)1 @ 11]}.
2.8)
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where for x € R?, x ® x éxxT € R? ® R?; and the expectation IE[-] acts only on

random variables marked with a “" . It is now easy to check, with the notation D, f
and D% f defined by (2.3) and (2.8 ), we have the following simple form of the Taylor
expansion (cf. [7, Lemma 2.1])

1
S Pogn) — fPoy) = Dy f(Poy) + ED%f(Pﬁo) + R(), (2.9)

where |[R()| < CE(In> A [n*) = O(Inll3).

We should remark that the fact that the remainder R(#) is only of order O (|| 17||%),
rather than o((||n ||%) as one would hope, is the main reason that the f (IPy) may not be
twice differentiable even though its lift % is(!), which is supported by the example in
[7].

3 Problem Formulation

Let us consider a complete probability space (€2, F, P) on which is defined a m-
dimensional Brownian motion W = {W,};~¢, and let T > 0 be a given time horizon.
We shall assume that there exists a sub-o-field Fo C F that is independent of FW,
the filtration generated by W, and is “rich enough” in the sense described in the
previous section. To wit, QZ(RK) = {Py, ¥ € Lz(}'o; Re)}, £ > 1. We denote
F = {.7-",W V Fo}iefo,1] in the sequel, with the standard augmentation.

We are interested in the following general controlled mean-field stochastic system:

XU = X% Pyu X4 Pyu
X = b X By undt + o (6 X5 B uddWo o 1y
X() = X0,
where the coefficients (b, 0): [0, T] x R? x Z23(R) x R¥ > R x R?*™ are deter-
ministic functions with appropriate dimensions, and u € L%F([O, T1; R%) is the given
“control” process.

Remark 3.1 In order not to over complicate the already notational heavy presentation
of this paper, in what follows we shall assume all processes are 1-dimensional (i.e.,
d = k = m = 1). We should note that the higher dimensional cases can be argued
along the same lines without substantial difficulties, except for even heavier notations.
We leave it for interested reader.

Let U C R be a non-empty subset. We say that a process u € L%([O, T]; R)
is an admissible control if u; € U for all t € [0, T], P-a.s. We denote the set of all
admissible controls by %4, and the goal of the optimal control problem is to minimize
the following cost functional over %,:

T
J(u) =E[/ f(t,X;‘,]P’X;A,ut)dt+h(X”,]P’X;)i|, (3.2)
0

where f 1 [0, T] x R x ZR) x U — R, h : R x &;(R) > R are deterministic
functions.
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A control u* € %,y satistying
J(w*) = inf,cq , J (1) (3.3)

is called an optimal control. We denote X* := X “" to be the corresponding (optimal)
state process, namely, the solution of (3.1) with ¥ = u*. The main objective of this
paper is to prove the necessary conditions, also known as Pontryagin’s Maximum
Principle, of the optimal control without the convexity assumption on the control set
U.

We note that the temporal variable 7 in the coefficients b, o, f can be easily absorbed
into the state process X by expanding its dimension, so in what follows we consider
only the time-homogeneous coefficients for notational simplicity. We shall make use
of the following Standing Assumptions.

Assumption 3.2 The coefficients b, o, f, h are measurable in all variables. More-
over, for allu € U, b(-, -, u), 0 (-, -, u), f(-,-,u) € Cy (R x 22(RI); R), h(-, ) €
(Cll”l(]R x Z3(R); R). More precisely, for eachu € U, denoting ¢ (x, ) = b(x, i, u),
o(x, u,u), f(x,u,u), hix, ), the function ¢ (-, -) enjoys the following properties:

(i) for fived x € R, ¢ (x.-) € C; (P2 R);
(ii) for fixed p € P2(R), ¢ (-, ) € CH(R);
(iii) all the derivatives 0,¢ and 9,¢, ¢ = b, o, f, h, are bounded and Lipschitz
continuous, with Lipschitz constants independent of u € U.

Assumption 3.3 The coefficients b, o, f, h satisfy Assumption 3.2. Furthermore, for
allw € U, b(-, -, 1), u), fC, - u) € Cp (R x 22(R); R), h(-, ) € Cp' (R x
P5(R); R). More precisely, for each u € U, the derivatives of b, o, f, h, denoted by
a generic function ¢ (x, 1), enjoy the following properties:

(@) 2:0(.) € Cy' R x P2(R)) ;
(i) 9.0 (,-) € Cy' (R x 22(R) x R);
(iil) all the second order derivatives of b, o, f, h, are bounded and Lipschitz contin-
uous, with Lipschitz constants independent of u € U.

Remark 3.4 We should emphasize that, as one of the main features of Peng’s SMP,
we do not require any differentiability of the coefficient on the control variable u.

Clearly, under Assumption 3.2, for each u € %4, SDE (3.1) admits a unique strong
solution X*. Now let u™ € %,4 is an optimal control, we denote the optimal state by
X* = X" To facilitate our presentation, we shall introduce some notations for the
coefficients and their derivatives. These notations are slightly unusual especially when
they involve the derivatives defined in the previous section, we shall describe them
more carefully.

To begin with, we again let ¢ (x, u, v), (x, u, v) € R x Z(R) x U, be an generic
function representing b, o, f, h, respectively. For any u € %4, we denote ¢"(t) =
¢ (X(, Pxu,up), t € [0,T]; and define ¢ (1) = ¢(X7, Py, uf), where u™ is an
optimal control. We denote
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8¢ (1) = @(X7, Pxr, ur) — d(X7, Py, uy);

32
(@0, fea (1)) = ((f SO o P (3:4)

Gult, y) = 9up (X7, Pxx, ufs y).

Clearly, ¢ (), ¢xx () and ¢, (-, y), y € R, are progressively measurable processes
defined on (€2, 7, ). Now we recall the product probability space (£2 x Q,FQF, P®
IP’) and denote all the processes defined on the space (Q F,P) with “7”. Let (u™ X )
be an independent copy of (u*, X*), so that Py: = Py Xl € [0, T]. We denote

Gu(t) = 0, (X} Pyr uls X1): (1) 1= 0u¢(X[ Py W5 X)), ¢ €[0,T1.
(3.5)

Similarly, we can define the second derivative processes:

Gun(t) = 2 (X;, Pyr, ufs X7 X7):
Guu(t) 1= 050, (X . Pxz ufs X7): 1 €[0,T], (3.6)
GF (1) 1= dy0,p (X}, P iifs X7,

where 82¢(X * ]P’X* uf;-,-) 1 Rx R — R is the second order derivative, given

(X7, Px», uy). We note that all the derivative processes qbu, qbu, qby > and ‘Z;m should
all be ~understood as progressively measurable processes defined on the product space
Q2 x Q. Finally, we define

1
Lot 0, y) == Z0exd(XF, Py, uf)y?,
tel0,T]. 3.7

}/l.(t ¢ y) = ayau¢(X;sPX* up X*)y ,

The Hamiltonian We recall the Hamiltonian defined in (1.2) which, under our time-
homogeneous assumption, now takes the following form: for any (x, u, u, p,q) €
Rx Z,(R) x Rx R xR,

Hx,w,u,p,q) :=bx,u,u)p+ox, u,u)qg — fx, un, u). (3.8)

Now let (u*, X*) be the optimal control-state pair, and let (p, ¢) be a pair of adapted
processes taking values in R x R?*4 respectively. We denote

HPU(t) == 20 (X7, ufs proqr) = HXF, Pyx, uy, pr, qr). (3.9)

In particular, if (p, g) is the solution to the so-called “adjoint equation” (to be defined
by (3.11) below), we shall simply denote H(¢) := HP9(t).
Now using the notations of (3.4) for coefficients b, o, f, we define

SH(t) :=8b(t)p; + S0 (t) - qr — 8f (1);

Hy (2) := bx (D) pr + 0x(£)qr — 0x [ (1); (3.10)
Hyx(t) :==byx () pr + 0xx(t) @ g1 — frx(1).
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First order adjoint equation We are now ready to introduce two adjoint equations
that will be the building blocks of the stochastic maximum principle. We first consider
the first order adjoint equation, which is the following mean-field-type linear backward
SDE:

dpi = ~{bep + BB ) ] + o 00q + E[50G] - fe0)
—E[fi 0] }ar +quawi, (3.11)
pr = —h(T) = E[h5(T)].

Here, we recall from (3.5) that E[E)Mq)*(t)] = E[E)qu()?*’ PX?’ uy y)]|v:X;" for
¢=b,o, f h. '

It is readily seen that the mean-field nature of BSDE (3.11) comes from the terms
involving Fréchet derivatives 9,,b, 9,0, and 9, f, which will reduce to a standard
BSDE if the coefficients do not explicitly depend on law of the solution. The well-
posedness of BSDE (3.11) follows from [6, Theorem 3.1]. To be more precise, under
the Assumption 3.2, the BSDE (3.11) admits a unique F-adapted solution (p, g) such
that

T
]E[ sup |Pt|2+/ qulzdt] < +o00. (3.12)
0

te[0,T]

Second order adjoint equation We note that one of the main features of this paper,
which distinguishes it from the previous one [4], is that we neither assume that the
control set U is convex, nor that the coefficients have any differentiability on the
control variable #. An important device in such a situation is to introduce a second
order adjoint equation, initiated by Peng [18], which we now describe.

Consider the following R ® R-valued linear backward SDE:

dP, = —{2(bx(0) + E[B5 (0]) P + (0:(1) + EI570))° P,
+2 (0 (1) + E[6;(D1) Qs + (Hux (1) + ELH}}, (D) }dt + Q; d W,
Pr = —(hyo(T) + B[, (T)]).
(3.13)

We note that (3.13) is a standard linear BSDE, and it is well-known that it has a unique
F-adapted solution (P, Q) which satisfies the following estimate:

T
E| sup |Pt|2+/ |0, 2dt | < +o0. (3.14)
t€[0,T] 0

We are now ready to state the main theorem of the paper.

Theorem 3.5 (Stochastic Maximum Principle) Suppose that the Assumptions 3.2 and
3.3 areinforce. Let (u*, X™*) be an optimal solution of the control problem (3.1)—(3.3),
then there are two pairs of F-adapted processes (p, q) and (P, Q) that satisfy the first
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and second order adjoint equations (3.11) and (3.13), respectively, such that (3.12)
and (3.14), respectively, and that for all u € U and a.e. t € [0, T), it holds P-almost
surely that

%(X;k’ u, Pt»‘]t) _%(X;ks M;k, Ph‘]t)

1
+ 3 Pi[o (X} By u) — o (X7 Py, uH]* <o. (3.15)

Remark 3.6 (i) Note that, unlike the usual maximum principle, there is an extra term
on the left-hand side of (3.15). This means that the inequality would generally be strict.
(i) Theorem 3.5 can be extended to the higher dimensional cases without substantial
difficulties. More precisely, if we consider the original system (3.1) with X, € R?,
W, € R™, and u, € R¥, then in Theorem 3.5 the first order adjoint process (p;, q1) €
(R4, R4*™) the second order adjoint process (P;, Q;) € (R¥*4 RI*4 @ R™), and
the variational inequality (3.15) will read:

1
HOXF u, proqr) — X[ uf, pr,qr) + E[Aa*’”(t, NP [Ac* (2, )] <0,
(3.16)

where Ac*H(¢t, ) =0 (t, XF, ]P’X;k, u) —ol(t, X;, ]P’X;ﬂ, uy).

4 Variational Equations

In this section we study an important ingredient of the stochastic maximum principle,
that is, the “differentiation” of the state process by a perturbation of the optimal
control. Since the control set U is not necessarily convex, we shall use the so-called
spike variation, which we now describe.

Still denote u™ € %4 to be an optimal control. For any ¢ > 0, we choose a Borel
subset E. C [0, T'] such that |E.;| = &, where |A| denotes the Lebesgue measure of
set A C [0, T']. Now for any u € %,4 we consider the following “spike variation” of
u*:forr € [0, T],

e AU, tekEg,
7 uf ot e ES, @D
We denote by X° 2 X the corresponding state process which satisfies (3.1) corre-
sponding to the control u®, and consider the following two processes:

1 1
AXEE XS — X¥ (SXféZAXf:g[Xf—X,*], tel0.T]. (42

We will investigate the behavior of AX? and §X° as ¢ — 0. Obviously, we expect
that, as ¢ — 0, AX® — 0; and hope that §X* — Y for some continuous process
Y, which satisfies the so-called first order variational equation. However, in the case
when the diffusion term contains the control, and the control set is not convex, the
aforementioned convergence and its speed are by no means obvious. In fact, the main
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idea of Peng [18] is to argue that, for each ¢ > 0, there exists a process Y?, such that
5X°¢ — %Y‘s =0(1),ase — 0,i.e., AX® — Y® = O(¢), and the process Y* satisfies,
for each ¢ > 0, the following SDE:

dyg = {be ()Y +E[bu ()Y ]+ 8b() g, (1) }dt
+Hox)YF + E[o,(0)Yf ]|+ 80 ()1g, (1) }dW;, 4.3)
Y§ =0.

In what follows we shall refer to equation (4.3) as the “first order variational equation”,
and the process Y? is called the first order variational process.

A very important step in [18] is, in light of the Taylor expansion, to find a process
Z% so that AX® — Y — Z% = o(¢g), as ¢ — 0, and that the convergence is of an
appropriate order. The process Z° is called the second order variational process, and
we shall argue that in our case it satisfies the following SDE:

dzZ; = {bx(t)Zf + E[@(f)ZfL—{- Ly (t, b, Y8) + ZL5(t, b, Ys)ldt

+ {0 () ZE + E[6,(NZF ] + Lix(t, 0, Y) + Ly (1,5, YE) }dW,

+ {80 ()Y +E[8b, () Yf |J1E, (1)dt 4 {0, (1) Y* (1)

+ E[85,(0)Y{ | g, (1)dW;,
Z5=0.

4.4

The equation (4.4) will be referred to as the second order variational equation. As
expected, the adjoint processes (p, ¢) and the variational processes (Y ¢, Z¢) are related
by the following “duality relationship”, which is essential for the proof of the SMP.

Lemma 4.1 Let (p, q) be the solution to the adjoint equation (3.11) satisfying (3.12),
and Y® and Z¢ are the solutions to the first and second order variational equations
(4.3) and (4.4), respectively. Then the following duality relations hold:

T ~ o~
ElprY;] = E[/O YE(fe @) +E[f,1‘(t)])dt]
T
< [ 6b0)- pr+800)- a1, 0] 3
T ~ o~
Blprzi) =E[ [z + B onar]

T
+E| /O (P(8E(1) + @i, ()Y} 15, (1d1

+E /OT D (g” (t.b, Y¥) + B[.Ly (1, b, 175)])dt]

+E /OT @ (.i”xx (t,0,Y%) + E[Z,(t,5, ?5)])dt]

T o~ o~ o~ —~ o~
+E /O (plE[(Sbu(t)Yf]+q,E[(SEM(I)Yf])IEE(t)dt]. (4.6)
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Proof The proof of this lemma follows directly from a simple application of 1t6’s
formula and some direct computation using Fubini’s theorem (see, e.g., [5]), we leave
it to the interested reader. O

Our main task of this section is to substantiate the variational SDEs (4.3) and (4.4),
and prove the desired convergence.
To this end, we first note that the processes X¢ := X** and X* := X" satisfy the
SDEs:
[ dX; =b(X{,Pxs,uf)dt + o (X],Pxs,uf)dW,, X§ = xo; @)
dXi = b(X}, Pyx, up)dt + o (X7, Pxx, uf)dW;,  Xg = xo, ’

respectively. We shall establish some fundamental estimates that will play the crucial
roles in our discussion. We note that unless specified, for each p € Ry we will denote
by C, > 0ageneric positive constant depending only on p and the constants appearing
in Assumptions 3.2 and 3.3, which may vary from line to line.

Proposition 4.2 Assume that Assumption 3.2 is in force. Then, for any k > 1, and
e > 0, the following estimates hold:

E| sup |Xf—X;k|2k < Crsk, (4.8)
t€[0,T]
E| sup [¥f[*| < Cret, (4.9)
t€l0,T]
E| sup |Z51%* | < Cre?, (4.10)
t€[0,7T]
E| sup |X°— (X' + Y5> | < e . (4.11)
t€[0,T]

Proof The estimates (4.8)—(4.10) are obvious, in particular we remark that, thanks
t

to Assumption 3.2, E[ sup |X[|*] < Cyand E[ sup | [ 8o (s)IE, (s)dW;|*] <
t€[0,T] te[0,T] 0

Cre®. A boundedness assumption on 8o (s) and 8b(s) is not needed here. We shall
only check (4.11). Without loss of generality we will assume b = 0. Define K; :=
X7 — X[ — Y7, then from equations (4.7) and (4.3) we get

dK} = {O’(Xs, Pxe, uy) — o (X[, Pxz, uy)
— (0 (Y + E[G,()Y] + 80 ()1E, (1) }dW,
={Bf + o (DK + E[G.(0KE]}dW,, (4.12)
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where, recalling the notation AX7 := X7 — X} introduced in (4.2),
ﬂ[g = U(Xf’ ]:P)st Mf) - G(X;kv Pva u;k)
— (ox () AXE + E[G, (1) AXE] + 80 (1E, (1)) -

Now recall (3.4) and definition of u®. We see that for the given u € %4 and ¢ > 0,
So (g, (1) = o(X], Pxr, uf) — o (X[, Pxx», uy), t €[0, T]. Thus we can write

Bf = o (X, Pye, uf) — o (X[, Pys, uf) — (04 () AXE + E[G, (1) AXE))

1
= / {O’x(Xt* +9AX;?, PXf+0AXf’ I/ttg) — O'X(t)}de . AX;:
0
1
+ / Bl(0,(XF +OAXE, Py yonxs. Ko +0AKE, 1) — 5, (1) AXE 1do.
0
We recall that by Assumption 3.2 o, and o, are bounded. Hence, we obtain that

1871 < C{IAXE2 + E[AXE ]+ 15, (0 (IAXE] + (BIAXE D)), (4.13)

Estimate (4.11) now follows easily from the Gronwall inequality and the estimates
(4.8), (4.12), and (4.13). O

To end this section, we give an important estimate involving the solution Y#, the first
order variational equation, and the first order derivatives of the coefficients. This esti-
mate reflects some of the main technicalities when the derivatives of the measures are
present. We recall from (3.4) that for a function ¢ (x, ), ¢ (x, i, y) = 9 (x, u3 y),
and ¢, (1) = 8, (X}, Pxx; X7). Thus, E[$, ()] = Ele (x, p; X)) }xzxf‘usz* isa
random variable on (2, F, P). t
Proposition 4.3 Assume that Assumption 3.2 is in force. Let Y¢, & > 0, be the solution

to (4.3), and 9, b, 0,0, and 9, I be defined by (3.4). Then, for any ¢ > 0, the following
estimates hold

T o~ o~ —~ o~ ~
/ E[‘E[aﬂb(t)Yf]r + |E[8M&'(t)Y,8]]4]dt <Cs’p(e),  (4.14)
0
E[|]E[8MZ(T)f§]|4] < Ce2p(e), (4.15)

where p(-) is a positive function defined on (0, 00), such that p(¢) — Oas e | O.

Proof We first prove (4.14). Since the functions b and o have the same properties, we
shall prove only the estimate for the term involving o,. The term involving b,, can be
argued similarly.

To begin with, we recall the dynamics of Y¢(-) (4.3). Since the SDE (4.3) is almost
linear, we consider the stochastic exponential

t t
N = expl—/ ox(s)dWs—/ (bx(s)—%wx(s)lz)ds], tel0,T],
0 0
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and its inverse

t t
p(t) = ;! :=eXp[/ (o)W, + [ (bx(s)—%m(snz)ds], re 10,71,
0 0

Since by, oy are bounded, for all p > 1 there exists a positive constant C, such that

E{ sup (In:|” + |,Oz|p)j| <Cp. (4.16)
te[0,T]

Furthermore, by applying 1t6’s formula to 1, Y*(¢), we can express Y¢ explicitly as
t —~ —_ ~
Ye(t) = p,/ s {E[aua(s)Yf] + SO‘(S)IES(S)}dWS
0
t
—1—,0,/0 Ns {E[Bub(s)Yf] + 0b(s)1E, (s)} ds 4.17)
[ ~ ~
—pz/o ns {ox ()E[0,5 (5) Y]+ 0x ()80 ()1, (s)} dW.

To facilitate our discussion let us now introduce an intermediate space (@, F , @)
on which we can carry out some generic analysis without specifying the space €2 or
Q. All process 71 defined on 2 will have a copy 77 on space €. Using (4.17) we now
write

E[0,6 ()] :=E[8,6 OB J; (1) + T3 ()] := I7°(0) + 17°(1), 1 €[0, T,

(4.18)
where
HOES /0 t (0 EL0,,5 () V{1 4 0380 ()1, (5))d W,
T3 (@) = py /0 t (nsE[8,b()YE] + ns8b(s) g, (5))ds:
—pr /O t (150% (DE[0,5 () Y1 + 150 ()80 (5) [, (5))ds:
17°(0) = Bla,6 O TF (01, 15°°(t) = E[3,6 () T (1)) (4.19)

We shall estimate /;"“ and I;"* separately. First, for any (X, u) € R x U, we consider
the process p;0,,(1) = prou (X, Pxx, u; X}). Since F = Fy v FY, applying Itd’s
(Martingale) Representation Theorem, for each 7 € [0, T'], there exists a unique 3. ; €
LHZT[O, t] such that
t
P10,0 (1) = prd 0 (X7, Py, ul; X)) = Elp:9,0 ()] +/ Vs1dWy, P-as.
0

(4.20)
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We note that, for p > 1, by virtue of (4.16), it follows from the Burkholder-Davis-
Gundy and Holder’s inequalities that
~ |P
f

R t p/2 R s
B (/ m,,ﬁds) < C,E| sup / P
0 sef0.11' Jo

PA t
& (525) ¥l [ 7
p—1 0

= C,E[ 70,5 0) — Elpi0, 50117 |

IA

E[lmosor] < cpﬂﬁ{ sup (7 ua(t)l”} =G
t€[0,T]

4.21)

It is clear that (4.21) also holds for p = 1, by simply applying Holder’s inequality.
We note that the constant C, > 0 is independent of .
Now, by combining (4.19) and (4.20) we have

t = = jad ja o~ o~
I7°@t)=E |:/0 7(t,s) (M B[00 (X5, Pxs, uf; XY 1+ ns80(s)158(s))ds] .
(4.22)

Hence, for t € [0, T'] we have, for some generic constant C > 0, which may vary
from line to line,

IIf’g(t)IZSCE[ [7(t, $)|?ds - sup [7,]?
5€[0,T]

x/o (E[BMG(X Px:, s,,X*)YS]) ]

t
+ CE [ [7(t,)ds - sup |m|2./ I%E(s)ds:|
E, ] 0

s€l0,T

( [ /0 e, s>|2ds)3]); l

_ 2
B [9,0 (X7, Px;,ﬁ;xﬁ)Yf])“dsD

1

2 2
( |?(t,s)|2ds) D .
E;

X

/\
rﬁh
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This, together with (4.21), yields that, for ¢ € [0, T,

t ~ o~ ~ ~
17 )t §C/O E[(]E[aﬂa(xj,lpx;ﬂ,ﬁj,X;F)Yf])“] ds

2
+C&’E [( |7(z,s)|2ds) }
E.

Therefore, for any r € [0, T'], we have
r r tA - R - 4
/ E [|1{’*£(¢)|4] dr < c/ / ]E[(E[a,la(xj, Px:, %, X;)xf]) ]dsdt
0 0 JO

[ rTr 2
+ C&*ER [ / ( / |')7(t,s)|2ds) dt:|, (4.23)
0 E.
r tA = - - - 4
< C/ / ]E[(E[B,LU(X;*,P;(?,ET,X_f)Ysg]) ]dsdt
0 JO
+2p1(e),
= ~ 2 . = ~ 2
where pi(e) := E[E[ [y ([, [7(t.)ds) dt]]. Since E[E[ [ ( [y 17(t. 5)ds)
d t]] < 00, it follows from the Dominated Convergence Theorem that p;(¢) — 0, as

e — 0.
We now estimate Ig *? First we notice that

1

, 1
E[|J;(®)]] <Ce+C (/ E[|E[8ﬂg(s)?f]|2]ds) '
0

+C (/(:E[’E[a,ﬁ(s)?f] z]ds)é .

Thus,
BL0,6) 0O 01* <C B0

t o~ o~ o~ o~ o~
<Ce*+c /0 (BUEL2,) ) T 111+ ELEL,B) ) T 11T ds.
This, combined with (4.18) and (4.23), yields that for any ¢ € [0, T],
l ~ ~
/ E [|E[3M6(r)yf]|4] dr
0

t r - _ . _ _
< Ce2p1(e)? + C/O (/0 (E[|]E[8M5(s)Yf]|4] T E[|E[8Mb(s)Yj]|4])ds) dr.
(4.24)

Analogously, we can have a similar estimate for 3M13.
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Estimate (4.14) then follows from an application of Gronwall’s inequality.
We now prove (4.15). We shall argue that, forany & € L7 (R x Q, Fr QFW) .=
N1 LP(2 x Q, Fr @ FY), it holds that

E[|E[EYS1[*] < Ce2p(e). (4.25)
We again use (4.18) to write
E[£Y5] = El&pr TE(T)] + E[£ T (1)1, (4.26)
Following the previous argument, we first apply the Martingale Representation The-
: = 2
orem to get, for every ¢ € [0, T'], a unique y € L}‘T®]FW [0, T'] such that
~ T ~
Epr = El§pr] + / Ysd Wy, (4.27)
0

with E[( [ 17%1%ds)"] < C, whenever E[|§[2"] < C), P-a.s., for all p.
Then, by definition (4.19) we have

T
Biepr Tt 0P =[] [ 7 (3E[s.0 R P35 T
0
2
7,80 ()1, (s))ds:|

T
S]E|:||7||iz([0ﬂ)||77\||%~[0,T] /0 ‘E[SMG(X;“,IP’X;JI;“; x:)ysg]

2
ds]
+c8ﬁ1§[( /E |7s|2ds) ||ﬁ||2C[O,T]] (4.28)
’ 1
R 2 2
§C8(E [(/ |’)7S|2ds) ])

E;
T

+CE (/ ‘E[aﬂa(f{;‘, Pxs, @55 XHYE]
A :

4 \?
ds) .
It then follow from (4.14) that

E|[Eiesr 75 (1|'] = co’E [ﬁ [( /E st)zﬂ
+C /OT E [’E[aﬂa(s)?f] ﬂ ds

< Ce?pa(e).

Similarly, one can argue that E[|]E[§E(T)]|4] < Ce2pa(e) as well, proving (4.15).0

@ Springer



Appl Math Optim

5 Main Estimates

In this section we establish the main estimate of this paper: a second order “Taylor
expansion” in the following sense:

Xe=Xi+Y +Z +o0(), 1€[0,T] 5.1

where the convergence is in L? (F, C[0, T']) sense for p € [2, po), po > 2. In other
words, the first-second order variational processes (Y¢, Z¢) can be considered as the

first-second order approximations of X¢ — X* corresponding to the perturbed control

ut.

Our main result of this section is the following proposition.

Proposition 5.1 Assume that Assumptions 3.2 and 3.3 are in force. Then, for any

1<k<3

E[ sup |Xs(t)_(X*(t)”g(t)ﬂs(t)”ﬂ < &% pi(e), (5.2)
te[0,T]

where, pi : (0, 00) — (0, 00) is such that px(e) | Oase | O.

Before we prove the proposition, let us make some simple observations. For nota-
tional convenience let us denote

ne = XE— (XP+ Y+ Z5),  tel0,Tl. (5.3)

Then, by the estimates (4.10) and (4.11), it is readily seen that the following estimate
holds:

E| sup [nf|* | < Cre®, k=>1. (5.4)
1€[0.7]

Comparing this to our desired estimate (5.1), we see that our main task is to sharpen the

estimate by replacing the constant Cy by a function p (¢) that satisfies lim; | ¢ px () =

0. We shall argue that this can be done for I < k < %

Our next observation is that the process n° has the following dynamics:
dnf = af (b)dt + o (0)d W, (5.5)
where, for ¢ = b, o, f, respectively,

of (@) 1= P (XE, Pye, uf) — {§(X], Pys, u}) + ¢ (VY + ZP))
~Elpu ()Y + ZON + Lox(t, . YE) + E[ Ly (1,8, YO} (5.6)
~{(El8¢u ()Y + 8¢ (1) + 8¢ (1) Y )1, (1)}

A key element in the proof of Proposition 5.1 is the following estimate of o (¢).
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Lemma 5.2 Assume that the Assumptions 3.2 and 3.3 are in force. Then there exists
a constant C > 0, such that for any ¢ > 0 and any t € [0, T], the following estimate
holds: for :

t t
E| / @ @) ds | < Cedoe) + € / Ellngl’lds.  1€[0.T]. (57
0 0
where ¢ = b,o, f, respectively, and p(-) is a positive function satisfying
limglo ,0(8) =0.

Proof As before, let us denote AX® = X® — X*. Then, for each ¢ € [0, T], we can
write, for ¢ = b, o, f,

1 ~ o~ o~
B(XE, Pxe, u) — p(XF, P, uf) = /0 (¢ (AXE +Eg()AXE 16, (5.8)
where, for A € [0, 1],

Iw(t) = 0 (X7 + AAX], Pyrpanxe, u5); (59

(1) = 0 (X + AAXE, Py qpaxe ufs X 4 AAXE).

Recall from (3.4) that ¢y (1) = ¢ (X7, Pxx, uy) and 5,4 (1) =0, (X7, Py, uf; i;"),
we derive from (5.8) and (5.9) that, for all 6 € [0, 1],

¢<Xt,Pxe uf) — {$(X], Pyr, 1) + ¢ ()Y + Z5) + Elgu () (Yf + ZD)1}

/ {6 (O} +EIof )i 1+ A¢ (Y] + Z§) + ELAG, (1) (Y + Z{)1)do.

(5.10)
where AgY (1) := ¢ (1) — ¢ (1).A¢ (1) := ¢, () — $,.(¢). Similarly, we can further
write

] ~ o~ ~
AGY (1) = ¢L(1) — ¢ (1) = 9/ (o (VAXE +EIG) (0 AXS My + 8¢ (D1, (1)
—9/ (o (0)nf + EL@LL ()7 }d)/+9/ Sl (O +Z)Hdy  (5.11)

40 /0 B30 (1)(TF + Z9)Mdy + 8¢ (D15, (1),

where ¢xx and ¢ux are the second order derivative processes defined by (3.6). The
expression of A¢9 (1), however, needs a little more attention, as it involves the second
derivative ¢, which requires a third probability space, denote it again by Q. Next,
we define

¢ (f) =0, ¢(X*+9VAX,,PX*+0;/AXF al X+ 0y AXp):  (5.12)
6¢;L(t) = 8,1L¢(Xtv]Pija ut,Xt)— u‘f’(X;»PX,*»MpX;)
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Then, recalling the definition of n° we have
A (1) = ¢ (1) — pu (1)
l o~ o~ ~
= 9/0 [¢ LOAXI+E [45 ()AX; ]+¢ﬁ§(t)AXf]dV + 8¢, (O1E, (1)

1
= 9/0 [¢ xOYF +Z) +E [(ﬁ;m(t)(Y’3 + ZS)} ]dV

1
0/0 [cp (t)n,+E[¢ (t)n,“dy

1 ~ o~ o~ ~
o [ B + 2o+ 35w fay + 55,0150, 613

Now by definition (5.6), along with the expansions (5.8), (5.10), and (5.13), we
have the following decomposition of «®(¢):

a; (@) =intg {¢2 0m; +EIF, O 1}d0+x! @)+ @)+ () (9),
(5.14)

where
1 1 o
X (¢) = /O /O 0[ Y+ Z8) + B [¢§Z (r)h‘f] (Y +Z5)
+E [&7% (Y + Zf)] n+E [ [q& 7 (Y + zf)ﬂ
+E[ 815 0 + Z0)7 }dyde;
SOE / / T (0F 4207 - 0)?)
+ B[ 0TF + 70| 0 + 2)
+ B [E @™ 0T +ZD T+ ZDN|+E |8 0T +Z0)%] Jayae;
1 1
@ = [ [ 0w - guw) p2ay v
0o JO o B
@) = (50D ZE + B8, (0 ZE1) 15, ).

We now estimate X'*¢,i = 1,--- , 4, one by one. First, using the fact (5.4), as well
as the estimates (4.9) and (4.10), one can easily derive

E| sup [x @) | <Cee™, k=1 (5.15)
t€[0,T]
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Next, using (4.9) and (4.10) again, we also have

E| sup [(Yf+Z5H)? — (Y| < e, k> 1. (5.16)
t€[0,T]

Note that by the definitions of ¢4, (1) and @y, (1) we have (recall AX® = X — X7)
B0 = Feu ] = C[IAX| + 10K 4+ (EIAXP)* + 15, 0)]
< CIAX®| +|AX]| + 2 + 15, (). (5.17)
It then follows that
B[ 1B 0771 - Blgo 0T 11| < B[E[I6% (1) - S PR P ]
< CE?E[Ele), (1) — fuu ()] (5.18)

< cﬁa[ (|Ax€| FIAXS + 62 +1p, (t)) ]
< Ce* (2 +1£,(1)).

Consequently, following Proposition 4.3, especially estimate (4.25) for any & €
Loo(}";v’w; R), we have

3
E o Feve) da
[/0 (B3 07 nv71) r]
T 3 3
gc(/ IE[|IE[¢W(t)Yf]|4]dt) (E|: sup |Yf|]21|) (5.19)
0 tel0,7T]

3 1
T - _ - _ 7 4
+C ( / E[|El¢S) () Y]~ Ewm(z)Yf]ﬁ]dt) (IE [ sup |Yf|12D
0 tel0,7T]
3
T 7
< Cep(e) + C&° ( / 1k, (t)dt) < Ce3p(e),
0
where p(e) — 0 as ¢ | 0. The same argument allows to show that
T im0 Te | Tevilive L Ten3
E [/ (|Elgxy (DX + ZONIYF + ZE]) dt] < Ce3p(e). (5.20)
0
Similar to (5.19) we can show that

T
E[/ & [E[¢ (O(TE + ZONTE + Z0)]| dt] < C3p(e);
0 (5.21)

T
[ /0 B30 0T +Z1ar] < cedpte).
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Combining (5.16), (5.19), (5.20), and (5.21) we get

T
[ /0 @) Pdi] < £ p(e). (5.22)

Furthermore, applying Holder’s inequality, we get

T T 1 1
E[ / |x3”8<¢>|3dt}561E[ sup |Yf[° / / / |¢§I(z)—¢“(r>|3dyd9dt]
0 t€l0,7T] 0 0 0

1

1
2 2
<C(E| sup |¥5|"2 E| sup |X°— X% +]|E|
t€[0,T] 1€[0,T]
< Cé3 (8% + e) < C3p(e). (5.23)

Similarly, one shows that
T
E [/ |x,4’8(¢)|3dti| <CE| sup |Z°)P||E| < Cs*. (5.24)
0 tel0,T]

Finally, in light of (5.14), we see that (5.15), (5.22), (5.23) and (5.24) imply (5.7),
proving the lemma. O

Proof of Proposition 5.1 Recalling the dynamics (5.5) of n® and using (5.7), for ¢ =
b, o, f,respectively, one can follow a standard argument via Gronwall’s inequality to
obtain the following estimate:

E| sup [nfP | <e’p(e), (5.25)
tel0,T]

which is (5.2). O
A direct consequence of Lemma 5.2 and Proposition 5.1 is the following corollary.

Corollary 5.3 Assume the same assumptions of Lemma 5.2. Then the following esti-
mates hold.

E[lef ()] < e2p(e), &> 0, (5.26)

where p(e) — 0 as e | 0. Recall that o5, (h) is defined by (5.14) for ¢ = h.

6 Proof of Theorem 3.5

We are now ready to prove Theorem 3.5. It is worth emphasizing that, while our
analysis more or less follow the well-understood scheme, initiated in [18], there are
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some hidden “road-blocks” in the argument in the general mean-field case, due to
the presence of the second derivatives with respect to measures, especially the fact
that the second order “Fréchet” derivative with respect to L2-random variables may
fail to exist. It turns out, however, that such difficulty can be naturally resolved by
the special structure of the first and second order variational processes Y¢ and Z¢,
as well as the estimates we established in Propositions 4.3 and 5.3, we can argue
that the term that potentially involves the second order derivative with respect to
measure [85 > see (2.8)] is actually of higher order o(¢). As a consequence only the
mixed second order derivatives d,, will be effectively in use. Such a phenomenon
has already displayed in an earlier work [7], regarding the relationship between the
mean-field SDE (of type a)) and the PDE, and it again turns out to be essential in our
analysis.

Let (u*, X*) be a pair of optimal control and state. Then, for any ¢ > 0, we consider
the spike variation, u®, of u*, defined by (4.1). Then by combining the usual Taylor
expansion with the one with respect to measures (2.9)

T
0<J@)—Jw) = E[/O (f @ X7, Pxg,uf) = f (&, X7, Py;, u;*))df]
+E (X5, Pxg) = h(X}, Pxy)]

T - ~ ~
=E [ /O (e + Z) + BIfu () (Y] + Zf)l)dt]
FE [ (T (Y5 + Z5)] + E [E[h(T) (Vs + Z5)]]

T
+]E[/O (8f (D1, (1) + Lex(t, £, Y))

+ELZy (@, f, YE))) dr} + E[ZLx (T, b, Y5)] (6.1)
+E[E[Ly (T, b, Y] + o(e).

We should remark that in (6.1) the terms involving the second order derivative 85 for
aih do not appear, which we briefly argue as follows. Note that in Taylor expansion
(2.9), or more precisely (2.8), the term involve 33 f reads

T ~ ~ ~
O = /0 E[E[02£( 07 + 27 + 7] | ar.
But by estimate (4.10) we see that

O = /OT E [IE [aﬁf(- . )Yf?f]] dt + o(e),
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and as from (4.25) (with T = ) combined with (4.9) we get

T
| e reon T
0
TNt (i :
e ™ o\yey4
< /O (Buy:P1)” (B[ B2 s 7)) ar
< Cep(e), for some positive function p : Ry — R, with p(e) - Oase | 0,

we obtain that ®° = o(g). For this we observe that the function p constructed for
(4.25) does not depend on 7.

Now using the expression (4.17), and applying (4.9), Propositions 4.3 and 5.3 we
conclude that ®° = o(e), proving our claim. Now, reorganizing (6.1) to get

0<JW® —Jw"

T -~ ~ ~
ZE[/O (Bf (D1, (1) + Lax(t, £ Y)) + E[Ly (1, £, Y))])d ]
+ E[Len (T, h, Y3 + E[E[ Ly (T, 1, V)]

T ~ o~
+B[ [ o+ 2D + Bl o ar]
~ E[(ho(T) ~ B (DD + Z5)] + (o)

Note that, by using Proposition 4.2 and the duality relations (4.5)—(4.6), we have
Elpr(Yr +Z7p)] =E / (Yf + Z))(f (@) + ELf; (t)])dt]

T ~ ~ o~
+B[ [ (00,0, ¥) + ELL BT 62

4 (Lon(t, 0, YE) + BLLy (1,5, ?f)]))dr]

T
+B[ [ (b0 + gido )15, (00 dr] + e,

where

T
e =E[ [ (st + o ) 715,001

T ~ ~ ~ ~ ~
+E| /0 (P E165, (071 + 4, E 15, (0T )1, ()d1 .

@ Springer



Appl Math Optim

We claim that |R;| < Cep(e), and p(e) — 0 as ¢ | 0. Indeed, notice in particular,

T | 1
B [ asoorite oar]| < ca[iEdb ([ laPan? sup 1]
0 E¢ O=<t=T
1

< Ce? (E[/E |q,|2dt])é (E[OiltlET IIYfIIZ])2

1

< Ce (JE[ : |qt|2dt])2 — Ceple).

The other terms can be estimated similarly. Now applying (6.2) we can write (6.1) as
0<J@®) —Ju"
=g /O COFOLE 0+ Lt £.70) + ELZ . 7)) |
FHE[LL o (T, h, Y§)] + E[ELZ,y (T, I, Y§)]]

T -~ ~ o~
—E[ /0 (p, (Lex (1,0, Y)) + E[ Ly (2, b, Y))]) (6.3)
+qt (jxx (t, o, Ytg) + E[gﬂy(t’ a:’ ?te)]))dt]

T
_E[/o (Pe8b(t) + q:80 (1)) 1E, (t)dt] +o(e).

Now, in view of (3.10), we have
0<JW® —Jw"

r 1 _
= —]E[/O SH(D1E, (1) dt] + EE[(hxx(T) +E[r5, (D)) (¥5)?
1T _ ,
_5/0 (Hyx (1) + ELH; (D]) (Y) dt] + o(e). (6.4)

Applying It&’s formula to P; (Y f)2 and then taking expectation, we get from (4.9)
and Proposition 4.3 that

T o~ o~
E[Pr(Y§)’] = —E [ /O (Hex () + E[H;y(rn)(Yf)zdt}
T
+E [/ Pi(80 (1)1, (t)dt} + o(e).
0

Noﬁice now the terminal condition of the adjoint process: Pr = —(hyx(T) +
E[hZV(T)]) (see, (3.13)), we obtain from (6.2) that

T
0<JW) —Ju) =—E U (SH @) + %Pt(éa(t))z)lgg (t)dt} +o(e). (6.5)
0
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We can now apply the Lebesgue differentiation theorem to deduce from (6.5) that, for
allu e U,a.et € [0, T], it holds P-almost surely,

X u, proqr) — X uf, pryqr)

1 2
+ EP, (0 (X} Pxs,u) — o (X], Pxr,uf))” <0, (6.6)

proving the theorem.
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