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1. Introduction
The contract theory involves two parties: the principal (the principal) hires an agent (the agent) by offering a con-
tract, which provides incentives for the agent to work for her. Such theory has had a great impact on organiza-
tional economics and corporate finance, as well as many related fields. One typical example that motivates our
work is employer (principal) versus employee (agent) in labor markets. Given a contract, the agent’s problem is
to choose efforts to maximize his expected utility, depending on both the contract and the efforts. Then, the prin-
cipal’s problem is to design an optimal contract to maximize her own expected utility by anticipating that the
agent would always choose his corresponding optimal efforts. There is a constraint on the admissible contracts:
the agent’s optimal utility should satisfy a certain individual rationality (IR) constraint, which can be interpreted
as the market value of the agent. The continuous-time principal-agent problems were first studied in the seminal
paper by Holmstréom and Milgrom [18], followed by Schéttler and Sung [32] and Sung [35, 36]. There have been
numerous publications on the subject in the past three decades. We refer to the monograph by Cvitani¢ and
Zhang [6] and the references therein. In particular, we refer to Cvitanic et al. [7, 8] and Sannikov [31] for the
dynamic programming approach, which will be used in this paper.

All the above literature consider the principal-agent problem on a fixed time horizon [0, T] (or [0, o0]). There is
a crucial time inconsistency issue that is the underlying reason for a possible renegotiation later but does not
seem to receive much attention in the literature: the optimal contract typically does not remain optimal (or even
not admissible anymore) if the two parties reconsider the contract at a later time £." When both parties are fully
committed, this issue is irrelevant. However, in many situations, for example, in a typical labor contract, the
agent is allowed to quit before T. Then, the principal will need to either renegotiate with the current agent or hire
a new one at the quitting time with a new contract that is different from the original one exactly because of the
time inconsistency. Thus, being aware of the agent’s possible quitting, the principal would design the contract
differently in the beginning.
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There have been very serious efforts on principal-agent problems with one-sided commitment. For example,
Grochulski and Zhang [13], Jeon et al. [20], Niu et al. [28], Phelan [29], Ray [30], and Zhang [40] studied models
where the agent is not committed. They were restricted to the self-enforcing contracts; that is, the agent’s continu-
ation utility satisfies the IR constraint at any time. This is in the spirit of the renegotiation-proof equilibria (see,
for example, Farrell and Maskin [11] and Strulovici [34]), and under such a contract, the agent actually will never
quit. We also note that these works mainly consider risk sharing in a full-information setting without moral haz-
ard and, in particular, without the incentive compatibility constraint. The works of Gottlieb and Zhang [12] and
Karaivanov and Martin [21] require incentive compatibility but also restrict the contracts to self-enforcing ones.
The works of Ai and Li [1], Miao and Zhang [27], and Thomas and Worrall [37] are also in the realm of
self-enforcing contracts, but with two-sided limited commitment; namely, both the principal and the agent can
terminate the contract early. In a different direction, Krueger and Uhlig [22] considered a model with multiple
principals and agents where the agents are not committed to the contract and can switch to another principal.
Their main focus is to determine endogenously the outside option of the agent, which amounts to the IR con-
straint, through competition of the principals. However, there is no discussion of the principal’s behavior after
the agent quits, which is the main focus of our paper. The work of Ai et al. [2] also endogenizes the outside
options through assortative matching. However, their stopping times for terminating the contract are exoge-
nously given, and before that, the contracts are still required to be self-enforcing. Another related work is Hu
et al. [19], where one agent can switch among multiple principals. Their main focus is to find the equilibrium
(and mean field equilibrium) contract among the principals. We also refer to Capponi and Frei [4], Hajjej et al.
[14], He et al. [16], and Lin et al. [24], where the principal and/or the agent can choose a stopping time to termi-
nate the contract,” but the principal does not hire a new agent. We should note that, even when restricting to
self-enforcing contracts so that there is no desire for renegotiation from the agent’s side, the problem may still be
time inconsistent.*

We remark that while disincentivizing the agent from quitting, the self-enforcing contracts are typically subopti-
mal for the principal, or, say, such a contract is too expensive for the principal. The principal would rather offer a
standard contract, which satisfies the IR constraint only at the initial time, and be prepared for a possible quitting
of the agent. In this paper, we consider a continuous-time principal-agent problem with moral hazard where the
agent is allowed to quit. The main feature of our model is that the principal would hire a new agent when the cur-
rent agent quits the job, and we shall investigate the time consistency issue from the principal’s perspective. One
particular application of our model is the dynamic firm-worker relationships (cf. Harris and Holmstrom [15]).
There is one risk-neutral principal and a family of risk-averse agents with different types, parameterized by 0.
Unlike the adverse selection problems that involve only one agent but with unknown (to the principal) type, here,
the principal knows the types of all agents but hires only one at any particular time. The principal would pay the
agent continuously in time, without lump sum payments. The current agent with type 6 would quit the job at time
t if the agent prefers the new opportunity from the market, quantified by the dynamic individual rationality RY. If
the agent quits at f, the agent will incur a cost c?, and the principal will also suffer a loss c. The principal will hire
a new agent, possibly with a different type 6, and the new agent is also allowed to quit before the expiration date
T. For simplicity, in this paper, we assume R?,c?, ¢!’ are exogenously given and deterministic.

Given a contract, the agent can choose his efforts and the quitting time, which is a stopping time. We note that
we do not keep track of the agent’s status once the agent quits the current job. This agent’s problem is a mixed
optimal control and stopping problem and, as standard, can be solved through a reflected backward stochastic
differential equation (RBSDE) (cf. Zhang [41]). We follow the idea of Cvitani¢ et al. [7, 8] and Sannikov [31] to
rewrite the agent’s continuation (optimal) utility process as a forward process; see also Ma and Yong [26] for a
similar idea in the contexts of forward-backward SDEs. Then, the principal’s problem becomes a constrained sto-
chastic control problem, where the agent’s continuation utility becomes the state process, and the controls are the
contract and the target effort, with a constraint that the agent’s terminal utility is zero (because there is no lump
sum payment). The agent’s optimal quitting time is an intrinsic hitting time when the agent’s continuation utility
process hits the lower barrier LY := R? —c? (for type O agent). This enables us to use the Hamilton-Jacobi-
Bellman (HJB) equation approach to solve the principal’s problem.

We now discuss the most crucial component of the problem: the boundary condition of the HJB equation on
the lower barrier L?. When the current type 6 agent’s continuation utility process hits L at ¢, the agent would
quit, and then the principal would hire a new agent. First, the principal will choose a different type 0, optimal
for the principal’s utility. Moreover, the new agent is still allowed to quit, and thus, the boundary condition at L{
should be the principal’s optimal utility at RY (minus the cost cf'), which is exactly the solution we are looking
for. So we are considering an infinite dimensional system of HJB equations, parameterized by 6, where the
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interaction is through the boundary condition. The last feature, that the boundary condition involves the solution
itself, actually reflects the time-consistent nature of our formulation. However, this adds to the difficulty of the
problem because the boundary condition is not exogenously given.

We establish the well-posedness of this HJB system by recursive approximation. Let V,,(6;-) denote the princi-
pal’s optimal value function when the current agent is type 0 and the principal allows at most n quittings in the
remaining time period; that is, after seeing n quittings, the principal will offer only self-enforcing contracts for
the remaining period. Then, the boundary condition for V,(6;-) at L? will be sup;V,-1(0;t,R?) — ¢, which is
exogenously given in a recursive way. Under some technical conditions, we show that V,, converges uniformly
to the unique solution of the HJB system. Another subtle point is that at the quitting time f, whereas the agent is
indifferent to quitting or staying, and thus, the agent’s optimal utility is continuous at ¢, the principal’s utility
may have a jump because of the quitting, and thus, the principal’s value function is typically discontinuous at
the boundary LY. Therefore, the boundary condition is actually an inequality, and our value function is character-
ized as the minimal-viscosity solution of the HJB system.

Some findings implied from our results are interesting from practical perspectives. First, self-enforcing con-
tracts are typically only suboptimal for the principal. That is, given that the agent is not committed to the con-
tract, it is not desirable for the principal to offer self-enforcing contracts to disincentivize the agent from quitting;
the principal would rather let the agent quit and rehire a new one when that happens. This observation is more
or less obvious and is strongly confirmed by our results. Next, the standard optimal contract (satisfying the IR
constraint only at the initial time) may also be only suboptimal. That is, in some markets, the principal may pre-
fer no commitment from the agent so that the principal can hire a cheaper one from the market at a later time by
designing the contract to induce the current agent to quit. The reason is that R? (and c%,cP) evolves along the
time. Whereas it is optimal for the principal to hire an agent 0 at time 0, at some later time ¢, another agent 0
may become much cheaper, and thus, the principal would be happy to see agent 0 quit so that the principal
could hire agent 6 to replace him.” Moreover, by assuming a uniform lower bound of the cost c?, the agents
won't quit too frequently, and actually, the principal will only see finitely many quittings. This is, of course, con-
sistent with what we observe in practice.

We shall mention another direction in the literature on the time inconsistency issue; see, for example, Balbus
et al. [3], Cetemen et al. [5],° Dijehiche and Helgesson [10], Gottlieb and Zhang [12], Hernandez and Possamai
[17], Li et al. [23], Liu et al. [25], Wang et al. [38], and Yilmaz [39], to mention a few. Here, the preference of the
agent (and/or the principal) is time inconsistent, for example, because of nonexponential discounting. We refer
to the survey paper by Strotz [33] for time-inconsistent stochastic control problems; in particular, one may con-
sider precommitted, naive, and sophisticated agents. The principal knows what type of agent the principal is hir-
ing and would find the optimal contract (or, possibly, the suboptimal one when the principal’s preference is also
time inconsistent) by anticipating that the agent would always choose his optimal or suboptimal efforts in a cor-
responding way. We emphasize again that the time inconsistency in these works is because of the individual
player’s preference. This has a completely different nature from the time inconsistency we investigate in this
paper because of the interaction between the principal and the agents.

Finally, we clarify the time consistency we obtain in this paper. First, our agent’s problem is always time con-
sistent for the period the agent stays with the job, and we do not keep track of the agent once the agent leaves the
current principal. Our principal’s problem is time consistent at the agents” optimal quitting times; see Theorem 4.
That is, the principal would never regret when an agent quits, and thus, the principal could offer a new contract
to another agent. We should note, though, that if the principal reconsiders the contract within the time period an
agent is staying, the principal may find it not optimal. However, because the principal is required to commit to
the contract, the principal is not allowed to fire the agent and sign a better contract during those time periods,
and thus, such time inconsistency for the principal is irrelevant for practical considerations.

The rest of the paper is organized as follows. In Section 2, we introduce our model and consider self-enforcing
contracts. In Section 3, we consider the model where only one quitting of the agent is allowed, and the principal’s
dynamic value function in this model is analyzed in Section 4. In Section 5, we extend these results to the case
with at most 7 quittings, and in Section 6, we remove the restriction on the number of quittings. In Section 7, we
reinvestigate the problem when the benchmark model is the standard principal-agent problem with full commit-
ment. Finally, in Section 8, we summarize our findings, and in the appendix, we complete some technical proofs.

2. Our Model and Self-Enforcing Contracts
In this section, we introduce our model on the fixed time horizon [0, T]. In particular, we shall consider self-
enforcing contracts so that the agent has no incentive to quit.
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Let (QO,F,P) be a filtered probability space on [0,T], B a standard one-dimensional Brownian motion, and
IF = F®. There are two players: a principal (the principal) and an agent (the agent). The agent has a parameter
0 € ©, which can be viewed as the type of the agent. In this section, 0 is fixed, whereas in the rest of the paper,
we will consider different types of agents.

The principal’s control, namely, the contract, is a continuous-time payment 1 = {1,}o<;<r- The agent’s control,
namely, his action or effort, is a process a = {@;}y<;<7- In particular, there are no terminal payments, which are
not convenient to model when an agent quits. The admissible controls satisfy the following conditions, required
for technical convenience.

Definition 1.

i. Let A" denote the set of F-progressively measurable processes 1 on [0, T] such that —C(n) < n < Co. That is, 1
is bounded with a uniform upper bound Cy > 0, but the lower bound —C(n) may depend on 1.

ii. Let A” denote the set of F-progressively measurable processes a on [0, T] such that

T
E/ U IaslzdS} <C(w), 0<t<T, P-as, 1)
t

where the constant C(a) >0 may depend on «. That is, féasdBS is a BMO martingale. (See definition 7.2.2 in
Zhang [41, section 7.2])

We consider moral hazard models, and as in the standard literature, we use the weak formulation as follows
(see, e.g., Cvitanic et al. [9]). The state process is

X; = B;. 2

The agent controls the law of X, denoted as P¢, through the Girsanov theorem:

t t t
By :=B; —/ asds, M :=exp (/ asdBg — %/ |as|2ds>, dP* := M5dP. 3)
0 0 0

Note that under (1), M“ is a true martingale under P, and hence, P* is another probability measure. Moreover,
there exists ¢ = ¢(a) > 0 such that (cf. Zhang [41, section 7.2])

T
EF [exp (a/ |as|2ds> + |M%|1“} < co. 4)
0
We shall also introduce the following notations:
E:=EF, E*:=E", E}:=E°[|F] ®)
2.1. The Agent’s Problem
Given ne A", the agent’s optimal expected utility at time 0 is

T T
VA©0;0,7) := sup E [ / (05,705 — / h(@;s,as)ds]. ©)
ac At 0 0

Here, the agent’s running utility function f and running cost function / satisfy Assumption 1 below. Moreover,
the subscript  in V4 indicates that the agent is allowed to quit zero times, namely, not allowed to quit.

Assumption 1. There exists a constant Ao > 1 satisfying the following:
i. fis twice differentiable in n with
1 1 1
<-—— > — <-—— < Cy;
f< AO<O, 8,]f_A0>O, I f < AO<O, for all n < Cy; )
and  f(6;s,Co) = —Ao.
ii. his twice differentiable in o with
h >0 with h(0;s,0) =0, Aio < daah < Ay. 8)

iii. f, h, and d,h are uniformly continuous in s, with a common modulus of continuity function p, and we assume, without
loss of generality, that p(0) = O.

Basically, we require the utility function f to be increasing and concave in the payment 7 and the cost function
h to be convex in the effort a, which are standard, and the rest of the assumption is for technical convenience.
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Clearly, in this section, we may allow A and p to depend on 6. However, for the purpose of later sections, we
require them to be common for all 8. Throughout the paper, we shall denote by C a generic constant that may
depend on T, Cy, and Ay, but not on p or 6. One typical example satisfying Assumption 1 is: for some appropri-
ate 11(0),1,(0) >0,

f(B;s,m) = =A1(0)e MO, h(6;s,a) = 2. ©)

1
2(0)'
Under (7) and (8), it is clear that f(6;s,-) and d,h(0;s,) have inverse functions, denoted as I(6;s,-) and I"(6;s, ),
respectively. That is,

f(6;5,1(0;5,y) =y, y <f(0;5,Co);  Iuh(0;5,1(0;5,2)) =z, z€R. (10)

Moreover, we introduce the following functions:

H(6;s,z) := suplaz — h(0;s,@)], H(0;s,2) := —h(s, 0,1"(6;s, 2)). (11)

acR
Then, I" is the maximum argument of H: H(0;s,z) = zI"(0;s,z) — h(s, 0,1'(6;5,z)), and it is straightforward to ver-
ify the following: for some constant C(Ao) > 0,

0 <,/ <Ao, Inl><C(Ao)1—f(6;5,1m)], forall n<Cy;

= < 9,1"(6;s,2) < Ay < o0;

Ao

I" is uniformly continuous in s with modulus of continuity function Agp;
H(s,0,z) <H(s,0,0)=0=H(s,0,0) < H(s,0,z).

10:H(0;5,2)|,19:H(6;5,2)] < Aolzl, |z|>< —C(Ag)H(6;5,2).

1"(6;5,0)=0, 0 <
(12)

The solution to the agent’s problem is standard; see, for example, Cvitani¢ et al. [7], which provides both the
agent’s optimal utility and his optimal action through the following BSDE: given € A",

T T
YO = / [£(6;5,n) + H(0;5,Z8)]ds — / 791dB,, tel0,T). (13)
t t

Proposition 1. Let Assumption 1 hold, and ne A". Then, the agent has optimal utility V4 (6;0,n) = Yg’” and has the
unique optimal control o = I'(6;-,2%1) € A*.

Following Ma and Young [26] and Sannikov [31], we shall rewrite the BSDE (13) in the forward form, which
will be crucial in the next section. For any ¢ € [0,T), x € R, and (1, Z) € .?lf X lef, denote

; S
xon i [fOinn,)+ 1O, Z)lr+ [ Z,a,
\ t

S S
=x— / [F(0;r,n,) + H(O;r,Z,)|dr + / Z,dB%%, t<s<T, (14)
t t
and set, recalling Y?’” =0,

AL i={(n,2) e AT x AL X7 =0}, (15)

Remark 1. (i) We emphasize that X%*"Z is the forward form of Y7, which stands for the continuation utility
of the agent, rather than the state process X in (2). In particular, x is the agent’s optimal utility at initial time ¢ for
the contract 7.

(ii) In Cvitanic¢ et al. [7, 8], the principal has terminal payment &; then, £ has one-to-one correspondence with
the corresponding (x, Z), and thus, one may view (x, Z) as the principal’s controls. Alternatively (although less
natural in this case), we may view (&, x, Z) altogether as the principal’s control but then require a constraint & =
X557 for some appropriate process X*Z in the spirit of (14). In our situation, i and (x, Z) also have one-to-one
correspondence; however, it is not easy to express 1 directly in terms of (x, Z). So, we take the alternative way by
viewing the triple (1, x, Z) as the principal’s controls, but we require the constraint X' ? P91 % 2 0in (15).
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Recall (3) and (5); we denote
BS,Z = Bl”(6;~,Z), ]P’G’Z - P[”(Q;-,Z), EQ,Z — Elh(g;.,z), Ete,z — th(e;"z), (16)

Moreover, recall Definition 1(i) and introduce
%= / F(0;5,Co)ds, 0<t<T. (17)
t

We note that when 1= Cy, obviously, (ff,O) satisfies BSDE (13), so (Y?<, 2% = (fte,O). Because n < Cy, by
applying the comparison principle for BSDE (13), we have

YO <I forallne A, and thus, A, #0if and only if x < L. (18)
The following technical estimate will be used frequently in the paper. We postpone its proof to the appendix.

Lemma 1. Let Assumption 1 hold. For any t < T and n € A", we have

T
EOZ"" [ / [1Z87%+Cy — ns]ds} < C[Ef —yom,
t

0,1
E{”

T
/ I, |2ds} <C[T—t-Y"". (19)
t

Consequently, forany t <T, x < ff, and (n,Z) € ﬂgx, we have
T T
E%Z U [1Zs|*+Co — ns]ds] <C[L) —x], E%% [/ |ns|2ds} <C[T—t—x]. (20)
t t

2.2. The Principal’s Problem
We consider a risk-neutral principal. Given i € A", the principal’s expected utility is

T o T
Jp(0;0,1) := E* [XT - /O nsds] =E%%"" [ /O [1"(0;s,29m) — r]s]ds]. (21)

Remark 2. (i) In (3), we assume the drift of the state process is . This is a simplification without loss of general-
ity. Indeed, if we consider a more general drift b(0;s, as), we may simply set a new control & := b(6;s,«;), and
one can easily see that the Agent’s Problem (6) is equivalent to the problem by replacing h with (6;s, ;) :=
infaszb(G;s,as):&sh(Q; S, as)-

(ii) As in the standard literature for principal-agent problems with one-sided commitment, in (21), we consider
a risk-neutral principal. We note that the slightly more general case with a discount factor r can be easily trans-
formed into our model. Indeed, consider

T T
Jp(6;0,1) := E* {EYTXT - / ersnsds} = ¢ 'TRO.Z™" {/ [1"(0;s, Zs@'”) - e’<T5)r]S]ds} .
0 0

Denote

r(-=T)

~ 1T i

o= Tn, 207 o= 200 To(0,0,7) = EO7 U [10;5,2,"") - ﬁs]ds}'
0

Then, the principal’s problem is equivalent to optimizing ] », which has no discount factor.

(iii) The case with a risk-averse principal is technically harder. Moreover, in (6), we assume the agent’s utility f
and cost /1 are separable. The general nonseparable case in the form f(0;s,7, ) is also technically harder. We do
not pursue such generality in this paper.

Introduce the agent’s individual rationality R? at time #, which can be interpreted as the agent’s market value
if the agent works for a principal over period [t, T]. In this paper, we assume R’ is deterministic and given exoge-
nously, and we leave more general cases to future research. In light of (18), we assume the following, with the
same Ay, p for simplicity.

Assumption 2. _9
i —Ag<RU<L,,0<s<T,andRY=0.
ii. R is uniformly Lipschitz continuous in s, with modulus of continuity function p.
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In the standard literature, the principal’s problem is as follows:

Vg’P(G; 0) := sup Jp(6;0,7n), subject to VOA(G; 0,n) = Rg. (22)
neAP

Here, ° stands for standard. We shall provide more discussions on V5(6;0) in Section 7.1 below. In this paper,
we mainly focus on self-enforcing contracts: recalling Proposition 1,

V3(6;0) := sup Jp(6;0,1), subjectto Y?T>R?, 0<t<T, as. (23)
neﬂp

By (18), it is clear that 1 = Cy satisfies the constraints, and thus,

V5P(0;0) 2 VE(6;0) 2 Jp(6;0,Co) = —Co(T — t). (24)

2.3. The Principal’s Dynamic Value

We next extend the above principal-agent problem to the arbitrary time interval [¢, T]. Denote by B! := B; — B, the
shifted Brownian motion on [t,T], F! := F¥ and 7; the set of F'-stopping times on [t, T]. We shall extend all the
notations in the previous subsection to the shifted space in an obvious manner. In particular, A} ,J’Zlf will denote
the set of F'-progressively measurable processes 1,a, but we shall still denote by (Y?",Z%1) the solution to the
BSDE (13) on [t, T]. We then define the principal’s dynamic value over self-enforcing contracts as follows:

Vg(@; t) := sup Jp(6;t,17), subject to Yf”’ > RE, t<s<T, as.
neAr

T
where [p(6;1,1) := EOZ" [/ (1035, 207) - 1,1ds 25)
t

The following result states that the principal’s optimal utility over self-enforcing contracts is uniformly continu-
ous with respect to the contracting period, more precisely, the initial time of the contract. This is interesting in its
own right and will be important technically in the next section. We postpone its proof to the appendix.

Proposition 2. Under Assumptions 1 and 2, VE(6;-) is uniformly continuous in t:

|V5(6;5) — VE(O;0)] <C\/p(ls —t]), Vs,te0,T]. (26)

3. The Case with at Most One Quitting

We now assume the principal offers a standard contract that meets the individual reservation only at initial time.
The agent might quit before T, at a stopping time up to his choice, if the agent finds a better opportunity in the
market. Then, the principal will hire another agent with a new contract. In this section, we consider the case that,
once the current agent quits the job, the principal will offer only a self-enforcing new contract. That is, the princi-
pal will tolerate only one quitting. We assume there is a pool of agents in the market with parameter set ®. For
each agent 0 € ©, if the agent quits at time ¢, the agent will incur a cost ¢?, and the principal will bear a cost c?,
which (for simplicity) does not depend on 0. Recall (18), and denote further that

Lt@ ::Rt@—ct@, Dg ::{(t,x):OSt<T,Lt6 <x£ft9}, Ts:=T—0. (27)

0 P

In this paper, we assume c”,c¢" are deterministic and given exogenously, and we leave more general cases to
future research. The following technical conditions will be in force.

Assumption 3. R satisfies Assumption 2, and for the same Ao, p (for simplicity),
i > Aio >0, c >0, and consequently, L, — LY > Aio, 0<t<T;
ii. c,c” are uniformly continuous in t with modulus of continuity function p;

iii. c?,c” are bounded by Ao, and |L? — LY| < Aq |t — s| for some Aq > 0.
From now on, we allow the generic constant C > 0 to depend on A; as well.
3.1. The Agent’s Problem

Consider the problem of time interval [t, T] with an agent O at initial time ¢ and contract 1 € .ﬂf . The agent can
choose a stopping time 7 € 7; to quit the job. In that case, the agent would receive the payment n from the
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principal over [t,7], and get a new job with expected utility R? for the remaining period [z, T], and in the mean-
time, the agent would incur the cost c. He may also choose not to quit, and in that case, we set T = T. Therefore,
given the contract n € A’ the agent’s optimal utility is

Vi (6;t,1) :=sup sup E*. {/ [f(6;s,1,) — h(6;s, as):| ds+ LI cny]. (28)
t

€T aeAl

Here, the subscript ; in V4 indicates that the agent can quit once. This problem is solved through a reflected
BSDE (cf. Zhang [41, chapter 6]):

T T
Yo = / [f(0;7,n,) +H(O;7, Z7"™))dr — / Z)"1dB, + K" — KO,
Bl Bl

T
YO > LY, / [YZ*1 — LI K1 = 0. @)

Here, the solution is a triplet of processes (YOt zOtn KOt and KO is a nondecreasing continuous process
with Kte 1 =0, In particular, we use the subscript * to denote the solution to RBSDE (29) while using (Y%, Z%)
for BSDE (13) (even if it is on [t, T]). We introduce, for the first time, that Y% hits the barrier

= inf{s > t: YOI = LO}AT. (30)
We then have the following result, which solves the agent’s problem in this case.

Proposition 3. Let Assumptions 1 and 3 hold true. Then, forany 0 € ® and t < T,

L VAt ) = Y", the 191 € Ty in (30) is an optimal quitting time, and a%" := ["(0;s, ZOU M1y qon,m € A7 s the
agent’s unique optimal effort (unique up to t%").

ii. (Y :ne Af}=[L{,L/].

We note that (ii) provides the bounds for the agent’s optimal utilities over all possible contracts. As in (14),
later on, we will rewrite the agent’s continuation utility in a forward form; then, such bounds will be crucial for
the analysis.

Remark 3. We remark that the agent’s optimal quitting time may not be unique, and among them, %7 is the
smallest one. Unfortunately, whereas the agent’s optimal utility is invariant on his choices of the optimal quitting
time, the principal’s optimal utility does depend on this choice. For technical simplicity, in this paper, we take
the convention that the agent would always take this smallest one, 7%; namely, the agent would choose to quit
when the agent is indifferent to quitting or staying.

Proof of Proposition 3 relies on the following simple lemma, which will be used frequently in the paper. We
postpone both proofs to the appendix.

Lemma 2. Let Assumption 1 hold. Fix t < T, 6 > 0, and recall (14) and (15).
i. Forany x <L, , there exists a deterministic %~ € AT such that

T
(n%~,0) € legx, / [Co — n%"*]ds < 6. (31)
t
More precisely, n%* := i can be constructed as follows: for some n sufficiently large,
L) —x
eni=——= < T—t, 1l :=1(6;s,f(6;s,Co) — M1t 11e,) + Colitse,, 11- (32)

ii. Assume further that Assumption 3 holds and x > LY. Then, we may and will always construct n%* in a way such that
£ x . . 6it, x —
(Y, Z,K) = (x%x1"7.0 0 0) solves RBSDE (29) corresponding to n%*. In particular, X" > LSG for all s€[t,T],
and 700" = T,

Remark 4. In the rest of the paper, we will often use a random version of Lemma 2 under Assumptions 1 and 3.
Oit,x,n,Z

Fix 0€ O, (t,x) € lefx, n,2)e legx, and t € 7; such that 7 < %1 A Ts. Then, we may construct 179”"(1 ""in a

way such that

P . O;t,x,1n,Z
(1, 2) = (0, Z)1jy 0 + (0", 001 1y € AY
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Indeed, from Construction (32), we can easily see that the above 1}, Z are F'-progressively measurable, Z € A%,
and thx iz =0. Moreover, because 7 < 1%, then Xft 2 ¢ [_T,LT] is bounded. Note further that T — 7 >

T — Ty = 6; then, from Construction (32), we can easily see that % A g uniformly bounded, which implies

that 7} has a uniform lower bound, and hence, 7} € lef .

3.2. The Principal’s Problem

Assume the principal hires an agent 6 at time t with a contract 1€ A;. At time 7%, the agent would quit the
job; then, the principal will hire a new agent from the market, with possibly a different type 0. In this section, we
assume the principal does not want the new agent to quit, by offering only self-enforcing contracts. Then, by the
previous section, the principal’s optimal value for the new contract will be VE(0;7% ). The principal will choose
0 to maximize this value, and recall that the principal will incur a cost c”, so we introduce

wo(t) :=sup V5 (0;t) — . (33)
0€®
Clearly, uy inherits the regularity in Proposition 2, and it is bounded. We collect these results in the following
simple lemma and provide a proof in the appendix for completeness.

Lemma 3. Under Assumptions 1 and 3, Uy is uniformly continuous on [0,T] with a modulus of continuity function
po := Cy/p- Moreover, i is bounded with 1o (T) = —ck.

The principal’s problem in this case is
. TS;I, n
Vf(@,‘ t) = sup RO, 20 [/ [Ih(e,' S, Ze;t’n) — ns]ds + ﬁo(Te;t’n)l{Ts;t,q <T} |~
neA; !

subject to  V4§(0;t,1) > R?. (34)

We remark that, here, we consider the principal’s utility for a given 0. In practice, of course, the principal would
choose an optimal 0 in the beginning, which amounts to computing
Vf(t) = sup Vf(@; t).
0e®

Remark 5. We emphasize that in our model, there is a family of agents whose types are indexed by 0. The princi-
pal knows the value 0 of each agent and can choose the optimal 0. This is completely different from the adverse
selection problems, which involve only one agent, but the principal does not know the agent’s type 0 and cannot
choose 6 (cf. Cvitani¢ et al. [7]).

Similar to (14), we can rewrite RBSDE (29) in a forward form, which leads to the following dynamic utility
function:

w(6;t,x):= sup J1(0;t,x,1,2), (tx)€ Dy,

(1, 2)eAy
6;t, x, ,z thnZ 9
where 701 = inf{s >t : X LINAT, (35)
T@;t,x,l],Z

]1(6, t, X, 1, Z) = EH’Z / [Ih(G, S, ZS) — T]s]dS + ﬁo(’l’et g Z)l{,[et Y, Z<T}
t

The following result establishes the connection between V! and u; and thus enables us to use the partial differen-
tial equation (PDE) approach for u; to study V?; see the next section.

Proposition 4. Under Assumptions 1 and 3, for any 6 € © and t < T, we have

VP(0;t)= sup u1(0;t,%). (36)

RO<x<T;
Proof. Let J,(0;t,1) denote the expectation on the right side of (34) for a f1xed 1. For any ne A7 satisfying the
constraint in (34), by Proposition 3, we have x := Yet M=v4o;t,n) e [RY,L ] Fix 0 > 0 small and set

. . 0; ,YTS;
5=t ATs, (110,20 1= (0, 2% M)y ) (S) + (5,04, 19(5), (37)
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Ot
0575, Yo, "

where 77 "% is constructed in (32). By Remark 4, we have (1, Z°) € Ay ,. By (30), we have Y519, and
hence, K& = 0 for s € [t,70%1). Then,
X0t 2 —yoin 5 19 set,15), and @17 =000 on {1001 < Ty},

. 03t 1
0,Ts,Y.
.. . o 70 . iTs, Yy
Moreover, by Lemma 2(11), we have TG,t,x,q 2= T on {Te’t’q > 5}. Then, because MNs ®

have

is Fr,-measurable, we

11(6;t,x,n°,7°) = EOZ [8] = E%?""[E], where
K . e T om,, vy
= / [Ih(Q, S, Zse’t’q) — T]S]dS + 1{T6;r,quo}Mo(Te’t’q) — 1{Tﬂ;t,77>7‘b} s o ds.
t

o

(1

Thus, by omitting the superscripts %1, namely, denoting (7, Y, Z) := (t%1, yotn, z0tn),
J1(6;t,m) —ur(6;t,%) < J1(6;t,m) — J1(6; £, x,1°, Z%)

_ 0.z . T otovr, ,
_E° [1{%} { /T AR /T i ds+uo(f>1{f<n”

T
<E%” [/ (114635, Zo)| + [n,]1ds + CLiz, <c<ny]| + Cod,
Ts

where the last inequality is because of Lemma 3 and the fact 1759 Mo Y1y < Cy. Send 6 — 0; we obtain fl(G; t,n) <

11(6;t,x). Because 1 is arbitrary, we prove the “<” part of the proposition.

f’x, and 6 > 0 small, set

To see the opposite direction, for any x € [R,L'], (,Z) € A

Oit,x,n,Z

- . 5 50 0;%s, X;
Ts =1V ENTs, (7°,2°), = (10,2) 1 2,)(8) + (s * 001, 1 (s).

Following similar arguments as above, by sending 6 — 0, one can show that [1(0;t,x,1,Z) < Vf (6;t). Then,
because x and (), Z) are arbitrary, we obtain the desired inequality. O

Remark 6. In this section, we assume the principal will offer self-enforcing contracts to hire a new agent when
the current one quits. There can be other alternatives; for example, the principal may close the business or run
the firm by herself. In those cases, we need to first model the principal’s outside option, denoted as #((t), and
then study the principal’s problem by replacing the i in (34) with u;. Provided that u; satisfies the technical
properties in Lemma 3, the main results in this paper will remain true.

4. The Dynamic Value Function u;
In this section, we shall characterize the function u; as the minimal solution of an HJB equation. For this purpose,
we shall first establish its monotonicity, regularity, and boundary conditions. Their proofs involve very technical
constructions. Because they are the main mathematical components of the paper, we report them at the end of
this section. However, readers who are not interested in the technical part can skip reading these subsections,
which will not affect their understanding of the economic messages of the paper.

We first show that u; is decreasing in x. That is, the principal’s optimal utility would suffer when the agent’s
continuation utility x increases. Equivalently, the principal will gain less utility when the agent becomes more
expensive, which, of course, is natural in practice.

Proposilison 5. Let Assumptions 1 and 3 hold. For any 6 € © and t < T, the value function u1(0;t,x) is decreasing in
x € (LY,L;]. Consequently,
VP(6;t) = u1(0;t,RY). (38)

We next show that 1, is uniformly continuous in (¢, x). Such regularity is important in its own right and is crucial
for the PDE characterization of ;.

Proposition 6. Let Assumptions 1 and 3 hold.
i. For any 0 €© and t < T, the value function u1(6;t,x) is uniformly continuous in x € (Lf’,ff]. That is, for any
LY < x1,x2 <L/, we have
lu1(0;t,x1) — u1(0;t,x2)| < Cpy(lx1 —x21), (39)

where py is the modulus of continuity function of 1y specified in Lemma 3.
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ii. Forany (t;,x;) € Dy, we have
|u1(0;t1,x1) — u1(0;t2,x2)| < Cpy(p([ts — t2]) + |x1 — x2]). (40)

Note that u;1(6;t,x) involves the hitting time b0 Z swhich is, in general, not continuous in (f, x). This can

be circumvented as follows. Assume we want to estimate u1(6;t1,x1) — 11(6;t2,x;) from above. For any given
(1, 2%) € A ., we want to construct (', Z!) € A} . so that t%1:1:77" is close to t%2*T7" (in addition to other
small errors). However, because we have both upper and lower bounds for & and because the setting is random,
such construction is highly nontrivial and will rely heavily on Lemma 2. In particular, we emphasize that the upper
bound L~ and lower bound LY play very different roles in the problem; consequently, the constructions are quite
different for the two cases x; < x, and x; > x, and even more different for the two cases t; < t, and t; > t,. We refer
to Section 4.2 for details.

Remark 7. In general, the monotonicity property and the continuity of 1, may fail at the boundary point x = LY.

For example, for any x € (Lf,ft ], construct n" as in (32), and send 1 — oo; one can easily see that under these con-

tracts, the agent never quits, and u1(0;t,x) > —Co(T — t). However, for x = Lf, the agent quits immediately at ¢, and

thus, u1(t,LY) = to(t) = sup V5 (0;t) — ¢} Clearly, it is possible that —Co(T — t) > Tio(t) when ¢!’ is sufficiently large.
Finally, u; satisfies the following boundary conditions:

Proposition 7. Under Assumptions 1 and 3, u1(60; -, ) has boundary conditions
w(0;4, L)) =—Co(T—1), Vte[0,T); w(6;T—,x)=0, Vxe(L,0);
ur(0;, LY +) 2 o(t), Vte[0,T). (41)
We are now ready to characterize 1, through an HJB equation. Introduce

LOu(t, x) := du + sup % |z|23xxu —[f(6;t,n) + H(6; t,z)]0u + Ih(G; t,z) —1|. (42)
T]SC(),ZER

Theorem 1. Under Assumptions 1 and 3, the value function u1(0;-,-) is the minimal continuous viscosity solution of the
following HJB equation with Boundary Conditions (41):

£u(t,x)=0, (tx)€Dg. (43)
Proof. First, by the regularity in Proposition 6(i), one may follow rather standard arguments to obtain the

dynamic programming principle: for any (t,x) € Dg and 7 € 7,

.[/\,re;l,x,n,Z
u(6;t,x):= sup EOZ / [1'0;r,2,) — n,Jdr +u1(0;, Xg;t’x/1"2)1{T<76;f,x,q,2}
(n,2)eA t

+ ﬁO(Te;t’x/ ,]/Z)].{Te;f,x,q,zs.[’ T9;t,x,1],Z<T} . (44)

Then, by (14), it is clear that 1, is a viscosity solution of (43). Moreover, by Proposition 7, it satisfies the Boundary
Conditions (41).

We next show that 17 is minimal. Assume u is an arbitrary continuous viscosity solution of (43) satisfying (41).
In particular, u(t,LY) > #o(t). For each n > 1, introduce

T
u"(t,x) = sup ESZ [/ [1"(6;r,2Z,) —n,)dr + u(z, Xf;t""”’z)] ,
(1, 2)eAPx AL, —n<n<Co t

where T:=1AT, T:=1%%1% Tizinf{s>t: X017 = Zf)} AT. (45)
Because 17 is uniformly bounded here, one can easily see that u" is continuous on Dy, the closure of Dg. Then,
u™ is the unique viscosity solution of the truncated HJB equation:

) L 29, ; o 4 ph
du'™ +  sup —|z|7uu™ — [f(0;t,n) + H(O;t,2)]0,u"™ +I'(0;t,2) — | =0;
—n<n<Cp,z€R

ULy = —Co(T— 1), u™(T,x)=0, u™(t L% =u(tL?). (46)
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Note that u is a viscosity supersolution of the above HJB equation with the same boundary conditions; then, by
the comparison principle for (46), we have u > u®.
Now for any (t,x) € Dg and (n,Z) € A9 recall Definition 1, and let n > C(n); then, (n,Z) satisty the require-

t,xs

ments in (45). Let 7,7, T be defined in (45). Note that
u1(6;7,L2) = ~Co(T —7) = u(t,L7), ito(t) < u(t,LY) on {z < T}.
Similarly to the Dynamic Programming Principle (44), we have

]1(9/ t/ X, T]/ Z)

TAT
- — — Oitxn,
< EG’Z ‘/t |[Ih(6; r, Zy) — T]r]di‘ + Mo(l)l{lg} + 1/[1(9; T,X?t ol Z)l{z>f}]

- B o
= EG,Z /t [Ih(Q; 7, Zr) — nr]di’ + uo(l)l{lg} + u1(6; T,L;)l{l>?}}

- L,
<EOZ /t [(1"(6;r,Z,) — n,Jdr + u(z, L%)l{zg} + ”(TrLr)l{fo}]

T
= EOZ / [1(0;7, Zy) — n,Jdr + u(z, X" 7) | < ut(t, x) <uft, x).
t

Because (1,Z) € ﬂlfx is arbitrary, we obtain u1(0;t,x) < u(t,x). O

Remark 8. (i) As explained in Remark 7, in general, it is possible that u;(6;t,LI+) > wo(t). One can show that
11(6;-,-) is the unique viscosity solution to (43) if we replace the boundary condition at x = L? with uq(6; t,Lt@+).
However, we are not able to compute u1(6;t,LY+) explicitly, so we characterize u; as the minimal solution in
Theorem 1.

(if) The differential operator £Y in (42) is the same as the case without constraint on (n,Z). The constraint
(n,2) € ﬂf, . In (35) is reflected in the Boundary Conditions (41).

4.1. The Monotonicity: Proof of Proposition 5

Proof of Proposition 5. First, (38) follows directly from Proposition 4 and the monotonicity of ;. Without loss of
generality, we prove the monotonicity only at t = 0. Fix L§ < x < x5 :=x+0 < fg , and assume 6 > 0 is sufficiently
small. For any (n,Z) € Aj , and n > 1 such that & < T, our goal is to construct (1", Z") € leg/ . such that

]l(e;o/xélnlz) - ul(e;o/x) SIl(G;O/xélnlz) _]1(6;0/3(/7]"/2") - OI as i — 0. (47)

Then, by the arbitrariness of (1, Z), we obtain u1(6;0, xs) < u1(6;0,x).
To see this, similarly to (32) and (37), we construct
tn =, 77151 = If(gr S/f(e; S, 775) - 7’1), ZZI = ZS/ 0<s< t”;

. o v n .
Ty = inf{s > 0: X905 2" = L0y AL, 10 1= 700 %0 2,

Q?anLe
M, Z) = (s, 0 g ety + (Mg Zs) gzt Tu <S<T, (48)

where 179”"';?»1 is as in Lemma 2 (with an arbitrary 6 in (31)) and Remark 4. Denote A" := x90%1"2" Tt is clear
that (n”,Z”)eﬂgxﬂl‘g, and by Lemma 2, we see that X7 =0 on {7,< t,}. Note further that f(6;s,1)=

f(6;s,1,) — n; then,
AT X0 Z = s -5 < 0forse[0,t,), and AJ — )0 =0, (49)

Then, because (n",Z") = (n,Z) on [t,,T], we have A7 = X?O’X”’r”z =0 on {1, =t,}. Therefore, X7 =0 in all the
cases, and thus, (7", Z") € ﬂg,x.
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Moreover, note that (49) implies that

0,0,x,1", 2" _ 5 5 no_ 00,x,1", 2"
T = Tulgety + T g2y £7°, 2 =25, 0<s<7 .

Then,
o

J1(6;0,x,1",2") = E%Z

1{1,1<t,1} [/t [Ih(Q,‘S,ZS) - n?]ds +ﬁ0(Tn)1 + 1{’[,1:t,,} [/O [Ih(e} 5, Zs) - n?]ds +HO(T6)1{7<’<T}1 ] ’

and therefore,
]1(6/ O,X,j, T]/Z) - ]1(9/ Orx/ nn’ZI’l)

— EG,Z

Ty T .
/ (2 —n,lds + 17, <1y [/ [1(6;s,Zs) — n,)ds + o (t°) ooy —uo(Tn)H
0 Tn

T
<E%Z |:1{Tn<tn} [/ [1Zs] +Co— r]s]ds + C:| :| ,

where the last inequality is thanks to (12), Lemma 3, and the fact "* < 7. Moreover, noting that Dg is bounded, by

(20), we have
T
2] [ 1121+ o -niad <0 6+ - x) <.

Then,
J1(6;0,x5,1,Z) — u1(0;0,x) < CPY%(1, < t,,).

Recall (14), and note that f < 0,H <0. Then, by Assumption 3(iii), we have

S
Xs@;O,x,n”fZ”—I:fo+/ZrdBf’Z—Lg—Altn, 0<s<t.
0

Thus, because x — Lg >0, for n large enough such that Ajt, < (x — Lg )/2,

PQ'Z(Tn < tn) < PQ,Z( inf [XSQ;O,X,U",ZH 7L59] < 0>

0<s<t,
s X — L@
<P%?( inf ZrdBf'Z <-=_=9) 50, asn— .
0<s<t, Jo 2

This implies (47), and hence, u1(6;0,x5) <u1(6;0,x). O

4.2. The Regularity: Proof of Proposition 6
We first need the following technical lemma, whose proof is postponed to the appendix.

Lemma 4. Let Assumptions 1 and 3 hold. Let 5 > 0 be small, t < Tas, and LY < x <LY +6. Set 75 := 19%C0 I ATy, and

(&%, 2% =1, 7,)(s)(Co, 1) + Iz, 1y (5)(nTF2, X220, 0)]. (50)

s

Then, (ﬂe"t"‘,ze"t"‘) € ﬂgx, and
wo(t) —J1(6; f,X,QQ;t’x/ZG;t’x) < Cp,(0). (51)

We now turn to the proof of the proposition.

Proof of Proposition 6. (i) Proof of (39). Again, without loss of generality, we prove it only at f = 0. Let x1 =
xand x; =x+06 for some 6>0 sufficiently small. Then, by the monotonicity in Proposition 5, we have
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u1(6;t,x +0) — u1(6;t,x) < 0. So, it suffices to prove the opposite direction. Fix (n,Z) € ﬂlg,x, and in light of (47),
construct

(2, Z2) := (0, Zs)110,)(8) + Lje, 1(5)

0;Tas, X307 45 0; L +0 075, L0456
X [1{7 T}(Co,O) + l{T T20<T/\T}(T]t T8 0) + l{T "[}(7]5 v L T2 ]/'
where T:=inf{s>0: XSQ;O""”’Z L =0} Ti=100NNZ, = T AT A Ty (52)

One can verify straightforwardly that (1°,Z°) € leg,%, where the lower boundedness of 1° is because of (32).
Denote

XY= XG;O,X,Y],ZI, Xb = X@;O,xﬁ,qﬁrzﬁl Té - TQ;leéﬂlérzé
Then, one can easily check that
5 _ . 5 _ 79 J— 5 _ 10 — .
X=X +0,0<t<t, X]=L on{t=7) AX]=L7+06on{t=1};

®>ton{r=1}, and t°=Ton {t+# 1}

Thus,
J1(6;0,x,1,Z) — u1(6;0,x5) < 1(6;0,x,1,Z) - J1(6;0,x5,1°, Z°)
= 0] [ 1038, 2) o+ Tl g
— g7 l / [1(6;5,Z2) — 1 1ds + ﬁo(Tb)l{r%T}]
= EG’Z[].{T:?}Il + l{T:T26<?/\I}IZ + 1{T=I}I3]’ 59
where

I = E?’Z {/_[Ih(G; s,Zs) — n,]ds + uo(T) g1y + Co(T — T)};

T T
I := E%bz {/ [Ih(Q;s, Zs) — n,]ds + Vo(z)l{la} + / 175 "o g ]}
Tas Tas

0 0
Iy 1= Tig(x) — Ju(0;1, L + 6, % TLe 70, Z0T Lo +0)

We now estimate I, I, I3 separately. First, on {7 = 7}, because 1 is bounded, we have

L =EY? [ l [1M6;5,Z) + Co — n Jds | + CPL%(z < T)

T
<E%? [ [ [AolZ.| +Co - ns]ds] +CPYAL < T)

< C[Vo+6]+CP%(x < T) < CVo + CP2%(z < T),

where the second inequality is because of (20) and the fact L— X% = 0. Moreover, note that X} = LY 1 <) and
X7 = LT = 0; then, by Assumption 3(i), we have

0<EY? [ / [fO1,Co) = f(O31,m,) ~ (O3, ZJW}
= B[ X} — x%] - [L¢ — T

— 1
— 0.2 0 _70 0,2
=EZ [1{1<T}[Lz —L7]+0]< _AOP? (t<T)+o.

T
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Thus, IE”g’Z(I < T) < Apb, and therefore,
I <CVo+ A5 <CVD, on {r=T}. (54)

0Tz, X5
Next, on {7 = Ty < T A1}, by (20) and noting that 7; 2 < Cp, we have

T
L <Ey” [c / [1Zs| + |n,] + Colds +o(D)1zery] < CVO + CEX[i0(T)1 ety |
Tas

Because 1(t) is uniformly continuous and #o(T) = —c} < 0, we have

io(7) < uo(7) —o(T) < sup [wo(s) —uo(T)| < py(20) < 2py(6).

Tys<s<T
Here, p,(20) < 2p,(0) is without loss of generality. Thus,
L <CVo +2py(8) < Cpy(8), on {t=Ty < TATh (55)
Finally, on {7 = 7}, by Lemma 4, we have I3 < Cp,(6). Plug this and (54) and (55), into (53); we get
J1(6;0,x,1,Z) — u1(6;0,x5) < Cpy(0).

Because (n,2) € ﬂlg,x is arbitrary, we prove the remaining estimate of (39) at f = 0.
(ii) Proof of (40). For simplicity, we assume f; =0, x; =x, and f, =0, and denote Ax:=x, —x;. We assume,
without loss of generality, that 0 > 0 is sufficiently small.
Step 1. First, recall Assumption 3(iii), and denote

fr=inf{s >0:x+ A5 = ff} Ao 1= 1(6;s, — M) 7 (5) + Coly 5(s), 0<s <6

5
Xs = Xg;o,x,qo,o =x+4+ At — / £(6;5s,Co)ds.
t

Then, it is clear that
L9 < x00510 < T 5 €[0,5]; |xs — x| < C.
Now for any (1,Z) € J’Zlg, x,» denote
(05,22 2= (0, 0)10,)(5) + (115, Z5) L5, 7 5).
One can easily see that Xf;o’x"’é’za = X% gor s €[5,T], and 70012 = 200.%1Z Then, (n°,2% € ﬂg,x, and
thus,

B
]1(6;6,3(5, T]rZ) - T/ll(e;o,x) < ]1(61 6,X§, T]/Z) _]1(6/ lernblzb) = / T]gds < CjO(S
0
By the arbitrariness of (1,Z) € JZlg/xD, we obtain u1(60;0,x5) —11(0;0,x) < Cpd. Then, by (39) and noting that
|x2 —xs| < |Ax| + CO, we have
u1(0;0,x2) — u1(6;0,x) = u1(0;0,x2) — u1(6; 0, x5) + u1(0;06,x5) — u1(6;0,x)
< Cpy(|Ax] +Co) + Cod < Cp,(|Ax| +0).

This implies immediately one direction of (40) at t = 0.
Step 2. To see the opposite direction of (40), we denote

8 1= Ao+ 2Tp(0). (56)
We first consider the case that fg —x <. Then,
0<Ly—xy=Ly —Lo+Ly—x+x—x2<Cp(6)+|Ax].
Thus, by (39), we have
—0 —0
u1(6;0,x) —u1(6;0,x2) <u1(0;0,Ly) — u1(6;6,Ls) + Cpy(p(0) + | Ax]).
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Moreover, one can easily see that 11(6; t, fte) = —Co(T —t). Then,
u1(6;0,x) —u1(0;0,x2) < —Cod + Cp,(p(0) + [Ax|) < Cp,(p(0) + | Ax]). (57)
We now consider the case that x < fg — &'. Because x > LY, we can easily see that
Xy i=x+0 € (Le,fg). (58)
For any (n,Z) € ﬂg,x, we shall construct, in Step 3 below, (1°, Z°) € Ag,xg such that
J1(6;0,x,1,Z) = 1(6;8,x3,11°, Z°) < Cpy(p(9)). (59)

Then, ]1(6;0,x,1,Z) —u1(0;06,x5) < Cp,y(p(6)). Thus, by the arbitrariness of (1,Z) Eﬂlg,x, we obtain 11(6;0,x) —
u1(0;0,x5) < Cpy(p(6)). Note further that |x§ — x| < |Ax| +0'; then,

u1(0;0,x) — u1(0;0,x2) = u1(6;0,x) — u1(6; 6, x5) + u1(0;6,x5) — u1(6;6,x2)
< Cpy(p(0)) + Cpy(|Ax| +0") < Cpy(|Ax] + p(0)).
This, together with (57), proves the other direction of (40) in both cases.
Step 3. We now construct (1%, 2°) € A «, satisfying (59). Denote

X0z — / [F(0;7+06,m,) + H(O;7+06,Z,)|dr + / Z.dB,, 0<s<T;, (60)
0 0

and introduce the following processes by shifting the space:

Bl =By 1.(Bpsq) = N sBos-s)r Zi(Blyg) = Zs5(Bjo,s5))- (61)
Denote

XY= X@;O,x,n,Zl )ex = ‘)26;6,)(,7],Z, X: = ‘)e;c 5(B,);
Ti=inf{t >0: X = fié —0'Y; r=inf{t>0: X7 =LY% 1:=TATATs;
T:=T(B)+6 T :=1B)+6 T :=1B)+06=T AT ATy. (62)

We see that (B([Sb, T} Uf&,T]foé, TV XE(S,T],?’,I’, ') and (Bjo,1,), U[O,T()]'Z[O, Ts]r /?J[(o, T,/ T+ 0,71+ 0,7+ 0) have the same
joint distribution. We then construct, similar to (52),

(12, Z2) 1= (1, Z) 15,2y (8) + Tpor, 1y (5) O 0
y [1{1,:?/}((:0,0) N 1{1/:T26<?//\I’}(7756;T2,5,X;.ZOHS’,0) N 1{1/: I,}(Q:;z /LI, +0 /Z:;z ’Lz' +0
Denote X := x00%1 2" and 10 := 09512 Tt is clear that
X=X +0,6<s<T. (63)

Moreover, by Assumption 1(iii) and (12), one can easily see that

| XY — A% <2Tp(6), 0<s<T;. (64)
Then, by Assumption 3(iii),

AT +6 > X5 +06 —2Tp(6) > LI+ Ao > 1LY, for 0<s <.

By (63) and recalling that A" and X’ have the same distribution, this implies A° > LY for 6 <s < 7/, a.s. Then, one
can easily see that (n°, %) € Aj «,and

xS, = ff, on{t'=7};, 0<x® LY ;<28 on{t'=1'};

>t on{t'=1}, and °°=Ton{t #1'}.



Downloaded from informs.org by [132.174.255.3] on 19 November 2025, at 15:28 . For personal use only, al rights reserved.

Zhang and Zhu: A Dynamic Principal-Agent Problem with One-Sided Commitment
2616 Mathematics of Operations Research, 2025, vol. 50, no. 4, pp. 2600-2632, © 2024 INFORMS

Note further that

E%Z [ / [1"(6;s,2°) — nf]ds} =E%?
o

7(B")+0 .,
/6 [1(6;5,2)) — ! )ds

o7 [/ [I'(0;s +6,Zs) — Us]ds} :
0
Then,

J1(6;0,x,1,Z) — J1(6;6,x5,1°, Z°) = E%Z [ / (I(6;5, Zs) — n]ds + ﬁo(l)l{za}]
0

_ E@, 70

.[5
/ [1"(6;s,Z°) — n)ds + MO(T6)1{15<T}]
5

=lhh+hL+L+]1;, (65)
where, by abusing the notations slightly with (53),

Iy :=E%% / [1"(0;s,Zs) — I"(6;s + 5, ZS)]ds];
0

- . /
L :=E%%|1(r [ﬁ (I(6;5, Zs) — n,)ds + o (D1 ery | | + CoE?Z [11aen (T — T)];
L T

30

i T
L= E%% | 1perycinn l/T (1(6;s, Zs) — 1. ]ds + ﬁO(T)1{1<T}]

T 5
’ 0,T2s, X
0,7 Tos .
+E ll{T/:T25<T/AI’} . T]S dS‘|‘| 7
25

I i= B[ ()] — O [ 1 (0,7, X2, %%, 207X,
We now estimate I,. First, by the regularity of 1, we have |Iy| < Cp(5). Next, note that
EO? (14 ey(T = T)] = E¥#[1r) [T — 7 = 6]] S E¥[Lo—ry [T — 1]];
LA <L) Ri48 =T -T2, +26'<265.
Then, similar to (54) and (55), we have
L <CVo < c\/@ and I, < Cp,(&) < Cpy(p()).
Finally, when 7 = 7 < T35, by (62) and (64), we have
A - Ly = 27— X7 < Cp(0).

Again, due to the related identical distribution, we have X, — LY, . <Cp(d) a.s. on {z = '}. Then, by (63) and the
regularity of LY, .

X0 —LY, <X, +8 — LY s+ MO<Cp(d), as.

Now it follows from Lemma 4(iii) that
I < E%?[1oqy1i0(1)] — E?Z [0 ooy ii0(T')] + Cpy(p(0))
= E¥?[Le—qyit0(0)] — E”?[Le—gyiho(z + 6)] + Cpy(p(6)) < Cpy(p(0)).

Plug all these estimates into (65); we obtain (59). O

4.3. The Boundary Conditions: Proof of Proposition 7
Proof of Proposition 7. Because ﬂfze ={(Co,0)}, the equality u1(6;¢, ftg) = —Co(T —t) is obvious and actually has
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already been used in Proof of Proposition 6(ii). Next, by using Lemma 2,
T
u1(6;t,x) = J1(0;t,x,n%%,0) = 7/ nf;t"‘ds > —Co(T —t).
t

Then, lim inf;7u1(0;t,x) > 0. On the other hand, for any L? < x < 0,any t < T large enough such that Lt@ < xand
any (n,Z) € ﬂfx, by (20) and Lemma 3, we have

T
J1(6;t,x,1,Z) = E%* [/ [1"(6;s,Zs) — n.Jds + uO(Te;t,x'q’Z)I{TO;f,x,q,Z<T}:|
t

<E%?
t<s<T

T
/ [CIZs| + 0,1 1ds + Lggosnz< 1y [10(T) + sup [ito(s) — ﬁo(T)I]]
t

SCVT —t+[py(T — 1) — FIP(z9 "% < T) < CVT — t + p,(T — t).

By the arbitrariness of (1,Z), we have u1(0;t,x) <CVT —t+p,(T —t). Send t T T together with lim infyjru;(6;
t,x) = 0; we obtain u1(0; T — ,x) = 0.

Finally, fix t < T. For any 6 >0 small, by (51), we have o(t) < u1(6;t,x) + Cp,(6) for all x € (L?,LY +6]. Send
6 | 0; because u, is decreasing, we obtain u1(6;t,L7+) > up(t). O

5. The Case with at Most n Quittings

In this section, we extend the results in the previous section to the case that the principal allows for at most n
quittings. That is, if there have been n agents quitting the job, the principal will only offer a self-enforcing con-
tract so that the (n+1)-th agent will not quit anymore. We remark that for each agent, the agent’s problem
remains the same as in the previous section; in particular, we do not keep track of the agent after the agent quits
the job. Then, given the setting in the beginning of Section 3, in particular, under (27) and Assumption 3, we
introduce the principal’s dynamic utility function recursively as in (35):

un(6;t,x):=  sup EOZ l/
t

(n,2)eA],

0t n,Z

[Ih(e; S, Zs) - ns]ds + Hn—l(Tg;t’X’ n’Z)l{Tﬁ;trf/'l/Z<T}] ;

,(t) == supu,(0;t,RY) — cf, (66)

0e®
for n > 1 and (t,x) € Dy, and as in (34), the principal’s problem is
TH;#,:]
VP(6;1) := sup EOZ"" [/ [I"(6;5,28"M) — ,]ds +ﬁn1(T9;t’n)1{79;mz<r}1 ,
neAf t
subject to  V4'(0;t,n) > RY. (67)

By the same arguments as in the previous section, the following results are obvious.

Theorem 2.
i. 1, is bounded and uniformly continuous on [0, T] with certain modulus of continuity function p,, and w,(T) = —ck.
ii. w, is decreasing in x. In particular, V2(6;t) = u,(0;t,R?).
iii. Forany (t;,x;) € Dg,i=1,2, with At :=t; — t;, Ax := x — x;, we have

lun(0;t1,31) = un(0; 12, %2)| < Cp,,_1 (p(| AL]) + [ Ax]). (68)

iv. The value function u,(0;-,-) is the minimal continuous viscosity solution of the H|B Equation (43) with the following
boundary conditions:

0, (0;,L)) = —Co(T—1), Vtel0,T);  u(6;T—,x)=0, Vxe(Ly0);
un(0;1,L{+) 21, 1(1),  Vt€[0,T). (69)
Moreover, we have the following monotonicity result.

Proposition 8. Under Assumptions 1 and 3, u,, and V¥ are increasing in n.
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Proof. For any 0 € ©, t < T, and n € A’ satisfying the constraint in (25), by setting 7 = T in (28), we have V4(6;t,1)
> Y"1 > RO, where Y%7 solves the BSDE (13). Moreover, by (29) and (30), clearly, (Y01, Z0%n KOtn) = (YO,
Z91,0), and 7% 1 = T. Then, by (25) and (34), we see that V1 (6;t) > Jp(6;t,1), and thus, V1 (0;t) > VE(6;t). Now, by
(38), (34), and (67), we see that u; > uy. Then, by (67) again, we may prove recursively that u, is increasing in n,
which implies further that V" is also increasing. [

Remark 9. (i) One might think that V¥ should be decreasing in 7 at first thought because, for a larger n, the prin-
cipal is giving agents more opportunity to quit, and in the meantime, the principal would incur a cost c”. This
increasing property is because of our setting that the principal offers self-enforcing contracts after n quittings.
Indeed, in the formulation of V¥, the principal can still allow the (1 + 1)-th agent to quit, but because the contract
is self-enforcing, the agent has incentive to quit, whereas for the problem V?”, , the principal has more freedom to
choose contracts for the (1 + 1)-th agent, and therefore, her optimal utility may increase. Such monotonicity may
not hold true if we replace the principal’s outside option () with another () as in Remark 6. In fact, the
opposite monotonicity is also possible; see Proposition 13 below.

(ii) The above monotonicity holds true even when there is only one type of agent; namely, ©® = {0y} is a single-
ton, as in the standard literature. Again, this proposition implies that it is indeed not optimal for the principal to
restrict to self-enforcing contracts. The principal would rather allow the agents to quit and then hire a new one
when the current one quits the job.

5.1. An Alternative Representation Formula for u,
In this subsection, we provide an alternative representation formula for u,, which is not recursive and will be
used in the next section. To illustrate the idea, consider u,(6y;t,x) for some 6y € ©® and (t,x) € Dy,. First, there
exists an (approximately) optimal (n°, Z°) € A".. Denote 17 := t%%%1"Z". When {t; < T}, by (66), we may choose
an (approximately) optimal 61, which is an f; -measurable ®-valued random variable such that
(1) ~ 1 (0171, RY) = cF
0

We may continue to find (approximately) optimal (!, Z) € A% o for u1(61;11,RY"). Denote 1, := O Ry ' 2

T 4 T
then, formally, we may rewrite (66) as v

0

u1(6p;t,x)= sup sup sup E%Z
0, ]

(1]0,Zo)eAtg 01 (1]1,21)€Ar1 0

/ [1"(00;s, 2°) — 11 ds
t

1rR7]1
1 2 _
+ Eg:l’z |:/ [Ih(Gl,'S,Zg) — ni]ds + uo(T2)1{72<T}:| — C€11{11<T}‘| . (70)
1
Moreover, denote
Cs = 901[t, 71)(5) + Qll[rl,T)(s)r (775/ ZS) = (772/ Zg)l[t,ﬁ)(s) + (Tﬁf Zi)l[TIrT)(S)’ (71)

and let L°(F';®) denote the set of F'-progressively measurable ®-valued processes. Then, the expectation in (70)
can be rewritten as

T2
E“# [/ [I"(Cs;s,Zs) — n)ds — L Lz ey +ﬁo(T2)1{r2<T}] : (72)
t

Recall (1); it is clear that Z € lef. However, we remark that the lower bound of 171 may not be uniform and, thus,
in general, the above ¢ A?.

We now rigorously present the alternative representation formula for u,. Fix 6 € ® and (t,x) € Dy; let A:’;Q
denote the set of (,Z,0) € ﬂf X ﬂlf x L°(F'; ®) such that there exist associated ({1,},50, X) satisfying

To:=t, XTO =X, CTO:Q, and fori >0,

. Co. T, Xy 1, Z Cq;
Tip1 = inffs > 1,0 X7 = LIYAT;
CoiTiy Xy 1), 2
C=Cp X=X, 15 < Typy;
. G, CopiTis Xojy 1,2
XTH—l = RTiﬁl 1{7i+1 <T} + XT‘ l 1{T1+1=T}' (73)

Here, 1; stands for the quitting time of the i-th agent, and when the agent quits, the principal would hire a new
agent with type C,,. We note that X have jumps at 7.
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Proposition 9. Let Assumptions 1 and 3 hold. Then,

u,(0;t,x) = sup  Ju(t,x,n,Z,C), subjectto Xr=0on{t,=T}, where
n,2, C)EA:;H
n—1

/ [Ih(Cs;sf Zs) — T]S]dS — Zcf,l{TKT} + EO(Tn)1{7n<T} . (74)
t

i=1

]H(t/x/ T]IZI C) = EC’Z

The proof is purely technical and is postponed to the appendix.

6. The General Case with an Arbitrary Number of Quittings
In light of (74), we first introduce the principal’s dynamic value function when there is no constraint on the num-
ber of agent’s quittings: for any 6 € ® and (t,x) € Dy,

Uo(0;t,x)=  sup Jw(tx,1,Z,C), subjectto limrt; =T, Xr_ =0,
(n,z, C)EA;,O;O o

where Jo(t,x,1,Z,0) :=E“%

T )
[ 10@iszo - n s =Y cten | 75)
t i=1

Then, if the principal hires an agent 0 at time t and allows the agent, as well as all future agents, to quit as they
want, the principal’s value at time ¢t will be

VE(O,8):= sup u(0;t,x), VE(t):=supVE(0,1). (76)
RO<x<L, 0<o

Here, VZ (t) will be the principal’s real optimal utility if the agent hires an agent at time t, by hiring the best agent
for her.

We remark that, in general, it may look possible that agents quit too frequently, and there are already infinitely
many agents quitting at some time before T; namely, 7o, = lim;7; < T. However, because of our assumption
f>L A > 0, this can never be the case. Roughly speaking, each new agent is hired with continuation uﬁlity RY, and
the agent will remain in the position until his continuation utility hits the lower barrier L? = R? —¢? <R? — 4.
Then, by the desired regularity of R and LY, it will take a while for the agent to reach the lower barrier. That is, the
time period 7; — 7;_1 during which the i-th agent works for the principal will have a lower bound (in a certain ran-
dom sense); consequently, within a finite horizon [0, T], there can be only finitely many agents Indeed, the follow-
ing result shows that we shall have 7, = T, for n large enough, a.s. for all (,Z,() € let »”, and thus, the constraint
lim;,et; =T in (75) is actually redundant. In particular, there is no self-enforcing contract involved anymore in
(75) or (76). The proof is again postponed to the appendix.

Proposition 10. Let Assumptions 1 and 3 hold. Fix arbitrary 0 € © and (t,x) € Dy.
i. Forany (n,Z,0) € J’Zlff’f with corresponding ({t:};sq, X) defined in (73), we have

P“%(t, < T) < %, Vn>1, and consequently, P“%(t, < T, forall n) = 0. (77)
ii. u, converges to us uniformly: c
|un(0;t,x) — U (0; 1, %) | S (78)
The following result is a direct consequence of Theorem 2 and (78). Define
Too(t) := sup ue(0;t, RY) — cF. 79)
0e©

Proposition 11. Let Assumptions 1 and 3 hold. Then,
i. U is decreasing in x. In particular,

VP (0;t) =uw(0;t,RY), and thus, w.(t)=VE(t)—cl.

il. e is uniformly continuous in Dy, uniformly in 0.
ifi. T is bounded and uniformly continuous on [0, T] with U (T) = —cE.
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iv. Ue(6;t,x) has boundary conditions

um(e; tlzte) = 7CO(T - t)/ Vte [0/ T)/ MDO(GIT - /x) = 0/ Vxe (LQ/ 0)/
Ue(0;t, LY +) 2 To(t),  VEE[O,T). (80)

We now extend Theorem 2(iv).

Theorem 3. The value function {u.(6;-,)}geo is the minimal continuous viscosity solution of the H]B System (43) for all
0 € © with Boundary Conditions (80).

Remark 10. In Theorem 2, the boundary condition 7, is given (recursively), and then, u,(6;-,-) can be solved
through (43) for fixed 6. The situation here is quite different. By (79), the boundary condition i relies on the
solution 1, itself, and it involves all 0. So here, the equations for different 0 are interacting through the boundary
condition, and thus, we are considering an infinite dimensional system of HJB equations.

Proof of Theorem 3. By extending (44) to u, and sending n — oo, it follows from the uniform convergence of u,
that u, satisfies the dynamic programming principle

At 2
w03t )= sup 57| [ [16;1,2,) — n, dr
t

(n, Z)EA,"/X

+ uoo(G; T, Xf;t,.’(, II,Z)].{T<TH;t,x,1],Z} + HOO(TG#,X/ 1’,Z)l{TQ;f,x,q,ZST/T@;f,x,q,Z <T} 7 (81)

for any 0 € ©, (t,x) € Dy, and 7 € 7;. Then, it is straightforward to show that {11.(0;",)}gce is a continuous viscos-
ity solution of the HJB System (43) for all 8 € ® with boundary conditions (80). Thus it remains to prove the mini-
mal property.

Let {u(6;-,)}ge be an arbitrary continuous viscosity solution of the HJB System (43) for all 6 € © with bound-
ary conditions (80). We emphasize that, here, the boundary condition at LY is not 7, but, rather,

u(t) := supu(6; t,Rf}) — cf.
0e®

Fix (6,t,x) and (n,Z,0) eﬂff with corresponding ({t;};so, X) satisfying Xr_ =0. Given #, recall (35), and

introduce
/

Note that u(0;-,) is a viscosity solution to (43) with boundary condition #. Then, by Theorem 1, we see that
i11(6;t,x) < u(6;t,x). Thus, for any (1°,2°) € AY_, we have

t,xs

TH;[,X,I]O,ZO

~ 0

i1(0;t,x):=  sup E%Z
(n°, Z0)e A,

[1"(0;5, 20) — n0lds + w(x%* 7)1 4, 0 0 @] '

20it,x,1°,20
]EQ,ZO

[Ih(Q,‘ s, Zg) _ Ug]ds +ﬁ(TG;t,x,UU/ZU)1{70;f,x,,7o,zo<T}‘| < u(@; t,x).
t

Note that, in general, (n,Z)GEJZlfx, and thus, as above, one cannot set (nO,ZO) =(n,Z). However, following the

arguments in Proposition 9, one can still derive from above that

E%Z { / [1"(6;s,Z5) — mldHWTl)l{nd}} < u(0;1,).
t

Moreover, by the definition of i, we have u(C,,; Tl,R%l) —cP < u(t1) on {11 < T}; then,

B0 [ [ 1005520~ s+ e, R - cfl} Loy ] S u(B;8,3).
t

Similarly, on {77 < T}, we have

C'[l /Z
Es., [

T2 B CT
/ [I"(Ce,;8,Zs) — n,)ds + M(Tz)l{fzd}} <u(Cry ;R

T1
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Then,
T2
E%# {/ [I"(Cs;8, Zs) — n,)ds + 1(T2) 1y <1y — Cfll{nd}] <u(6;t,x).
t

Repeating the arguments we have, for any n > 1,

E&#

Ty n—1
/ [Ih((:s} s,Zs) — T]s]ds + E(Tn)l{f,,<T} - Z Cfﬂ{rxT}] <u(6;t,x).
t

i=1

Send n — oo; by (77), we have

E&4

T )
/ [Ih(CS;s/ ZS) - T]s]ds - Z C5i1{7i<T}] < u(@, t,x).
t i=1

Now by the arbitrariness of (1, Z, {), we prove u«(6;t,x) <u(6;t,x). O

We conclude this section with the following result, which shows that the Principal-Agent Problem (76) is time
consistent in the following sense:

Theorem 4. The Principal-Agent Problem (76) satisfies the following dynamic programming principle: for any 0 € © and
t < T and abbreviating the notation 1 := 04 R\n.Z,

VP (6;1) = sup RS2
(n,Z)eAiR?

H
/ [16;r,Z,) — n,]dr+sup VP (6;7% —¢ 91{Ts<T}]
0e®

VE(#) =sup sup EO*
050 (1,2)¢A!

TG
/ [Ih(Q,' r,Z,) —n,ldr+ Vi(’l’g) — Cfelma}] . (82)
t

Moreover, let (', 2,C") € A 9 with corresponding ({T:}is9, X*) be an optimal control for V¥ (6;t) = uw(0;t,RY); then,
foranyi>1,(n,2",C )|[T 7] remams optimal for the problem V. (CT ;TH).

Proof. Recall Proposition 11(i) and (79). The first line of (82) follows directly from (81) by setting 7 = T, which
implies further the second line of (82). We shall emphasize that (82) involves the term V? (6; 7% R %) not
VP(Q T@th r]Z)

Moreover, if (1", Z*,(") € A" is optimal for VP (60;1), namely,

t, R9
* * T i
VRO =B | [1NGinZ) ~ nilir— 3 1gan|,
t i=1
then 6 = qu is optimal in (82), and (82) becomes
VAl T; * *
Vfo(G, i’) = E@ ,Z |:/ [Ih(Ql T, Z:) - n:]d?’ + Vfo(CT’i;Tl) - C%l{.[?<7"}:| .
t
This implies that

EC*,Z*[V{;(C;;; T’i)] — EQ,Z*

T oo
/ [M(Csr, Zy) — myddr = Cl;;l{r;d}] :
1 i=2

1

On the other hand, by (75), it is clear that, on {7} < T},

o * T
VGt 2 B l i

T

[1(Cir, Z;) = ildr =) cil{f;m] :
i=2

Thus, equality holds a.s. at above. That is, (7*, Z*, )| [z:,T] remains optimal for the problem V¥, (C% ;T7)- Repeat the
arguments; we see that (1", Z*, (") ||, 7} remains optimal for the problem VE(C.;t)on{t; < T}Hforalli>1. O

Remark 11. Theorem 4 shows that the principal’s problem VZ (t) is time consistent at the times 7} when the
agents quit the job. We should note, though, if the principal reconsiders the contract within the time period



Downloaded from informs.org by [132.174.255.3] on 19 November 2025, at 15:28 . For personal use only, al rights reserved.

Zhang and Zhu: A Dynamic Principal-Agent Problem with One-Sided Commitment
2622 Mathematics of Operations Research, 2025, vol. 50, no. 4, pp. 2600-2632, © 2024 INFORMS

(t7,7},4), during which the agent is staying for the job, the principal may find (1, Z*, (") not optimal. However,
because the principal is required to commit to the contract, the principal is not allowed to fire the agent and sign a
better contract during those time periods, so such time inconsistency for the principal is irrelevant in our model.

7. Comparison with the Standard Contracts

In this section, we investigate briefly the standard Principal-Agent Problem (22) with full commitment. In partic-
ular, the agent is not allowed to quit, rather than having no incentive to quit, as in (23). We shall compare the
principal’s optimal values under different settings.

7.1. The Dynamic Value Function for the Standard Principal-Agent Problem
We first introduce the principal’s dynamic value function corresponding to (22):

ug(0;t,x) == sup Jp(6;t,m), 0<t<T,x< ftg. (83)
(n,2)eAY

We then have the following results. Because the proofs are similar, actually easier than those in Sections 3 and 4,
we omit them.

Theorem 5. Let Assumption 1 hold. i
i. Foreach 6 € ® and t < T, u3(6;t,-) is decreasing in x € (—oo, L, |. Consequently,

VyP(0;t) = u3(6;t,RY), provided R < fte“. (84)
ii. Foranyt,t, < Tandx; < ftel <0,x < EZ, we have
13051, 31) — u§ (512, 02)| < C[V/Txt — 2l + /oIt — ) — x|t — 2] | (85)
iii. u3(6;-,-) has boundary conditions
w3 (0;4, L)) = —Co(T—1), Vte[0,T); ul(0;T—,x)=0, Vx<D0. (86)

Moreover, for x — —oo, uy satisfies the following growth condition: for ¥Vt < T, x < fte,

—ColT — 1) < uS(6;1,x) < C\/p(T ) —x(T—1). 87)

iv. u3(0;-,-) is the unique viscosity solution of the following HJB equation with Boundary Conditions (86) and Growth
Conditions (87):

ﬁeu(s)(e)t,x)=0, 0<t< T,ngt@. (38)
Similar to (66) and (67), we now consider the principal-agent problem where the agent is allowed to quit; how-
ever, after seeing n agents quitting, the principal will offer only committed contracts so that the new agent cannot

quit anymore: forn=1,2,...,

e (t) = supuS_,(0;t,RY) —cF;

0cO®
/t

T9;t, n

Ts;t,x,q,Z

S(n-. . 0,7

u,(0;t,x):= sup E
(1],Z)€A2X

V5P (0;1) := sup R4 [/
t

neAy

[Ih(g,. S, ZS) - T]s]dS + ﬁftil(ﬂ[e;t’x, U’Z)I{Ts;t,x,q,z< T}‘| ;

[1"(6;5,Z%"") — 1, ds + ﬁi_l(Te;t”’)l{re;rmn] ,
subject to  V4'(0;t,1) > RY. (89)

Then, Theorem 2 remains true for 5,5, and V5" after obvious modifications. Moreover, for the same function
U in (75), following similar arguments as in Proposition 11, we have

Proposition 12. Under Assumptions 1 and 3, we have |u;, — | < <.
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Remark 12. We may also define a value function u to characterize V}. Denote
=0 , — —
A ={n,2) € Agx (X0 Z > RO set,T), as.); R? :=inf{x: ﬂfx + 0};

up(6;t,x):= sup Jp(6;t,1m), t<T,xe€ [Ef,ff}]. (90)
(n,2)eAy,

Then, one can easily show that 19 < ug, and uy is decreasing in x, and thues, Vg (6;t) = up(6;t, Ee). However, it
seems hard to establish the regularity of 1, and its boundary condition at R". Nevertheless, we have the desired
regularity for VI (6;t) in (26).

7.2. Some Comparisons
In this subsection, we compare the principal’s optimal utilities under different settings. First, recall (24); it is obvi-
ous that

VS'P(Q; t) > Vé’(@; t), and hence, ui(@; t,x) > u,(0;t,x) for all O € O, (t,x) € Dyg.

That is, the principal would endure some loss by providing the agent the incentives to stay in the contract.
We next consider the case that © = {0y} is a singleton; namely, there is only one type of agent in the market, as
in most publications in the literature. Recall Proposition 8.

Proposition 13. Let Assumptions 1 and 3 hold, and © = {6o}. Then, 13, | tieo and V5P | V2 asn — oo,
We again postpone the proof to the appendix.

Remark 13. By Propositions 8 and 13, we see that in the case ® = {6y}, it is most desirable for the principal to
offer committed contracts where the agent is not allowed to quit, and the principal receives the optimal utility
VS’P . However, if the principal cannot force the agent to commit, the principal would still prefer to offer a stan-
dard contract than a self-enforcing one, being aware that the principal might need to hire a new agent if the cur-
rent one quits the job (or improve the contract by a retention offer when the agent threatens to quit).

We should note, though, that, in practice, if the agent is asked to commit to the contract for the whole period,
the agent might ask for a larger individual reservation RP. This will, of course, change our analysis.

We now turn to the case that there are multiple (or even infinitely many) types of agents in the market, which
is one of the main features of our model and is often the case in practice. In this case, the principal may have the
opportunity to choose a cheaper agent when the current one quits the job. If this gain is larger than the costs

¢®,c? induced by the agent’s quitting, namely (again, this is impossible when © = {6y}, as we will see in (A.5)
below in the proof of Proposition 13):

1o(T1) = sup MO(Q)TllRZ) - Cl; > M0(90;T1,R$§’ - Cff),
0@

then the principal may design the contract to induce the agent to quit. The following example shows that this
can, indeed, be the case:

Example 1. Set T=1,© = {6,601} C (0,00), f(6;t,n) = —e™", h(6;t,a) = a? /26, and Rg‘) = Rgl =x0:= —2¢ %, where
Co > 0 is the fixed constant for A”. These determine the value uS(@; 0,x9) and assume, without loss of generality,
that u5(6; 0, x0) > u3(01;0,x0). Set further that ¢ ==, ¢’ =0, and for some constant n > 1,

RY :=[xg+3¢ GRS e Co[1— 1,1 (0);
n

Rtgl = [xo — Tlt]l[ol%)(t) +2 |:x0 — §i| (1 - t)l[%,l](t)
Then, lim;, uf (60;0,x0) = 00, and consequently, when # is large enough, we have

SPin.n) = . . S,P(n.

max Vo''(0;0) = u3(00;0,x0) < uj(60;0,x0) < max V7 (6;0). (91)
Proof. First, it is clear that R% < R < —¢~C0(1— ) =L;" =L,". Note that
0 —C -C -C -C
L/ =[-2¢e""+3e “t]l[o/%)(t) —e [1— t]l[%,l](t) —e ™,

Set
n, = Col[o/%)(t) +[Co—In 3]1[%,1](0, fj = —In(n + 467(:0)-
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Then, one can easily see that (17,0) € ﬂlg(’xﬂ with t%0301.0 =1 and (7},0) € ﬂ?lxo .. Thus,
, s

1

2 1
u1(00;0,x0) >]1(00;0,x0,1,Z) = / [00Zs —n,]ds + g (2>
0

1 1, 1 1 n
>_ = Ml 1) — _ = o ).
= 2C0+M0<61,2,R% ) 2C0+u0<61,2,x0 2),

1 1. 5 ! 1
uo (6152, %0 — = >Jol 61;%,71,Z2 ) = / [In(11 + 4e=<0)]ds = =In(n + 4e~0).
2 2 2 1 2

Therefore,

1 1
u1(60;0,x0) = EIH(TI +4€7C0) — ECO — 00, as n-—oo. [

Remark 14. In Example 1, the agent 0; becomes cheaper when time t evolves (before 1). Whereas it is desirable
for the principal to hire agent 0 at initial time 0, it becomes obvious that at a later time, agent 0, is more desir-
able. Because, in our model, the principal is not allowed to fire the agent 0, the principal may design the contract
to induce the agent 0y to quit. This will provide the principal the opportunity to hire the cheaper agent 0; at a
later time and obtain a larger utility.

8. Summary

In this paper, we study a principal-agent problem with moral hazard in a finite time horizon where only the prin-
cipal is committed to the contract, but the agent is allowed to quit. Instead of offering self-enforcing contracts,
the principal allows the agent to quit. When the current agent quits the job, both the principal and the agent
would incur some costs, and the principal would hire a new agent, satisfying the agent’s individual rationality
constraint at that time. One feature of our model is that there is a family of agents with different types in the mar-
ket. However, unlike the third-best case with adverse selection, here, the principal knows the types of agents,
and at any time, the principal hires only one agent.

The principal’s optimal utility is a function of the agent’s continuation utility, which is continuous in the inte-
rior of the domain but could be discontinuous at the boundary. Mathematically, our main goal is to characterize
the principal’s dynamic optimal utility function through a system of HJB equations, parameterized by the agent’s
type. Our results verify that the self-enforcing contracts can only be suboptimal for the principal. That is, it is not
desirable or, say, too expensive for the principal to disincentivize the agent from quitting. It is somewhat surpris-
ing, though, that in some markets, the standard optimal contract for committed agents may also be suboptimal.
That is, the principal may prefer the agent to quit so that the principal can hire a cheaper agent from the market.
In this case, the principal would design the contract to induce the current agent to quit. This is mainly because of
the presence of various types of agents. Moreover, by assuming a uniform lower bound of the agent’s quitting
cost, the agents won’t quit too frequently, and the principal will only see finitely many quittings, which is consis-
tent with common practice. We would also like to mention that the principal’s problem is time consistent in the
sense that the optimal contract remains optimal at any optimal quitting time of the agents.

We should note that for technical reasons, in this paper, each agent’s dynamic individual rationality is given
exogenously and is deterministic. It will be very interesting to provide endogenous models for this individual
rationality through the agent’s past performance and/or multiple principals’ competition. Another interesting
problem is that the principal can also fire the agent, and thus, it becomes a Dynkin game problem mixed with
stochastic controls. We shall leave these important issues to future research.
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Appendix. Proofs Not Presented in the Main Text
In this appendix, we present the postponed technical proofs.

Proof of Lemma 1. Denote (Y, Z) := (Y%",Z8") for notational simplicity. Note that

T T
Y, = / [£(6;5,1) + H(O;s,Z5)]ds — / ZsdBY%.
t t
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Then, by (17),
L} —Y, =B} [ / T[[fw; 5,Co) — f(6;5,n,)] — H(6;5,Z,)]ds .
Because n<Cp and d,f > 1/A, and by (12), we have
£(6;5,Co) —f(0;5,1,) > Aio(cO -1)>0; —H(0;s,Z) > % 1Zs)* > 0.
Then,

EfZ {/T|Zs|2ds} <CEY* |:/T[_I:I(9,'S, Zs)} ds]gc[ft@ ~Y,:
! t
oz [* oz [T »
By [/t [Co— ns]d5:| <CE} Ut [£(6;s,Co) —f(G;s,r)s)]ds} <C[L? - vil.

Moreover, by (12), we have |1, I*<C[1 —f(6;5,1,)]. Then,

T T
EYZ { / I, |2ds] <CE{* { / [1-£(6;s, ns)]ds}
¢ ¢
T
<CE%* { / [1-£(0;s,n,) — H(Q;S,Zs)]ds} =C[T-t-Y,]. O
¢
Proof of Proposition 2. Without loss of generality, we estimate only |V5(0;0) — VE(0;06)| for 6<T.

Step 1. Let n € A" = A satisfy the constraint in (23), and simplify the notation (Y, Z) := (Y1, Z%1). Clearly, Mo, 1) also satis-
fies the constraint in (25) with t = §; then,

T
Eggf{ /b [Ih(G;s,Zs)—ns]ds}svg(e;é), a.s.

Thus, by (12) and (19),

o
Jp(6;0,1n) — V§(6;6)<E%Z { / [1"(6;s,Zs) — ns]dS}
0

<E%Z M(S[ng + |ns|]ds] sCVE(IEQ'Z [/OT[|ZS|2+ |qs|2]dsD

<CVB(L] — Yo+ T — Yo <CVO(L{ + T — 2ROV <CVb.

2

Because 1 is arbitrary, we obtain V5(6;0) — V1 (0;6)<CVo.
Step 2. Let 1) € A satisfies the constraint in (25). It suffices to prove

Jp(0;6,m) = V5(0;0)<Cy/p(6)- (A1)
Then, by the arbitrariness of 7, we obtain V5(6;06) — VI (6;0)<C\/p().
Denote 6" := p(8) + Agd and (Y, Z) := (Y?1,Z91). We prove (A.1) in two cases.
Case 1. Y, > L. — &'. Then, by (12), (19), and (24),
T
(@0 =27 | [ 1165, 2~ .1 |
5

T
<E%? M [C|Zs] + Co— ns]ds] —Co(T—-0)

<C\LY = Ys+ L7 — Ys] + VE(0;0) + Cob

<C[V& + 6]+ VE(0;0) + Cod < VE(6;0) + C/ p(0).
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Case2. Y, < Efj — ¢'. Construct
Toi=inf(s>6: Y, =L. —6'}<T, s€[5,T],
12 = Colio,5)(8) + 1,115, ,)(8) + Colie,, 71(5)-
It is clear that n° € A”. Denote (Y°,Z°) := (Y%7, Z%""). One can easily verify that
¢ ’ -0
(YS/Z;) = (YS +0 /Zs)l[é,ro](s) + (Ls /0)1(TO,T] (S)/ S€ [6/ T]

In particular, Yo > Y, > Rf for s € [t,T]. Moreover, for s € [0,5], we have

o o
Yo=Y)+ / [f(0;5,1°) + H(O;s,Z°)]ds — / Z2dBs.
t t

Because ne Aj is IFBO—progressively measurable, then Y; is deterministic, and hence, so is Y?. This implies Z% =0 for
s € [0,5]. Therefore, by (7) and the regularity of RY,

Yo=Y+ /6f(9; r,Co)dr > YS — Agd = Y5+ p(8) > RE + p(6) > RY, s€]0,5].
s
That is, 1 satisfies the constraints in (23). Then,
Jp(6;6,1) — V{(6;0)<]p(0;06,1) — Jp(6;0,1°)
=E%? [/OT[I’Z(G;S,ZS) - ns]ds} ~E%Z M [I"(0;s, Zs) — n,Jds + Co[T — 75 — 5]} :

Because Z° = Z on [0, 5], then P92 = PZ on _7-"‘20. Thus, by (19),

Jp(6;6,1) = V§(6;0)

T
<E%? U [1(6;s,Zs) + Co — r]s]ds} <E%?

J Ty

T
/ [CIZ.| +Co— ns]ds}

< CEOZ [\ JI) — Y, +I0 - YTD} =C[V& +6'1<C\/p(®). O

To prove Proposition 3, we shall first prove Lemma 2.

Proof of Lemma 2. (i) Recall (32), and fix n > 1 sufficiently large. Clearly, 1" is bounded from below, and aylf > 0 implies
n"<Co; thus, n" € Af. Denote

XY ::x—/f(e;r,nf)dr:x—/ [f(@;r,Co)—n]drzx—ff+ff+n(s—t)
t t

for s € [t,t+¢&,]. TBeen, it is clear that X7 < ESO for se [t,ti—esn), and &7}, = Zﬁs”. Because 1! = Cy for s >t +¢,, this implies
further that X7 =L_ for s € [t +¢&,,T]. In particular, X7 = Ly =0, and thus, (1",0) € ﬂfx.

Moreover, for s € [t,f + €,], by (12) and (7), we have
In"1><C[1—£(6;5,1")] = C[1 —£(0;5,Co) + n] <C[1 + Ag + n] <Chn.
Then,
C() C 0

S

T t+e, t+e,
C—g’ds:/ C—stg/ Co + [ |]ds<
[ tCo—mds= [ ico - s [ 1o+ Inziiass |

— X).

This verifies (31) immediately by choosing # large enough.
(ii) For s € [t,t + ¢,], by (7) and Assumption 3(iii), we have, whenever n > A,

S
X:—L§>L?—/ [f(0;r,Co) = nldr — LI > n(s — ) — |L{ — L{| > 0.
t

Oit, x

Moreover, for s € (t+¢&,,T], we have A" = fs@ > LY. So (x",0,0) satisfies RBSDE (29) with n", and thus, %1 =T. O
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Proof of Proposition 3. (i) First, for fixed 7 € 7}, the agent’s optimal effort can be solved through a BSDE:

T T
YO = L9 gy + / [f(6;r,n,) + H(6;r, 28" ") |dr — / Z94 7 dB,. (A2)
S S
Similar to Proposition 1, we see that V{(0;t,n) = supTE?ZYte;t’77'T, and once 7 is given, the agent’s optimal effort is a* =
1"(0;5,Z%"7) on [t,7]. Then, it follows from the standard RBSDE theory that ACARNE Yf;t’” and 797 is the smallest
optimal stopping time. Notice further that Kf =0 for t<s<tO"; then, (29) coincides with (A.2) on [t,7%"]. Thus,
Akl :Z?"”’TW'", and s € [t,7%1]. Because LY1(,.1} is bounded, by (A.2), we see that Z%"* Eﬂf‘ (see, e.g., Zhang [41,
chapter 7]), and hence, a%1 =I1"(6;s, Z%" )1}, 01,1 € AL,
(ii) First, by definition, Ytgm > L?. Next, because s LY, then (ZQ,O, 0) is the unique solution of the RBSDE (29) with
n=Co, and thus, it follows from the comparison principle of RBSDEs that Yte;t,qut@. On the other hand, for any
x€(LY,L}), by Lemma 2, we see that 1%~ € A7 and x = Yo" Moreover, x = L?; from the arguments in Lemma 2, we

0it,x

. 4 nOit,x
can easily see that we still have x = Yf’t’" . However, in this case, YSQ LN Lf holds only for s € (t, T]. Then, we obtain

the claimed equality. O

Proof of Lemma 3. First, by Proposition 2 and Assumption 3, clearly, #(t) is uniformly continuous in [0,T) and hence
on [0,T]. Next, for any t < T and (1,Z) € JZISR?, by (19), we have

Ip(03t, )| < EOZ [ /t'T[C|zs| + |ns|]ds} <CVT—i (EQ'Z { i iz + |ns|2]dsD

<CVT—HL} —R?+T—t— RO,

1
2

Then,
|VE(0;£)| <CVT — KL, —RY +T —t — RO,
This implies 7 is bounded, and lim7|o(t)| =0. O
Proof of Lemma 4. Denote
(ﬂ’ Z) = (He;t,xl Z@;f,x), X = X@;t,x,Co,l’ 7= T@;t,x,COJ, 7= Te;t,x,ﬂa;r,xrzs;z,;.

By Lemma 2, one can easily verify that (1,Z) € ﬂf ¢ and T = Tljer,) + T1ges1y). Then,

ﬁO(t) - ]1(6/ t/ X, 1, Z) = ﬁO(t) - ]EG,I[EO(T)]'{Tgﬁ} + I{Tga}/ |:Ih(6; S, 1) - Co]ds
- t

s T
+1{T>m[ /t ["(6;s,1) — Colds — /T nS’T"’XT"dsH.
o

Note that t<T»s; then, {7 > Ts} C {t >t +0}. Then, by considering the two cases {t<f+06} and {7 > f+0}, it follows from
(31) and Lemma 3 that

wo(t) — J1(0;t,x,1, Z) < py(6) + 6 + CP¥! (T > £ +0)

<Cp, () + P! (tslgé[xs ~LI> 0)
= Cpy(6) + P! (;256 {x — [[f(@; r,Co) +H(0;r,1)]dr + [BY' — B}""] —;5] > 0)_
Note that
—/ts[f(e;r,Co) +H(0;r,1)]dr<C5, x—L9=x—-LI+LY —LI<6+ Ayo.
Thus,

o(t) - 11(63t,x,17,2)< Cpy(6) + B! (

<Cpy(8) + CV6<Cpy(5). O

: 01 _ pb17o _
nf [BY — B > C5)
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Proof of Proposition 9. The result is trivial when n = 1. We shall prove (74) only for n = 2. The general case, n > 2, can
be proved following similar but slightly more involved arguments. Let ii>(6;¢,x); denote the right side of the first line in
(74) with n = 2.

Step 1. We first prove ii,(6; f,x) <u,(6;t,x). For any (1, Z, {) satisfying the required properties in (74), and for any 6 > 0 small,
denote

9;T1/\TD XH;I,M],Z

(TISIZS) = (T]S/ Zs)l[f,’n /\To)(s) + (T]s Tt ’ 0)1[11 /\TO,T)(S);

. Cr
iy ;TI,RTI] Mz
Coy AT, X

(Uirzg) = (nsrzs)l[rl,’rz /\Tb)(s) + (ns

N Ty

’ O)l[TzATo,T)(S)r on {Tl ST@}.

Then,
0 ~0 6 o . b, Z0 .
n°,2°% e ﬂt,x' T = O, 2% = T11r,eryy + Tz 51405
171 G o G RO L2 _
(n',z"YyeA™ . Tg i= gl TRy = Tolir,ry) + T1r,515), ON {t1<Ts}.

Cop 7
1
T1/R11

Thus, by (66),

- .T?
MZ(Q; t/ x) > ]EG’ZO / [Ih(el S, Zg) - Ug]ds + H1 (Tl)l{'[lgo}:|
Jt

7
[
>0 / [Ih(e;s,ZS>—n2]ds+[ul(cnm,RT;)—ci]l{nqb}}
t

T()
> o7 / 11(0;5,2°) — 10)ds
t

]
A Y _
+ (Enl |:/ [I} ©;s, Zi) - U}]ds + Mo(’fz)lmsm] - Cfl) 1{T1£T0}:|

T1

= |7

1{1251"0} I:/t [Ih(CS;SI Zs) - T}S]dS - C{; +MO(T2):|

_ (€
e ;TI,RT]l nZ

-Ts T .
. T To Xy, v
+ Liri<ty<ns) [I"(Cs;8,Zs) —nJds — [ s ds —c,
t

o

Ts : T G;TD,X?”’X’”’Z
+ 1{11>Ta} / [I (CS;S/ Zs) - 7]s]ds - 7]5 ? dS .
t JTs
This implies that
Ja(t,x,1,Z,C) — u2(6;t, x)

)
<E“* 1{rz>m/ (I"(Cs5, Zs) — n,lds + o(T2) 1 {1y <ey<1y — €5 LiTy<ry<T)

o

(€3
Cop R 0,2 ;
TocoiTox,, T o, X
(
+ 1{11§T5<12} 1s ds + 1{71>T6} 1s ds
Ts Ts

<E“?

7
Liz,51y) / (I"(Cs5, Zs) — n,ds + o(T2) 1 {1y <y <1y — Co, LiTy<rr<T)
Ts

+ C05

1{T1§b<72} + 1{71>To}:|:| :

Send 6 — 0; we obtain J»(t,x,1, Z, 0) <u,(6;t,x). Because (1, Z, C) are arbitrary, we have ii»(6;t,x) <u»(6;t,x).
Step 2. We next show that u,(0;t,x) <ii»(6;t,x). Let p be a generic modulus of continuity function. Fix a small 6 > 0. First, by
(66), there exists (°,2°) € ﬂf . such that

To
us(6;t,x) <EO?’ {/ [1(6;5,20) — n°1ds + w1 (o)1 (zyery | +0,
t



Downloaded from informs.org by [132.174.255.3] on 19 November 2025, at 15:28 . For personal use only, al rights reserved.

Zhang and Zhu: A Dynamic Principal-Agent Problem with One-Sided Commitment
Mathematics of Operations Research, 2025, vol. 50, no. 4, pp. 2600-2632, © 2024 INFORMS 2629

where 1 := 1012 Let t=ty<--<t, =T be a partition of [t,T] such that t, 1 =Ts and t; —t;_1<6,i=1,...,n—1. Now,
fixani=1,...,n—1. Choose 0; such that

() <u1(6;; tilR['gl) - Cl; +90.

Denote x; := infy_gq R}’ Because RY — L =cf > L, by the uniform regularity of R{, we have x; > L{ + A¢d for t; 1<t<t;
provided 6 is small enough. Let (1, Z") € }7\2 ', be such that, denoting t; := ¢0#x:1. 2,

u1 (033, x;) <EOZ { (I"(65;5,Z}) — n'1ds + uo(T:) 1 <1y | +0-
ti
Denote, on {t; 1 < To<t;},

0
0i;70, Ry, Co,

L
X=Xy

0 f
=Rf{”—/ f(6i;5,Co)ds.
70

We shall note that x] is rar_@om here, and it is obvious that 0<x] —x;<p(6). Following the arguments in Proposition 5,
Step 1, we can construct (7', Z) € ﬂlf’  such that

Ti
E%Z { / (105, Z) — nlds + ﬁo(ri)l{mn}

t;
<E%? { [ 1 @is 7~ s + ﬁom)l{i,m] +p)
t;

where %; := 70t:%1.Z  and i’ has a lower bound. Now, extend (ﬁi,zi) to [1o, T] with (ﬁi,zi) =(Cy,0) on [7y,t;]. Note that,

- 0i;t0,RY? ,Co,0 ~i S . O migl

for 6 > 0 small enough, X AN Lf, 70 <s<t;. Then, we have (nl,Zz) e Al KO and %" Ro T2 =7, and thus, we can
To, e,

easily check that, again, on {t;_1 < 1o<t;}, 0 %0

EOZ { 1055, 70) — i ds + %(n)l{f,a}]

ti
5i Ti ~i .
<e? | [ 1055 Z) - s+ s | + 90O
To
We now define
(775/ ZS/ Cs) = (772/ ng 9)1[t, To /\T‘s](s) + 1[’[0 ATs, T (S)
n—1 i G;TO,XUJ,X,Y]O,ZO
. [Z(nl’ le 61')1{1‘171003‘:} + (775 " /0, 6)1{70>tn—1} :
=1

Recall Remark 4, and because the above expression involves only finitely many 7', the above 1 has a uniform lower
bound, and then, one can verify that (1,Z,() € ./’4;’3,9 and

up(6;1,x)<Jo(t,x,1n,Z,C) + p(0) <ii»(6;t,x) + p(9).
Send 6 — 0; we obtain uy(6;t,x)<i1(6;t,x). O

Proof of Proposition 10. (i) Note that, for each i > 1, on {7; < T}, we have

[
La, 1{T1+1<T} + XT*]‘{THIZT} =X

Ti+1—

C Ti+1

Ce; Co 2
= RT;[’ — i

[F(Cois,m,) + H(Cois, Zo)Ms + / " 7.8

Ti
. 1 Ti+1 t.,Z
>Lg +—+/ Z,dB;".
AO T
Then,

C., c .. 1
ES ALty Le <1y + AT Vg, =150y ] 2 ES7 HLL’ + /\_o] 1{r,<T}] ,
and thus, noting that L and X" are uniformly bounded,
1 - Ce
A_OIPCJZ(TZ' < T)SEC,Z[LT[J:11{’[,+1<T} - L7111{1,<T} + XT71{1,+1=T>7,}]

C C'r
<E““[A[Tis1 — Tillgery + [X1— — L7 g 2150y]

SCEc'Z[TiH — T+ 1{T[+1=T>T,-}]'
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Take summation over i; we have

n

B 1 & noo
o PS(t, < T)SE;]P’Q’Z(T,- <T)SCY E“?[tisg — T + Ly =1or) ) <C.

i=1

This implies (77) immediately.

(ii) Step 1. First, for any (1, Z,() € }7\;";9 asin (74) and 6 > 0 small, construct

Co
0 R

L5z Ca iRy
72 =t ATy, (1,2,0:=(n2 C)sl[o,f;j)(s) +(s "0, Cr;’,)l[rﬁ,T)(S)' (A3)

Then, clearly, (ﬁ,Z, Z) € .54;‘}9 satisfies the constraints in (75), with corresponding 7; = 7; on {7;<Ts} for i<n, and 7; = T other-
wise. Then,

]n(t,x,T],Z,C) - Moo(e;tlz)g]n(t/x/n/Z/C) _]N(t/xlﬁlzlz)

C
ol e T CT?‘;T‘:‘,R‘;?’
=E% /$ [1"(Cs;8,Zs) — 1 ]ds + }775 " ds
T Ty

n
_ZCI;I{T5<T,‘<T} +sup V{(0; Tn)lmd}]
i=1 0

<E“?

/ Ty, Ze) — n)ds + Co(T — 0) + aw}} .

Send 6 — 0; one can easily see that
. .z C,Z c
Ju(t,x,1,Z,0) — ue(6;1,2) SE“*[Co(T — 7) + Clyr, 1y | <CPY*(1,, < T)SH'

and thus, 1,(0;t,x) — u(0;t,z)<C/n. o
Step 2. On the other hand, for any (1, Z,C) € _/’4?;(6 satisfying the constraints in (75), again let (7], Z, C) be constructed by (A.3).
Then, (7,Z,0) € }7\;0);9 satisfies the constraints in (74) with 7; = t; on {7;<Ts}, i =0,...,n. Thus, by (31),

]Do(t/x/nlzlc) - uﬂ(e;t/x)slm(tlx/nlzlc) _]”(t/x’ﬁlzlz)

T Cft’,”Z’Rigg
/) [I (Css8,Zs) — 1, + 1 " }ds
T

¢
n

—E&Z

n [es]
—Zcil{nqgn - Z % 1r,cry — sup V{ (6; Tu)lmd}]
i=1

i=n+1 0

<E“?

T
[ 1€1z.1+ Co=n.Jis+ oty en

<CE“*

Lo _Cs
T X+ @ X73>+1m<n]

< —C
<CP“%(1, < T) + CE“? {1{“4} \/ 5(L‘;:° —Xr,) + (L7 — X, )} ,

where the third inequality is thanks to (20). Send 6 — 0, and note that X'r_ = 0; we have
Jolt 20,2,0) — (04,2 SCB (1, <)<
This implies 1a(6;1,%) — u,(6;t,2)<S, and hence, |1,(6;t,%) — u(0;t,2)| <E. O
Proof of Proposition 13. We first show that
uf(@o;t, x)SMS(GO; t, x). (A4)

This, together with (89) and Proposition 12, implies recursively 15 | u. and V¥ | VP,
Indeed, in this case, by (89), we have

1
uf(@o; t,x)= sup E%Z [/ [I"(60;s, Zs) —n,lds + [ug(Qo;Tl,Rff) — cfl]l{ﬁd} .
(n,2)eA, !
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On the other hand, similar to (44), uj satisfies the dynamic programming principle

T1
us(0p;t,x)= sup E%Z [/ [I"(60;s,Z) —n,)ds + u3(Oo; TlrL??)1{11<T} .
(n,2)eA !

Note that R% > R% — % = L% and uy is decreasing in x; then,
1 T1 T1 1
Sin.. 0 P _.Sn.. )
uy(0o; 11, RYY) — ¢, <ug(0o; 11, L7Y), (A.5)

which implies (A.4) immediately, where the loss is because of the costs ¢ and ¢f. O

Endnotes

1 We should emphasize that the time inconsistency is not because of the randomness or asymmetric information: even the first-best contract
in a deterministic setting is typically time inconsistent. Indeed, the optimal contract over period [t, T] should naturally depend on the IR con-
straint at £, which is not involved at all for the problem over [0,T], and thus, the optimal contracts over different periods typically do not
agree. This exogenously given dynamic IR constraint is the main source of the time inconsistency. In fact, as we see in Cvitani¢ et al. [7, 8]
and Sannikov [31], one may choose the (random) IR constraint carefully so as to make the problem time consistent. However, there is no rea-
son to expect this mathematically chosen IR constraint would match the real market values of the agent, and thus, the problem, in reality, is
typically time inconsistent.

21t is called nonlapsing constraint in Gottlieb and Zhang [12], and the so-called front-loading constraint is also studied there.
3 In Capponi and Frei [4], the agent chooses a density function for a certain stopping time, not the stopping time itself.

4 Let’s consider an extreme case: the IR constraint is a real number at t = 0 but is —co at t > 0. Then, the standard optimal contract over [0, T]
is self-enforcing. However, it may not be optimal over [t, T] for t > 0, which has no IR constraint now. We should point out, though, that in
this case, the desire for renegotiation is from the principal. When the principal is committed to the contract, as we assume in this paper, then
this time inconsistency is irrelevant.

5 Some other principals may still prefer agent 0 at time t, and that’s why R? could remain high in the market. But we do not model competi-
tion among principals in this paper. We refer again to Ai et al. [2] and Krueger and Uhlig [22] for endogenous models for RY. Tt will be very
interesting to combine our work with those models, and we shall leave this for future research.

8 1In this work. both the principal and the agent have time-inconsistent preferences, and they consider certain optimal renegotiation-proof
contracts.

References
[1] AiH, Li R (2015) Investment and CEO compensation under limited commitment. J. Financial Econom. 116(3):452-472.
[2] Ai H, Kiku D, Li R, Tong J (2021) A unified model of firm dynamics with limited commitment and assortative matching. J. Finance
76(1):317-356.
[3] Balbus L, Reffett K, Wozny L (2022) Time-consistent equilibria in dynamic models with recursive payoffs and behavioral discounting. J.
Econom. Theory 104:105493.
[4] Capponi A, Frei C (2015) Dynamic contracting: Accidents lead to nonlinear contracts. SIAM J. Financial Math. 6(1):959-983.
[5] Cetemen D, Feng FZ, Urgun C (2023) Renegotiation and dynamic inconsistency: Contracting with non-exponential discounting. J.
Econom. Theory 208:105606.
6] Cvitani¢ J, Zhang J (2012) Contract Theory in Continuous-Time Models (Springer-Verlag, Berlin, Heidelberg).
7] Cvitani¢ ], Possamai D, Touzi N (2017) Moral hazard in dynamic risk management. Management Sci. 63(10):3328-3346.
8] Cvitani¢ J, Possamai D, Touzi N (2018) Dynamic programming approach to principal-agent problems. Finance Stochastics 22(1):1-37.
9] Cvitani¢ J, Wan X, Zhang J (2009) Optimal compensation with hidden action and lump-sum payment in a continuous-time model. Appl.
Math. Optim. 59(1):99-146.
[10] Djehiche B, Helgesson P (2015) The principal-agent problem with time inconsistent utility functions. Preprint, submitted March 18,
https: //arxiv.org/abs/1503.05416.
[11] Farrell J, Maskin E (1989) Renegotiation in repeated games. Games Econom. Behav. 1:327-360.
[12] Gottlieb D, Zhang X (2021) Long-term contracting with time-inconsistent agents. Econometrica 89(2):793-824.
[13] Grochulski B, Zhang Y (2011) Optimal risk sharing and borrowing constraints in a continuous-time model with limited commitment. J.
Econom. Theory 146(6):2356-2388.
[14] Hajjej I, Hillairet C, Mnif M (2022) Optimal stopping contract for public private partnerships under moral hazard. Frontiers Math. Finance
1(4):539-573.
[15] Harris M, Holmstrom B (1982) A theory of wage dynamics. Rev. Econom. Stud. 49:315-333.
[16] He X, Tan X, Zou ] (2023) An exit contract optimization problem. ESAIM Control Optim. Calculus Variations 29:82.
[17] Hernandez C, Possamai D (2023) Time-inconsistent contract theory. Math. Finance 34(3):1022-1085.
[18] Holmstrém B, Milgrom P (1987) Aggregation and linearity in the provision of intertemporal incentives. Econometrica 55:303-328.
[19] Hu K, Ren Z, Yang J (2023) Principal-agent problem with multiple principals. Stochastics 95(5):878-905.
[20] Jeon J, Koo HK, Park K (2022) Optimal finite horizon contract with limited commitment. Math. Financial Econom. 16:267-315.
[21] Karaivanov AK, Martin FM (2018) Markov-perfect risk sharing, moral hazard and limited commitment. J. Econom. Dynam. Control
94:1-23.
[22] Krueger D, Uhlig H (2006) Competitive risk sharing contracts with one-sided commitment. ]. Monetary Econom. 53:1661-1691.
[23] Li H, Mu C, Yang ] (2016) Optimal contract theory with time-inconsistent preferences. Econ. Model. 52:519-530.
[24] Lin Y, Ren Z, Touzi N, Yang J (2022) Random horizon principal-agent problems. SIAM ]. Control Optim. 60(1):355-384.

[
[
[
[


https://arxiv.org/abs/1503.05416

Downloaded from informs.org by [132.174.255.3] on 19 November 2025, at 15:28 . For personal use only, al rights reserved.

Zhang and Zhu: A Dynamic Principal-Agent Problem with One-Sided Commitment
2632 Mathematics of Operations Research, 2025, vol. 50, no. 4, pp. 2600-2632, © 2024 INFORMS

[25] Liu B, Mu C, Yang ] (2017) Dynamic agency and investment theory with time-inconsistent preferences. Finance Res. Lett. 20:88-95.

[26] Ma ], Yong ] (1995) Solvability of forward-backward SDEs and the nodal set of Hamilton-Jacobi-Bellman equations. Chinese Ann. Math.
Ser. B 16B(3):279-298.

[27] Miao ], Zhang Y (2015) A duality approach to continuous-time contracting problems with limited commitment. ]. Econom. Theory
159:929-988.

[28] Niu Y, Yang ], Zou Z (2020) Robust contracts with one-sided commitment. J. Econom. Dynam. Control 117:103942.

[29] Phelan C (1995) Repeated moral hazard and one-sided commitment. J. Econom. Theory 66:488-506.

[30] Ray D (2002) The time structure of self-enforcing agreements. Econometrica 70(2):547-582.

[31] Sannikov Y (2008) A continuous-time version of the principal-agent problem. Rev. Econom. Stud. 75:957-984.

[32] Schattler H, Sung ] (1993) The first-order approach to the continuous-time principal-agent problem with exponential utility. J. Econom.
Theory 61(2):331-371.

[33] Strotz RH (1955) Myopia and inconsistency in dynamic utility maximization. Rev. Econom. Stud. 23:165-180.

[34] Strulovici B (2022) Renegotiation-proof contracts with persistent states. Working paper, Northwestern University, Evanston, IL.

[35] Sung ] (1995) Linearity with project selection and controllable diffusion rate in continuous-time principal-agent problems. RAND ].
Econom. 26(4):720-743.

[36] Sung J (1997) Corporate insurance and managerial incentives. J. Econom. Theory 74(2):297-332.

[37] Thomas ], Worrall T (1988) Self-enforcing wage contracts. Rev. Econom. Stud. 55:541-554.

[38] Wang Y, Huang W, Liu B, Zhang X (2020) Optimal effort in the principal-agent problem with time-inconsistent preferences. North Amer
J. Econom. Finance 52:100909.

[39] Yilmaz M (2013) Repeated moral hazard with a time-inconsistent agent. J. Econom. Behav. Organ. 95:70-89.

[40] Zhang Y (2013) Characterization of a risk sharing contract with one-sided commitment. J. Econom. Dynam. Control 37:794-809.

[41] Zhang J (2017) Backward Stochastic Differential Equations: From Linear to Fully Nonlinear Theory (Springer, New York).



	A Dynamic Principal-Agent Problem with One-Sided Commitment
	Introduction
	Our Model and Self-Enforcing Contracts
	The Case with at Most One Quitting
	The Dynamic Value Function u1
	The Case with at Most n Quittings
	The General Case with an Arbitrary Number of Quittings
	Comparison with the Standard Contracts
	Summary




