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Abstract

In this paper we investigate a path dependent optimal control problem on the process

space with both drift and volatility controls, with possibly degenerate volatility. The dy-

namic value function is characterized by a fully nonlinear second order path dependent

HJB equation on the process space, which is by nature infinite dimensional. In particu-

lar, our model covers mean field control problems with common noise as a special case.

We shall introduce a new notion of viscosity solutions and establish both the existence

and the comparison principle, under merely Lipschitz/Hölder continuity assumptions.

The main feature of our notion is that, besides the standard smooth part, the test func-

tion consists of an extra singular component which allows us to handle the second order

derivatives of the smooth test functions without invoking the Crandall-Ishii lemma. We

shall use the doubling variable arguments, combined with the Ekeland-Borwein-Preiss

variational principle in order to overcome the noncompactness of the state space. A

smooth gauge-type function on the path space is crucial for our estimates.
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1 Introduction

In this paper we consider a stochastic control problem whose data rely on the whole un-

derlying state process X, namely on the mapping X : [0, T ] × Ω → Rd rather than on the

paths X(ω) for each ω ∈ Ω. Consequently, its dynamic value function satisfies an infinite

dimensional HJB equation on the space of processes X. This setting in particular covers

mean field control problems, which are law invariant in terms of the state process. In the

state dependent case, the idea of lifting probability measures to random variables is due to

Lions [55]. Our framework is very general and has the following features:

• We allow for path dependence and thus our HJB equation is path dependent. For

finite dimensional path dependent PDEs, we refer to a series of works by the authors

and their collaborators: [35, 36, 37, 60, 68], and the references therein. We also

refer to Wu-Zhang [66] and Cosso-Gozzi-Kharroubi-Pham-Rosestolato [26] for path

dependent mean field control problems.

• We consider both the drift and volatility controls, with possibly degenerate volatili-

ties. Consequently, besides infinite dimensionality, our HJB equation is a fully non-

linear degenerate second order PDE. There have been interesting attempts for mean

field control problems with volatility controls, see e.g. Cosso-Gozzi-Kharroubi-Pham-

Rosestolato [27], Cheung-Tai-Qiu [23], and Bayraktar-Ekren-Zhang [6].

• Our model covers mean field control problems with common noise as a special case.

We note that [6, 23], Gangbo-Mayorga-Swiech [42], Mayorga-Swiech [57], and Daudin-

Jackson-Seeger [33] also considered common noise. Moreover, in the contexts of mean

field games, Ahuja-Ren-Yang [1] and Cardaliaguet-Souganidis [18] employed the lifting

idea to study common noise.

• We allow the problem to depend on the joint law of the state process and the control

process. This is in the spirit of mean field games of controls (which were called

extended mean field games in the early stage), see e.g. Gomes-Voskanyan [46].

Initiated independently by Caines-Huang-Malhame [15] and Lasry-Lions [50], the theory of

mean field games and mean field controls has received extremely strong attention in the

literature. We refer to Lions’s lecture [55], the books Bensoussan-Frehe-Yam [7], Carmona-

Delarue [20, 21], Cardaliaguet-Porretta [17], and the references therein for a general expo-

sition of the theory. One popular approach in the literature is to consider PDEs on the

Wasserstein space of probability measures. We should note that the master equations for
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mean field games have quite different nature than the HJB equations for mean field controls.

In this paper we address the latter equations and our main focus is the comparison principle

for viscosity solutions, while for mean field game master equations even classical solutions

typically violate the comparison principle.

Partially due to its infinite dimensionality, such an HJB equation can rarely have a clas-

sical solution. In recent years there have been serious efforts on viscosity solutions for HJB

equations arising from mean field control problems. We shall provide a literature review in

the end of this introduction. Our goal of this paper is to propose an appropriate notion of

viscosity solutions and show that the dynamic value function of our control problem is the

unique viscosity solution of the HJB equation. In particular, we shall establish the compar-

ison principle for viscosity solutions under merely Lipschitz/Hölder continuity assumptions,

by using the doubling variable arguments. Our results also imply the wellposedness of the

second order HJB equation on the Wasserstein space of probability measures induced from

mean field control problems with common noise. To the best of our knowledge, even in the

mean field control framework, our model is most general, covering most models studied in

the literature, and our technical conditions are the weakest.

Notice that a notion of viscosity solutions is essentially determined by the set of test

functions one chooses. In particular, the proof of the comparison principle relies heavily on

this choice of test functions. Inspired by the viscosity solution theory for PDEs in infinite

dimensions, see, e.g., Crandall-Lions [31, Definition 2.1], Li-Yong [51, Chapter 6 Definition

3.1], and Fabbri-Gozzi-Swiech [38, Definitions 3.32 & 3.35], as well as the viscosity solution

theory for PDEs with discontinuous time-dependence, see, e.g., Ishii [47], Lions-Perthame

[56], and Nunziante [58, 59], our test functions take the form

φ+ ϕ, (1.1)

where the first part φ is smooth (in appropriate sense) and thus is standard; and the extra

part ϕ is not smooth, but is absolutely continuous in time with respect to the Lebesgue

measure. Our construction of ϕ is motivated from an observation in the constant volatility

case. In this case, by a simple transformation one can convert the state process from a

controlled SDE to a controlled ODE with random coefficients. Consequently, the resulting

HJB equation becomes first order,1 whose viscosity solution is a lot easier to study. By

1 In the literature, the order often refers to the derivatives with respect to the measure variable µ. Then

mean field control problems with idiosyncratic noise are related to first order equations while those with

common noise are related to second order equations. Here by first order we mean the derivatives with respect

to x are of the first order. In particular, we view the Lions derivative ∂µ = ∂x
δ
δµ

as first order in x, where
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applying the inverse transformation on the test functions for the latter equation, we obtain

a candidate test function ϕ for our original dynamic value function, which turns out to be

absolutely continuous in time but is in general not smooth. See Subsection 4.1 for details.

For the general case with volatility controls, we tailor the construction of ϕ which in essence

cancels the diffusion term. Indeed, technically ϕ is used to cancel some terms appearing in

the doubling variable arguments, which involve the second order derivatives2 of φ and are

otherwise hard to estimate. To the best of our knowledge, this type of test functions is new

in the literature of viscosity solutions for mean field control problems.

Another important consequence of introducing the singular component ϕ of test func-

tions is that we can establish the comparison principle without using the Crandall-Ishii

lemma, even though we are using the doubling variable arguments for a second order equa-

tion. Indeed, as we just explained, in the constant volatility case, the introduction of ϕ

allows us to convert the HJB equation into a first order one, which does not require the

Crandall-Ishii lemma. For standard second order HJB equations, the Crandall-Ishii lemma

is used exactly to handle the second order derivatives of the test functions. So our ap-

proach provides an alternative solution to this important issue. Moreover, our general

framework covers the standard finite dimensional (path dependent) HJB equations, as well

as HJB equations on the Wasserstein space of probability measures, so our results imply

the comparison principle for viscosity solutions of those equations as well, without using the

Crandall-Ishii lemma. However, we should point out that our notion of viscosity solutions

is not equivalent to the “standard” ones for those equations. So our results do not imply

directly the wellposedness results in the literature.

Unfortunately, even in the mean field framework, this function ϕ is typically not law

invariant, which prohibits us from defining viscosity solutions intrinsically on the Wasser-

stein space. Thus we are required to consider functions on the process space, which as a by

product enables us to cover the common noise case for free. Another advantage for working

directly on the process space is that, in the state dependent case, the square distance of

two random variables is a smooth functional, but the square 2-Wasserstein distance of two

probability measures is not differentiable. While being more involved, our path dependent

case benefits from this feature as well. We should note that Soner-Yan [62, 63] introduced a

nice norm on the Wasserstein space by using the Fourier transform, whose square is smooth.

δ
δµ

is the linear functional derivative. So our first order equation corresponds to mean field control problems

with neither idiosyncratic noise nor common noise. We shall take this convention throughout the paper.
2 As in Footnote 1, here we refer to the second order derivatives with respect to x, which are due to the

volatility of the state process, or say due to the presence of idiosyncratic noise or common noise.
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See also [27], and Bayraktar-Ekren-Zhang [5], Daudin-Seeger [32] for serious efforts to get

around of this difficulty. However, it is not clear how to extend these ideas to serve for our

purpose in the general case, especially in the path dependent setting.

One drawback of the process space is its lack of local compactness, which is crucial

for the proof of the comparison principle. To circumvent this difficulty, we shall use the

Ekeland-Borwein-Preiss variational principle, see Aubin-Ekeland [2] and Borwein-Preiss

[12]. Roughly speaking, to optimize a continuous function on a non-compact space, one

may construct an approximate function by using the so called gauge type function such

that the approximate function has a strict optimal argument. To serve as a test function

for our purpose, we require the gauge type function on the process space to be smooth with

desired estimates for its derivatives. This is achieved by utilizing the smooth gauge type

function on continuous paths constructed by Zhou [68] for path dependent PDEs.

To prove the comparison principle, we shall first double the spatial variable and then

double the temporal variable. This procedure is standard for parabolic equations, see, e.g.,

Crandall-Ishii [29, Lemma 8] and Crandall-Ishii-Lions [30, Theorem 8.3]. However, due to

a subtle adaptedness requirement of ϕ, we need a third step of approximation to derive the

desired contradiction.

The rest of the paper is organized as follows. First, we conclude this introduction by

providing a brief literature review on viscosity solutions for mean field control problems.

In Section 2 we introduce our control problem and establish some basic properties of its

dynamic value function. In Section 3 we introduce smooth functions φ on the process space,

which leads to the target HJB equation. In Section 4 we construct the singular component ϕ

and derive some crucial estimates. In Section 5 we propose our notion of viscosity solutions

and present the main results. In Section 6 we illustrate how our general model covers the

mean field control problem with common noise as a special case. Sections 7, 8 and 9 are

devoted to the proof of the comparison principle for viscosity solutions. Finally in the

Appendix we complete some technical proofs.

Some literature review on viscosity solutions for mean field control problems. We

first remark that these equations are by nature infinite dimensional, and thus the related

works are intrinsically connected to the viscosity solution theory for infinite dimensional

HJB equations, for which we refer to Lions [52, 53, 54] and the books Li-Yong [51] and

Fabbri-Gozzi-Swiech [38]. For first order (in the sense of Footnote 1) HJB equations on

the Wasserstein space, arising from mean field control problems with deterministic controls

and other related problems, we refer to the works Bertucci [11], Cardaliaguet-Quincampoix
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[16], Conforti-Kraaij-Tonon [24], Feng-Katsoulakis [40], Gangbo-Nguyen-Tudorascu [44],

Gangbo-Tudorascu [45], and Jimenez-Marigonda-Quincampoix [48, 49]. These equations

involve the Lions derivative ∂µV (t, µ, x), but not the higher order derivative ∂xµV (t, µ, x),

and in the finite dimensional case they correspond to the standard first order HJB equations.

We are mainly interested in mean field control problems with idiosyncratic noise and/or

common noise, where the state process is a controlled diffusion, with or without volatility

controls. These equations involve ∂xµV (t, µ, x) and/or ∂µµV , and in the finite dimensional

case correspond to the standard second order HJB equations. In the path dependent setting,

Wu-Zhang [66] proposed a notion of viscosity solutions by restricting the viscosity neigh-

borhood of some point (t, µ) to certain compact set, and established the partial comparison

principle. However, the full comparison principle requires certain perturbed equation to

have a classical solution, which is verified only in some special cases. In a state depen-

dent setting with volatility controls, the work Cosso-Gozzi-Kharroubi-Pham-Rosestolato

[27] removed the compactness requirement by applying the Ekeland-Borwein-Preiss vari-

ational principle. Based on a so called Gaussian-smooothed 2-Wasserstein distance, [27]

constructed a finite dimensional smooth approximation of the value function, which allows

one to compare viscosity semi-solutions with the value function. Following this approach

but by modifying the definition of viscosity solutions, the recent paper Cheung-Tai-Qiu [23]

established the comparison principle rigorously. The work Bayraktar-Cheung-Ekren-Qiu-

Tai-Zhang [3] continued along this line. The works Burzoni-Ignazio-Reppen-Soner [14] and

Soner-Yan [62] derived the comparison result by means of the doubling variable arguments.

They did not invoke the Crandall-Ishii lemma either, but due to a completely different

nature than ours, see Remark 6.10 below for the detailed explanation. In particular, they

introduced a smooth metric on the Wasserstein space by using the Fourier transform. How-

ever, these works require certain uniform Lipschitz continuity on the controls. When the

volatility is a positive constant and hence the equation is semilinear, this serious constraint

was removed in the recent work Soner-Yan [63] and the comparison principle was estab-

lished. More recently, by also using the Fourier-Wasserstein metric, Bayraktar-Ekren-Zhang

[6] and Bayraktar-Ekren-He-Zhang [4] established a Crandall-Ishii lemma for functions on

the Wasserstein space of probability measures, and considered a mean field control problem

with partial information and common noise. In the case with common noise but without

idiosyncratic noises, Gangbo-Mayorga-Swiech [42] and Mayorga-Swiech [57] studied the so

called L-viscosity solution by lifting the equation to the Hilbert space. The work Daudin-

Seeger [32] studied semilinear HJB equations, by applying the doubling variable arguments

with a further entropy penalization. Another recent work Daudin-Jackson-Seeger [33] stud-
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ied semilinear equations with common noise and non-convex Hamiltonian, which allows to

consider zero-sum game problem in the mean field setting. They established the comparison

principle by exploiting the idea of [6] together with some delicate regularity estimates.

We remark that, when restricting to the mean field control setting, our model covers

most models mentioned in the previous paragraph, with the exceptions that [66] considers

general parabolic equations, [33] considers zero-sum game problems, and [6, 4] consider

problems with partial information. We believe our approach can be extended to cover more

general cases. Moreover, we require only Lipschitz or even Hölder continuity on the data,

under W2 for the measure variable µ. To the best of our knowledge, even when restricting

to the settings in those works, our technical assumptions are the weakest, for example:

• The works [14, 32, 33, 42, 57, 62, 63] require the volatility coefficient (for idiosyncratic

noise or for common noise) to be uniformly non-degenerate, or even to be a constant;

• The works [3, 23, 27] do not allow the volatility coefficient to depend on the measure

variable µ; and the works [4, 6] require a strong technical assumption, which is verified

only when all the coefficients are independent of µ;

• The works [3, 23, 33, 42, 57] require the common noise coefficient to be independent

of control, or even to be a constant; and [4, 6] verified their crucial condition only in

the case that the common noise coefficient depends only on the control, but not on

the state or its law;

• The works [3, 4, 6, 14, 23, 27, 32, 33, 62, 63] require the coefficients to beW1-Lipschitz

continuous in µ, while [42, 57] require Wp-Lipschitz continuity for some p < 2.

We should also mention the following works concerning potential mean field games,

where the mean field control problem is involved automatically: Bensoussan-Graber-Yam

[8, 9], Bensoussan-Tai-Yam [10], Carmona-Cormier-Soner [19], Cecchin-Delarue [22], and

Gangbo-Meszaros [43]. In particular, [8, 9, 10] worked directly on the Hilbert space of

random variables. Following the approach in [66], Talbi-Touzi-Zhang [64, 65] established

the complete wellposedness for a mean field optimal stopping problem. By using a fi-

nite dimensional projection and modifying the standard Crandall-Ishii lemma, Soner-Tissot

Daguette-Zhang [61] proved the comparison principle for an HJB equation arising from con-

trolled occupied process, which involves a special type of path dependence. Moreover, the

works Cox-Kallblad-Larsson-Svaluto-Ferro [28] on controlled measure-valued martingales

and Feng-Swiech [41] where the controlled dynamics involves a mixture of a Hamiltonian

flow and a gradient flow are also closely related.
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Some notations. We shall denote x · x′ :=
∑n

i=1 xix
′
i for x, x′ ∈ Rn, and M : M ′ :=

tr (M⊤M ′) for M,M ′ ∈ Rm×n, with M⊤ the transpose of M . Moreover, |x|2 := x · x,
|M |2 :=M :M . The set of d× d-symmetric matrices is denoted by Sd.

Throughout the paper, we fix a finite time horizon [0, T ] and a filtered probability space

(Ω,F ,F,P), with F = {Ft}0≤t≤T . We assume F0 is rich enough to support any probability

measure on Rd, and Ft = F0 ∨ FB
t , where B is a d−dimensional Brownian motion on

(Ω,F ,P). Moreover, we fix a sub-filtration F0 = {F0
t }0≤t≤T ⊂ F, and denote E0

t := E[·|F0
t ].

For a Euclidian space E and p ≥ 1, we denote by Lp(Ft;E) the space of Ft-measurable

E-valued random variables ξ∗ such that ∥ξ∗∥pp := E[|ξ∗|p] < ∞; and Lp(F[t,T ];E) the space

of F-progressively measurable E-valued processes ξ on [t, T ] such that E
[ ∫ T

t |ξs|pds
]
<∞.

Denote X := C([0, T ];Rd), equipped with the uniform norm | · |∞. For any p ≥ 1, let Xp

denote the set of F-progressively measurable continuous processes ξ with ∥ξ∥pp := E[|ξ|p∞] <

∞, equipped with the norm ∥·∥p. Note that ξ(ω) ∈ X for all ω ∈ Ω. Let X p
[t,T ] := [t, T ]×Xp

denote the time and state space.

In order to distinguish the dependence on the whole process, or more precisely on the

(deterministic) mapping on [0, T ] × Ω, from that on the realized paths of the process, we

introduce the notation ξ = ξ to emphasize the dependence on the whole process. That is,

for a function φ on [0, T ]×X×Xp, we shall write φt(x, ξ) instead of φt(x, ξ). In particular,

this allows us to express the following without confusion:

φt(ξ, ξ)(ω) = φt(ξ(ω), ξ),

and, when not involving x, the value φt(ξ) is deterministic. When it is more conve-

nient, especially when the functions are state dependent, we may also use the notation

φ(t,x, ξ) = φt(x, ξ). Moreover, throughout the paper we shall always assume all involved

path dependent functions φ are adapted in the sense:

φt(x, ξ) = φt

(
x·∧t, ξ·∧t

)
, for all (t,x, ξ) ∈ [0, T ]× X×Xp. (1.2)

2 Formulation of the process dependent control problem

We will consider open loop controls taking values in A, a (possibly unbounded) domain in

a Euclidian space.3 Denote A[t,T ] := L2(F[t,T ];A), At := L2(Ft;A), and consider the data:

(b, σ) : [0, T ]× Ω× X×A×X2 ×AT −→ (Rd,Rd×d),

f : [0, T ]×X2 ×AT −→ R, g : X2 −→ R.
(2.1)

3Although closed loop controls are expected to induce the same value function under appropriate regu-

larity conditions, we refrain from considering this case for technical simplicity.
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As usual we omit the variable ω ∈ Ω inside b and σ, and we recall the convention (1.2). For

any (t, ξ) ∈ X 2
[0,T ] and α ∈ A[t,T ], consider the following path dependent SDE on [t, T ]:

Xt,ξ,α
s = ξs, s ∈ [0, t];

dXt,ξ,α
s = bs

(
Xt,ξ,α, αs, X

t,ξ,α, αs

)
ds+ σs

(
Xt,ξ,α, αs, X

t,ξ,α, αs

)
dBs, s ∈ [t, T ].

(2.2)

Here X is path dependent, while α involves only the current state, and the notation αs

refers to the whole random variable αs. The value function of our control problem is:

Vt(ξ) := inf
α∈A[t,T ]

Jt(ξ, α), (t, ξ) ∈ X 2
[0,T ],

where Jt(ξ, α) := g(Xt,ξ,α) +

∫ T

t
fs(X

t,ξ,α, αs)ds.
(2.3)

Throughout the paper, the following assumptions will always be in force.

Assumption 2.1. (i) The coefficients b, σ, f are progressively measurable in all variables

and adapted in the sense of (1.2); in particular, b, σ are F-progressively measurable; and

ht(0, αt,0, αt), for h = b, σ, ft(0, αt) and g(0) are bounded 4 by a constant C0.

(ii) b, σ are uniformly Lipschitz continuous in (x, ξ) with a Lipschitz constant L:

|ht(x, a, ξ, αt)− ht(x
′, a, ξ, αt)| ≤ L|x·∧t − x′

·∧t|∞, h = b, σ;

|ht(x, a, ξ, αt)− ht(x, a, ξ
′, αt)| ≤ L

(
E0
t

[
|ξ·∧t − ξ′·∧t|2∞

]) 1
2
, P-a.s., h = b, σ; (2.4)

for all t ∈ [0, T ], x,x′ ∈ X, ξ, ξ′ ∈ X2, a ∈ A, and α ∈ A[0,T ].

(iii) f, g are uniformly Hölder-β continuous in ξ for some 0 < β ≤ 1:

|ft(ξ, αt)− ft(ξ
′, αt)| ≤ L∥ξ·∧t − ξ′·∧t∥

β
2 , |g(ξ)− g(ξ′)| ≤ L∥ξ − ξ′∥β2 ,

for all t ∈ [0, T ], ξ, ξ′ ∈ X2, and α ∈ A[0,T ].

Here 0 denotes the zero path and 0 ∈ X2 the zero stochastic process. Notice that the

volatility σ is possibly degenerate, so there is no loss of generality in taking it as a square

matrix and considering X and B with the same dimension.

Remark 2.2. The Lipschitz continuity in (2.4) is under the conditional expectation, which

is stronger than the following standard Lipschitz condition:

|ht(x, a, ξ, αt)− ht(x, a, ξ
′, αt)| ≤ L∥ξ·∧t − ξ′·∧t∥2, h = b, σ. (2.5)

4This boundedness requirement is just for technical convenience. In particular, it can be relaxed so as to

cover the linear quadratic case.
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This is mainly to deal with the common noise case in Section 6.1. For mean field control

problems without common noise, it is sufficient to replace (2.4) with (2.5).

We also note that, in the mean field control setting with common noise, (2.4) is implied

by the standard Lipschitz conditions for the data on the Wasserstein space, see Assumption

6.1 and Proposition 6.3 below.

Lemma 2.3. Let Assumption 2.1 hold true.

(i) For any (t, ξ) ∈ X 2
[0,T ] and α ∈ A[t,T ], SDE (2.2) admits a unique strong solution Xt,ξ,α.

Moreover, for any p ≥ 2, there exists a constant Cp, depending only on p, T , d, and the

constants L, C0 in Assumption 2.1, such that, for any ξ′ ∈ Xp,

∥Xt,ξ,α∥p ≤ Cp

(
1 + ∥ξ·∧t∥p

)
; ∥Xt,ξ,α −Xt,ξ′,α∥p ≤ Cp∥ξ·∧t − ξ′·∧t∥p;

∥Xt,ξ,α
·∧s −Xt,ξ,α

·∧s′ ∥p ≤ Cp

(
1 + ∥ξ·∧t∥p

)
|s− s′|

1
2 , s, s′ ∈ [t, T ].

(2.6)

(ii) The functions J and V are adapted in ξ in the sense of (1.2), and V satisfies the

dynamic programming principle: for all (t, ξ) ∈ X 2
[0,T ] and δ ≤ T − t,

Vt(ξ) = inf
α∈A[t,T ]

{
Vt+δ(X

t,ξ,α) +

∫ t+δ

t
fs(X

t,ξ,α, αs)ds
}
. (2.7)

Moreover, denoting ∆t := t− t′, ∆ξ := ξ − ξ′, we have:

|Jt(ξ, α)| ≤ C
(
1 + ∥ξ·∧t∥β2

)
; |Jt(ξ, α)− Jt(ξ

′, α)| ≤ C∥∆ξ·∧t∥β2 ;

|Vt(ξ)| ≤ C
(
1 + ∥ξ·∧t∥β2

)
; |Vt(ξ)− Vt′(ξ

′)| ≤ C
[
∥ξ·∧t − ξ′·∧t′∥

β
2 +

(
1 + ∥ξ·∧t∥β2

)
|∆t|

β
2

]
. (2.8)

The DPP (2.7) follows from similar arguments as in [26, Theorem 3.4], and we shall

sketch a proof in the Appendix for the reader’s convenience. All the involved estimates are

rather standard, in particular the conditional L2-type regularity of b, σ with respect to X

in Assumption 2.1 (ii) does not induce any difficulty. We thus omit those proofs.

3 The HJB equation and classical solutions

Following the standard control theory, the DPP (2.7) induces an HJB equation for V . For

this purpose, we first introduce derivatives for functions on X p
[0,T ].

3.1 Smooth functions on X p

[0,T ]

For a generic metric space E and for t ∈ [0, T ), p ≥ 2, let C0(X p
[t,T ];E) denote the space of

adapted and continuous functions φ : X p
[t,T ] → E. In particular, C0(X p

[t,T ]) := C0(X p
[t,T ];R).
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Throughout this paper, Mp
[t,T ] denotes the space of Itô processes X ∈ Xp such that

dXs = βsds+ γsdBs, s ∈ [t, T ], for some (β, γ) ∈ Lp(F[t,T ];Rd × Rd×d). (3.1)

Here we abuse the notation β with the Hölder continuity of f and g.

Definition 3.1. For t̂ < T , p ≥ 2, we say φ ∈ C1,2(X p

[t̂,T ]) if φ ∈ C0(X p

[t̂,T ]) and there exist

∂tφ ∈ C0
(
X p

[t̂,T ]

)
, ∂Xφ ∈ C0

(
X p

[t̂,T ];L
p

p−1 (F ;Rd)
)
, ∂xXφ ∈ C0

(
X p

[t̂,T ];L
p

p−2 (F ;Sd)
)
,

such that ∂tφt(ξ), ∂Xφt(ξ) and ∂xXφt(ξ) are Ft-measurable for all (t, ξ) ∈ X p

[t̂,T ], and for

any X ∈ Mp

[t̂,T ]
, the following functional Itô formula holds:

d

dt
φt(X) = ∂tφt(X) + E

[
∂Xφt(X) · βt +

1

2
∂xXφt(X) : γtγ

⊤
t

]
, t ∈ [t̂, T ]. (3.2)

The following simple lemma is crucial for the above definition. The proof is similar to

the justification of [36, Definition 2.8], and is postponed to the Appendix.

Lemma 3.2. For any φ ∈ C1,2(X p

[t̂,T ]), the derivatives ∂tφ, ∂Xφ, ∂xXφ are unique.

Remark 3.3. (i) In the state dependent case: φt(ξ) = ψ(t, ξ
t
) for some ψ defined on

[0, T ]×L2(FT ), we see that ∂tφ = ∂tψ is standard and ∂Xφ = ∂Xψ is the Fréchet derivative:

∂tψ(t, Y ) = lim
δ↓0

1

δ
[ψ(t+ δ, Y )− ψ(t, Y )], Y ∈ L2(FT );

ψ(t, Y + Z) = ψ(t, Y ) + E
[
∂Xψ(t, Y + Z)Z

]
+ o(∥Z∥2), Y, Z ∈ L2(FT ).

Moreover, ∂xXφ = ∂xXψ can be determined by:

∂xXψ(t,Xt) =
d

ds

〈
∂Xψ(t,Xt +B· −Bt), B·

〉
s

∣∣∣
s=t

for all X ∈ Mp
[t,T ].

(ii) In the law invariant case: φt(ξ) = φ̌t(Pξ) for some φ̌ smooth as in [66, Theorem 2.7],

where P is the fixed probability measure on the measurable space (Ω,F), and Pξ ∈ P2(X)
is the law of the process ξ under P, we can easily see that φ ∈ C1,2(X 2

[0,T ]) and

∂tφt(ξ) = ∂tφ̌t(Pξ), ∂Xφt(ξ) = ∂µφ̌t(Pξ, ξ), ∂xXφt(ξ) = ∂ωµφ̌t(Pξ, ξ),

with ∂µφ̌ the path-dependent Lions derivative as in [66], and ∂ω the Dupire vertical derivative

with respect to the paths of ξ.

(iii) For the general case, one may define the path derivatives first and then prove the Itô

formula (3.2), as in [34, 25] for functions on [0, T ] × X and in [66, 26] for functions on

[0, T ] × P2(X). However, for the viscosity theory later, we will need only the Itô formula,

so we follow the approach of [36] by using (3.2) directly to define the path derivatives.
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Example 3.4. All smooth functions involved in this paper are of the form

φt(ξ) := E
[
φ̄t

(
ξ − ξ̂·∧t̂

)]
, (t, ξ) ∈ X p

[t̂,T ], for some fixed (t̂, ξ̂) ∈ X p
[0,T ],

where p ≥ 2 and φ̄ : [0, T ]×X → R is continuous, adapted, and admits continuous pathwise

Dupire’s derivatives (∂tφ̄, ∂xφ̄, ∂xxφ̄) : [0, T ]× X −→ (R,Rd,Sd) such that

|∂tφ̄t(x)| ≤ C
[
1 + |x·∧t|p∞

]
, |∂xφ̄t(x)| ≤ C

[
1 + |x·∧t|p−1

∞
]
, |∂xxφ̄t(x)| ≤ C

[
1 + |x·∧t|p−2

∞
]
.(3.3)

Then φ ∈ C1,2(X p

[t̂,T ]), and denoting ξ′ := ξ − ξ̂·∧t̂, we have

∂tφt(ξ) := E
[
∂tφ̄t(ξ

′)
]
, ∂Xφt(ξ) := ∂xφ̄t(ξ

′), ∂xXφt(ξ) := ∂xxφ̄t(ξ
′). (3.4)

Proof. For any X ∈ Mp

[t̂,T ]
, denoting X ′ := X − ξ̂·∧t̂, by the standard functional Itô

formula (cf. [34, 25]) we have

dφ̄t(X
′) = ∂tφ̄t(X

′)dt+ ∂xφ̄t(X
′)·dXt +

1

2
∂xxφ̄t(X

′) :d⟨X⟩t, t ≥ t̂.

Taking the expectation on both sides and comparing it with (3.2), we obtain (3.4) imme-

diately. In particular, the integrability of ∂Xφ and ∂xXφ follows directly from (3.3) and

the Lp-integrability of X and ξ̂, and it follows from the Burkholder-Davis-Gundy inequality

that ∂xφ̄t(X
′)·γtdBt is a true martingale.

3.2 The HJB equation on the process space X 2

[0,T ]

We now consider the following HJB equation on X 2
[0,T ]:

LUt(ξ) := ∂tUt(ξ) + inf
αt∈At

Ht

(
ξ, ∂XUt(ξ), ∂xXUt(ξ), αt

)
= 0, (t, ξ) ∈ X 2

[0,T );

where Ht

(
ξ, Z,Γ, α∗

)
:= E

[(
bt(·) · Z +

1

2
σσ⊤t (·) : Γ

)
(ξ, α∗, ξ, α∗) + ft(ξ, α∗)

]
, (3.5)

(t, ξ) ∈ X 2
[0,T ], Z ∈ L2(Ft,Rd), Γ ∈ L∞(Ft,Sd), α∗ ∈ AT .

Remark 3.5. When b, σ do not depend on (X,α) and g(X) = E
[
ḡ(X)

]
, ft(X,αt) =

E
[
f̄t(X,αt)

]
, for some deterministic function f̄ , ḡ, one can easily show that

Vt(ξ) = E
[
vt(ξ)

]
, (3.6)

where v is associated with the standard path dependent HJB equation on [0, T ]× X:

∂tvt(x) + inf
a∈A

[
bt(x, a) · ∂xvt(x) +

1

2
σσ⊤t (x, a) : ∂xxvt(x) + f̄t(x, a)

]
= 0, (3.7)

and ∂tv, ∂xv, ∂xxv are Dupire’s path derivatives. Moreover, in the state dependent case,

(3.7) reduces to the standard HJB equation:

∂tv(t, x) + inf
a∈A

[
b(t, x, a) · ∂xv(t, x) +

1

2
σσ⊤(t, x, a) : ∂xxv(t, x) + f̄(t, x, a)

]
= 0. (3.8)
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As usual, we start with classical solutions.

Definition 3.6. (Classical solution) A functional U ∈ C1,2(X 2
[0,T ]) is called a classical

solution (resp. subsolution, supersolution) to the equation (3.5) if

−LUt(ξ) = (resp. ≤, ≥) 0, ∀(t, ξ) ∈ X 2
[0,T ).

In the contexts of classical solutions, we also need the regularity in t which is not included

in Assumption 2.1. However, this regularity will not be needed for the viscosity solution.

Assumption 3.7. The functions h = b, σ, f are locally uniformly continuous in (t, a, α∗) ∈
[0, T ]×A×AT in the following sense: for any R > 0, there exists a modulus of continuity

function ρR such that, for all x ∈ X, ∥ξ·∧t∥2 ≤ R, and all t ≤ t′, a, a′ ∈ A, α∗, α
′
∗ ∈ AT ,∣∣ht(x, a, ξ, α∗)− ht′(x·∧t, a

′, ξ·∧t, α
′
∗)
∣∣ ≤ ρR

(
|t− t′|+ |a− a′|+ ∥α∗ − α′

∗∥2
)
.

Theorem 3.8. Let Assumptions 2.1 and 3.7 hold, and assume that the value function

V ∈ C1,2(X 2
[0,T ]). Then V is the unique classical solution of the HJB equation (3.5).

Combining the DPP (2.7) and the Itô formula (3.2), it is rather standard to verify that

V satisfies (3.5). The uniqueness is not hard either, however, since it will be a consequence

of the uniqueness of the viscosity solution later, we omit the proof.

4 The singular component of test functions

In general one can hardly expect (3.5) to have a classical solution. Our goal of this paper is

to propose an appropriate notion of viscosity solutions which allows for a complete charac-

terization of the value function through the corresponding HJB equation. The main feature

of our approach is that, besides the standard smooth functions φ ∈ C1,2(X 2
[0,T ]), our test

functions contain an additional component which is singular in certain sense. To motivate

this, we first consider a simple setting with constant volatility.

4.1 A motivating case

In this subsection we study heuristically the state dependent case with constant volatility

σ ≡ Id×d. In this case, it is natural to consider the following change of variables to convert

the SDE into a random ODE:

b̃s(x, ω, a,Xs, αs) := bs(x+Bs(ω), ω, a,Xs +Bs, αs),

f̃s(Xs, αs) := fs(Xs +Bs, αs), g̃(XT ) := g(XT +BT ).
(4.1)
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Then, recalling (2.2) and (2.3), we have

Vt(ξt) = Ṽt(ξt −Bt), where Ṽt(ξ̃t) := inf
α∈A[t,T ]

g̃(X̃
t,ξ̃t,α
T ) +

∫ T

t
f̃s(X̃

t,ξ̃t,α
s , αs)ds,

and X̃t,ξ̃t,α
s = ξ̃t +

∫ s

t
b̃r
(
X̃t,ξ̃t,α

r , αr, X̃
t,ξ̃t,α
r , αs

)
ds, s ∈ [t, T ].

(4.2)

This is a deterministic control problem, and thus (3.5) becomes a first order equation:

L̃Ũt(ξt) := ∂tŨt(ξt) + inf
αt∈At

E
[
b̃t(ξt, αt, ξt, αt) · ∂X Ũt(ξt) + f̃t(ξt, αt)

]
= 0. (4.3)

Since (4.3) does not involve ∂xX Ũ , it suffices to consider Ũ ∈ C1,1([0, T ] × L2(FT )). That

is, there exist appropriate ∂tŨ and ∂X Ũ satisfying the chain rule:

dŨt(Xt) = ∂tφt(Xt)dt+ E
[
∂X Ũt(Xt) · βtdt

]
, where dXt = βtdt, and β ∈ Lp(F,Rd). (4.4)

We now investigate the comparison principle for appropriately defined viscosity solution

for the first order equation (4.3). Let Ũ1, Ũ2 be a viscosity subsolution and supersolution,

respectively. As standard for viscosity solutions, we consider the doubling variable approach:

ψ̃(t, ξ
t
, s, ζ

s
) := Ũ1(t, ξt)− Ũ2(s, ζs)− n

[
|t− s|2 + E

[
|ξt − ζs|2

]]
− · · · , (4.5)

where “· · · ” indicates appropriate further penalty functions so as to guarantee the existence

of a maximizer, denoted as (t̂, ŝ, ξ̂t̂, ζ̂ŝ). Then we shall consider a test function of Ũ1 in the

form (omitting possibly additional terms):

φ̃1(t, ξt) := n
[
|t− ŝ|2 + E

[
|ξt − ζ̂ŝ|2

]]
. (4.6)

Indeed, by this argument one can easily prove rigorously the comparison principle for (4.3).

We now turn back to (3.5). Recall (4.2), it is natural to consider U1(t, ξt) := Ũ1(t, ξt−Bt)

as a viscosity subsolution of (3.5), with a test function induced by (4.6):

φ1(t, ξt) = φ̃1(t, ξt −Bt) = n
[
|t− ŝ|2 + E

[
|ξt −Bt − ζ̂ŝ|2

]]
. (4.7)

The above φ1 has two features:

(i) φ1 is not law invariant, namely Pξt = Pξ′t
does not imply φ1(t, ξt) = φ1(t, ξ

′
t
). This is

another motivation for us to consider functions on the process space X 2
[0,T ] directly,

instead of on the Wasserstein space of probability measures.

(ii) φ1 is not in C1,2(X 2
[0,T ]) in the sense of Definition 3.1. Indeed, assume t ≥ t̂ ∨ ŝ and

dXs = βsds+ γsdBs, s ≥ t, then

d

ds
φ1(s,Xs)=2n(s− ŝ) + 2nE

[
(Xs −Bs − ζ̂ŝ)·βs +

1

2
(γs − Id×d) : (γs − Id×d)

⊤].(4.8)
14



Recalling (3.2), we see that ∂xXφ1 does not exist and thus φ1 /∈ C1,2(X 2
[0,T ]). However,

from (4.8) it is clear that s 7→ φ1(s,Xs) is absolutely continuous. This motivates us to

consider test functions which are absolutely continuous in t but are not in C1,2(X 2
[0,T ]).

4.2 The singular component of test functions in the general case

We now introduce the singular component of test functions, denoted as ϕ, which is absolutely

continuous in t but is not in C1,2(X 2
[0,T ]) in general. This part ϕ is new in the literature of

mean field control problems and is the main feature of our notion of viscosity solutions due

to its crucial role in our proof of the comparison principle.

For t̃ ∈ [0, T ] and p ≥ 2, let Ξp

t̃
denote the set of maps (b̃, σ̃, f̃) where (b̃, σ̃) : [t̃, T ]×Ω×

A×AT → (Rd,Rd×d) are F[t̃,T ]-progressively measurable, f̃ : [t̃, T ]×AT → R is progressively

measurable, and there exists a random variable Γ∗ ∈ Lp(FT ) such that

sup
[t̃,T ]×A×AT

[|b̃|+ |σ̃|] ≤ Γ∗, P-a.s., sup
[t̃,T ]×AT

|f̃ | <∞. (4.9)

Given (t̃, ξ̃) ∈ X p
[0,T ] and (b̃, σ̃, f̃) ∈ Ξp

t̃
, we introduce the maps defined for all (t, ξ) ∈ X p

[t̃,T ]:

Iα
t (ξ) := I b̃,σ̃,t̃,ξ̃,α

t (ξ) := ξt − ξ̃t̃ −
∫ t

t̃
b̃αs ds−

∫ t

t̃
σ̃αs dBs, Fα

t := F f̃ ,t̃,α
t :=

∫ t

t̃
f̃αs ds,

where b̃αs := b̃s(αs, αs), σ̃
α
s := σ̃s(αs, αs), f̃

α
s := f̃s(αs).

(4.10)

We now introduce the class of singular test functions inspired from (4.6) which allows us to

handle the general setting of non-constant and even controlled volatilities.

Definition 4.1. For t̃ ∈ [0, T ] and p ≥ 2, we denote C+(X p

[t̃,T ]) the set of maps of the form:

ϕt(ξ) := inf
α∈A[t̃,T ]

{
kE

[∣∣Iα
t (ξ)

∣∣p + ∣∣Iα
t′ (ξ

′)
∣∣p]+ ∫ t

t′
f̃αs ds

}
, for all (t, ξ) ∈ X p

[t̃,T ], (4.11)

for some ξ̃ ∈ Xp, (t
′, ξ′) ∈ X p

[t̃,T ], (b̃, σ̃, f̃) ∈ Ξp

t̃
, and some constant k ≥ 0.

Moreover, let C−(X p

[t̃,T ]) denote the set of ϕ such that −ϕ ∈ C+(X p

[t̃,T ]).

Remark 4.2. (i) Due to the involvement of ξ̃, ξ′ in (4.11), ϕ is not law invariant. This

explains partially that we need to work on Xp instead of the Wasserstein space Pp(X).
(ii) All the results in this paper will remain true, after obvious modifications, if we restrict

the (b̃, σ̃, f̃) in (4.11) to (b, σ)(ξ̂·∧t̃, ·, ξ̂·∧t̃, ·) and f(ξ̂·∧t̃, ·) for some ξ̂ ∈ Xp, by using the

true data (b, σ, f). We allow for the flexibility on (b̃, σ̃, f̃) so that our definition of viscosity

solutions is model independent.
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(iii) When the volatility is not controlled: σ = σt(ξ, ξ), we may consider the simpler set

C+(X p

[t̃,T ]) consisting of functions

ϕt(ξ) := E
[∣∣ξt − ξ̃t̃ − σ̃t̃(Bt −Bt̃)

∣∣p], for some ξ̃t̃ ∈ Lp(Ft̃;R
d), σ̃t̃ ∈ Lp(Ft̃;S

d), (4.12)

or even restricting further to σ̃t̃ = σt̃(ξ̂·∧t̃, ξ̂·∧t̃) for some ξ̂ ∈ Xp, by using the true data σ

as in (ii). In these cases the related arguments can be simplified significantly.

It is clear that the term σ̃t̃ is designed to cancel the impact of the diffusion term

σt(X,X)dBt in the related estimates. We note that, in the drift control case, there is no

need to involve b̃, f̃ in (4.12). However, in the volatility control case, the estimates become

much more involved. Then, besides a more carefully designed σ̃α, the terms b̃α, f̃α in (4.10)

are also crucial for the estimates later.

(iv) For the estimates later, we will often use the following equivalent formulation of ϕ:

ϕt(ξ) := inf
α∈A[t̃,T ]

[
kE

[∣∣Iα
t (ξ)

∣∣p]+ Fα
t + κ(α)

]
, where κ(α) := kE

[∣∣Iα
t′ (ξ

′)
∣∣p]− Fα

t′ . (4.13)

The next result states that the function t 7→ ϕt is absolutely continuous with respect to

the Lebesgue measure, and provides some crucial estimates for the comparison principle of

viscosity solutions. We observe that the time derivative ϕ̇ of ϕ is not continuous in general.

Proposition 4.3. Let ϕ ∈ C+(X p

[t̃,T ]) as in (4.11) with corresponding (t′, ξ′) and p ≥ 2.

Then, for any X ∈ Mp

[t̃,T ]
, the mapping t 7→ ϕt(X) is absolutely continuous, with time

derivative ϕ̇ satisfying:

(i) when t ≥ t′, ∫ t+δ

t
ϕ̇s(X)ds ≤ inf

α∈A[t,T ]

∫ t+δ

t

[p(p− 1)

2
kIps (α) + f̃αs

]
ds, (4.14)

where Ips (α) :=
∥∥βs − b̃αs

∥∥
p

sup
α′∈A[t̃,T ]

∥∥Iα′
s (X)

∥∥p−1

p
+
∥∥γs − σ̃α̃s

∥∥2
p

sup
α′∈A[t̃,T ]

∥∥Iα′
s (X)

∥∥p−2

p
;

(ii) alternatively, when t < t′, for any δ > 0, there exists αδ ∈ A[t̃,T ] ⊂ A[t,T ], which may

depend on X·∧t but is independent of (βs, γs)s≥t, such that∫ t+δ

t
ϕ̇s(X)ds ≤

∫ t+δ

t

(p(p− 1)

2
kIps (α

δ) + f̃α
δ

s

)
ds+ δ2. (4.15)

The proof is postponed to the Appendix.
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5 Viscosity solutions of the HJB equation

In this section we propose a notion of viscosity solutions for (3.5). For any p ≥ 2, U :

X 2
[0,T ] → R and (t, ξ) ∈ X p

[0,T ], denote

F+
p Ut(ξ) :=

{
(φ, ϕ) ∈ C1,2(X p

[t,T ])× C+X p

[t̃,T ]) for some t̃ ∈ [0, t] :[
U − (φ+ ϕ)

]
t
(ξ) = sup

(s,ζ)∈X p
[t,T ]

[
U − (φ+ ϕ)

]
s
(ζ)

}
; (5.1)

F−
p Ut(ξ) :=

{
(φ, ϕ) ∈ C1,2(X p

[t,T ])× C−(X p

[t̃,T ]) for some t̃ ∈ [0, t] :[
U − (φ+ ϕ)

]
t
(ξ) = inf

(s,ζ)∈X p
[t,T ]

[
U − (φ+ ϕ)

]
s
(ζ)

}
. (5.2)

Due to the use of the singular test functions ϕ, we need to introduce the frozen state

process defined for all (t, ξ) ∈ X 2
[0,T ] and α ∈ A[t,T ] by:

X̄t,ξ,α
s := ξs, s ∈ [0, t]; X̄t,ξ,α

s := ξt +

∫ s

t
bt,ξ,αr dr +

∫ s

t
σt,ξ,αr dBr, s ∈ [t, T ],

where ht,ξ,αs := hs(ξ·∧t, αs, ξ·∧t, αs), for h = b, σ, and f t,ξ,αs := fs(ξ·∧t, αs), s ≥ t.
(5.3)

We notice the slight difference between X̄ and the X in (2.2). In particular, in ht,ξ,αs the

state process is frozen while the control part αs is evolving in s.

Definition 5.1. (i) For any p ≥ 2, U ∈ USC(X 2
[0,T ]) is a viscosity p-subsolution of HJB

equation (3.5) if, for all (t, ξ) ∈ X p
[0,T ) and (φ, ϕ) ∈ F+

p Ut(ξ),

∂tφt(ξ) + lim
δ→0

inf
α∈A[t,T ]

1

δ

∫ t+δ

t

[
Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), αs) + ϕ̇s(X̄

t,ξ,α
)
]
ds ≥ 0. (5.4)

(ii) For any p ≥ 2, U ∈ LSC(X 2
[0,T ]) is a viscosity p-supersolution of HJB equation (3.5)

if, for all (t, ξ) ∈ X p
[0,T ) and (φ, ϕ) ∈ F−

p Ut(ξ),

∂tφt(ξ) + lim
δ→0

inf
α∈A[t,T ]

1

δ

∫ t+δ

t

[
Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), αs) + ϕ̇s(X̄

t,ξ,α
)
]
ds ≤ 0. (5.5)

(iii) U is a viscosity subsolution (resp., supersolution) of HJB equation (3.5) if there exists

p0 ≥ 2 such that U is a viscosity p-subsolution (resp., p-supersolution) of HJB equation

(3.5) for all p ≥ p0.

(iv) U ∈ C0(X 2
[0,T ]) is a viscosity solution of HJB equation (3.5) if it is both a viscosity

subsolution and a viscosity supersolution of (3.5).

Remark 5.2. (i) While in quite different forms, our idea of introducing the singular compo-

nent ϕ is inspired by works on viscosity solutions for PDEs in infinite dimensions, see, e.g.,
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Crandall-Lions [31, Definition 2.1], Li-Yong [51, Chapter 6 Definition 3.1], and Fabbri-

Gozzi-Swiech [38, Definitions 3.32 & 3.35]. A similar idea has also been used to study

viscosity solutions for parabolic PDEs whose coefficients are discontinuous in time, see, e.g.,

Ishii [47], Lions-Perthame [56], and Nunziante [58, 59].

(ii) The standard definition of viscosity solutions amounts to setting ϕ = 0. So a viscosity

solution in our sense is always a viscosity solution in the standard sense. Consequently,

by introducing the component ϕ, the existence of viscosity solutions becomes slightly harder,

but as we will see it significantly helps for the comparison principle of viscosity solutions.

(iii) We take the integral form in the left side of (5.4) and (5.5) because ϕ̇ is discontinuous,

in general. If it were continuous, then these expressions would reduce to a simpler and more

standard form under Assumption 3.7:

∂tφt(ξ) + inf
α∈A[t,T ]

[
Ht(ξ, ∂Xφt(ξ), ∂xXφt(ξ), αt) + ϕ̇t(X̄

t,ξ,α
)
]
.

Remark 5.3. (i) For 2 ≤ p1 < p2, F+
p1Ut(ξ) and F+

p2Ut(ξ) do not contain each other.

Consequently, the viscosity p1-subsolution property and the viscosity p2-subsolution property

do not imply each other.

(ii) In light of (7.2) below, it is convenient to choose p as an even integer. We shall prove

the comparison principle only on X p
[0,T ] with some large even integer p. Since Xp is dense in

X2, then, when U is continuous under ∥ · ∥2, we obtain the comparison principle on X 2
[0,T ].

(iii) We should note that Xp is not compact under ∥ · ∥p. We shall circumvent this difficulty

by using the Ekeland-Borwein-Preiss variational principle.

We first show that our notion of viscosity solutions is consistent with that of classical

solutions.

Proposition 5.4. Let Assumptions 2.1 and 3.7 hold true and U ∈ C1,2(X 2
[0,T ]). Then

U is a viscosity subsolution (resp. supersolution) of (3.5) if and only if it is a classical

subsolution (resp. supersolution) of (3.5).

The proof of this result is rather standard, and thus is postponed to the Appendix. Our

main result of the paper is the following characterization of the value function by means of

the corresponding HJB equation (3.5).

Theorem 5.5. Under Assumption 2.1, the value function V is the unique viscosity solution

of the equation (3.5) with terminal condition VT = g in the class of functions satisfying (2.8).

The viscosity property of the value function V follows from standard arguments and

will be reported below. The uniqueness is as usual more challenging, and is a consequence

of the following comparison result.
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Theorem 5.6. Let Assumption 2.1 hold true, and U1 ∈ USC(X 2
[0,T ]), U2 ∈ LSC(X 2

[0,T ])

be a viscosity subsolution and supersolution of HJB equation (3.5), respectively. Assume

further that there exists a modulus of continuity function ρR for each R > 0 such that

(i) one of h = U1 or U2 satisfies the following estimate slightly weaker than (2.8),

|ht(ξ)− ht′(ξ
′)| ≤ C

[
∥∆ξ·∧t∥β2 +

(
1 + ∥ξ·∧t∥2

)
|∆t|

β
2

]
. (5.6)

(ii) and the other one satisfies, for h = U1 or −U2 and for any R > 0:

|ht(ξ)| ≤ C
(
1 + ∥ξ·∧t∥2

)
, ht(ξ)− hs(ξ·∧t) ≤ ρR(s− t), for all t < s, ∥ξ·∧t∥2 ≤ R. (5.7)

Then U1(T, ·) ≤ U2(T, ·), on X2, implies that U1 ≤ U2 on X 2
[0,T ].

We defer the proof of the last theorem to Sections 7, 8, and 9. This theorem also implies

the following comparison result immediately.

Theorem 5.7. Let Assumption 2.1 hold true, and U1 ∈ USC(X 2
[0,T ]), U2 ∈ LSC(X 2

[0,T ]) be

a viscosity subsolution and supersolution of (3.5), respectively. Assume U1, U2 satisfy the

estimates (5.7), and U1(T, ·) ≤ g ≤ U2(T, ·) on X2. Then U1 ≤ U2 on X 2
[0,T ].

Proof. Note that the value function V is a viscosity solution of (3.5) with terminal con-

dition VT = g and satisfies (2.8), and hence (5.6). Then, by applying Theorem 5.6 on U1

and V we have U1 ≤ V , and by applying Theorem 5.6 on V and U2 we have V ≤ U2. Thus

U1 ≤ U2.

Remark 5.8. (i) We remark that we will not use the Crandall-Ishii lemma in the proof

of Theorem 5.6, despite that our control problem involves the diffusion term. This is not

completely surprising because, as we explained in Subsection 4.1, the singular component ϕ

of the test function is essentially involved to cancel the diffusion term.

(ii) In the setting of Remark 3.5, our HJB equation (3.5) reduces to standard equations (3.7)

or (3.8). Defining v as a viscosity solution of (3.7) or (3.8) if the function V defined in

(3.6) is a viscosity solution of the equation (3.5), then we obtain the comparison principle

for the fully nonlinear second order (path dependent) PDE by using the doubling variable

arguments but without using the Crandall-Ishii lemma.

(iii) However, we shall emphasize that the above definition of viscosity solutions is not

equivalent to the standard notion of viscosity solutions for HJB equations, e.g. in [30].

So we are not claiming that we can avoid the Crandall-Ishii lemma in the doubling variable

arguments for the standard viscosity solutions of fully nonlinear second order HJB equations.

(iv) We also refer to Remark 6.10 below for a highly related comment.
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Proof of Theorem 5.5. As the uniqueness is implied by the comparison result of Theorem

5.6, we only focus on the existence part. Recall Definition 5.1 and we fix arbitrary p ≥ 4.

(i) We first prove the viscosity p-subsolution property. Fix (t, ξ) ∈ X p
[0,T ) and (φ, ϕ) ∈

F+
p Vt(ξ). For any α ∈ A[t,T ], recall (2.2) and denote Xα := Xt,ξ,α. By DPP (2.7) and (5.1)

we have for any δ > 0,

0 ≤ Vt+δ(X
α)− Vt(ξ) +

∫ t+δ

t
fs(X

α, αs)ds

≤ [φ+ ϕ]t+δ(X
α)− [φ+ ϕ]t(ξ) +

∫ t+δ

t
fs(X

α, αs)ds.

Applying the Itô formula (3.2) on φs(X
α) we have

0 ≤ 1

δ

∫ t+δ

t
E
[
∂tφs(X

α) + ∂Xφs(X
α) · bs(Xα, αs, X

α, αs)

+
1

2
∂xXφs(X

α) : σσ⊤s (X
α, αs, X

α, αs) + fs(X
α, αs) + ϕ̇s(X

α)
]
ds.

Recall (5.3) and denote X̄α := X̄t,ξ,α. We claim that

sup
α∈A[t,T ]

∆α
δ = o(δ), where ∆α

δ :=
∣∣∣ ∫ t+δ

t

[
ϕ̇s(X

α)− ϕ̇s(X̄
α
)
]
ds
∣∣∣. (5.8)

Together with the regularity of φ and b, σ, f , and recalling the ht,ξ,α in (5.3), this implies:

0 ≤ inf
α∈A[t,T ]

1

δ

∫ t+δ

t
E
[
∂tφt(ξ) + ∂Xφt(ξ) · bt,ξ,αs

+
1

2
∂xXφt(ξ) : (σσ

⊤)t,ξ,αs + f t,ξ,αs + ϕ̇s(X̄
α
)
]
ds+ o(1).

Send δ → 0, we obtain (5.4), namely the viscosity subsolution property of V .

We now prove (5.8). Recall (4.10) and (4.13) with corresponding t̃, ξ̃, t′, ξ′, b̃, σ̃, f̃ and

p ≥ 4. By (4.9) we denote

cp :=
(
E[|Γ∗|p]

) 1
p
+ sup

[t̃,T ]×AT

|f̃ | <∞. (5.9)

Note that Xα
·∧t = ξ·∧t = X

α
·∧t, then ϕt(X

α) = ϕt(X̄
α
). Thus, by (4.13),

∆α
δ =

∣∣∣ϕt+δ(X
α)− ϕt+δ(X̄

α
)
∣∣∣ ≤ k sup

α̃∈A[t̂,T ]

∆α,α̃
δ ,

where ∆α,α̃
δ :=

∣∣∣E[∣∣Iα̃
t+δ(X

α)
∣∣p − ∣∣Iα̃

t+δ(X̄
α)
∣∣p]∣∣∣. (5.10)

Here we use α̃ in (4.13) so as to distinguish with the α in (5.8). Fix α, α̃ and denote

hα,α̃s := hs(X
α, αs, X

α, αs)− h̃α̃s , h
α̃
s := ht,ξ,α̃s − h̃α̃s , h = b, σ.
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Then by (2.2) we have

E
[∣∣Iα̃

t+δ(X
α)
∣∣p]= E

[∣∣Iα̃
t (ξ) +

∫ t+δ

t
bα,α̃s ds+

∫ t+δ

t
σα,α̃s dBs

∣∣p]
= E

[
|Iα̃

t (ξ)|p +
∫ t+δ

t

[
p|Iα̃

t (ξ)|p−2Iα̃
t (ξ) · bα,α̃s +

p

2
|Iα̃

t (ξ)|p−2|σα,α̃s |2

+
p(p− 2)

2
|Iα̃

t (ξ)|p−4|Iα̃
t (ξ)σ

α,α̃
s |2

]
ds
]
+ o(δ),

where o(δ) is uniform in α, α̃. Similarly, by (5.3) we have

E
[∣∣Iα̃

t+δ(X̄
α)
∣∣p]=E

[
|Iα̃

t (ξ)|p+
∫ t+δ

t

{
p|Iα̃

t (ξ)|p−2Iα̃
t (ξ)·b

α̃
s

+
p

2
|Iα̃

t (ξ)|p−2|σα̃s |2 +
p(p−2)

2
|Iα̃

t (ξ)|p−4|Iα̃
t (ξ)σ

α̃
s |2

}
ds
]
+o(δ).

Then

∆α,α̃
δ ≤ CE

[ ∫ t+δ

t

[
|Iα̃

t (ξ)|p−1|bα,α̃s −bα̃s |+ |Iα̃
t (ξ)|p−2|σα,α̃s +σα̃s ||σα,α̃s −σα̃s |

]
ds
]
+ o(δ)

≤ C

∫ t+δ

t

[
∥Iα̃

t (ξ)∥p−1
p ∥bα,α̃s −bα̃s ∥p+∥Iα̃

t (ξ)∥p−2
p ∥σα,α̃s +σα̃s ∥p∥σα,α̃s −σα̃s ∥p

]
ds+ o(δ).

Recall (5.9). Note that, for s ∈ [t, t+ δ], by Assumption 2.1 and standard SDE estimates,

∥Iα̃
t (ξ)∥p ≤ C

(
∥ξt∥p + ∥ξ̃t̃∥p + cp

)
;

∥σα,α̃s + σα̃s ∥p ≤ C
(
1 + ∥Xα

·∧s∥p + ∥X̄α
·∧s∥p + cp

)
≤ C

(
1 + ∥ξ·∧t∥p + cp

)
;

∥bα,α̃s −bα̃s ∥pp = E
[∣∣∣bs(Xα, αs, X

α, αs)−bs(Xα
·∧t, αs, X

α
·∧t, αs)

∣∣∣p] ≤ CE
[
|Xα

·∧s−Xα
·∧t|p∞

]
=o(1).

Similarly, ∥σα,α̃s − σα̃s ∥p ≤ o(1). Then, we derive (5.8) from (5.10):

∆α
δ ≤ Ck

(
1 + ∥ξ·∧t∥p + ∥ξ̃t̃∥p + cp

)p−1
o(δ) + o(δ) = o(δ).

(ii) We next prove the viscosity p-supersolution property. Fix (t, ξ) ∈ X p
[0,T ) and (φ, ϕ) ∈

F−
p Vt(ξ). For any δ > 0, by DPP (2.7) there exists αδ ∈ A[t,T ] such that

0 ≥ Vt+δ(X
αδ
)− Vt(ξ) +

∫ t+δ

t
fs(X

αδ
, αδ

s)ds− δ2

≥ [φ+ ϕ]t+δ(X
αδ
)− [φ+ ϕ]t(ξ) +

∫ t+δ

t
fs(X

αδ
, αδ

s)ds− δ2.

Now following similar arguments as in (i) we can show

∂tφt(ξ) + lim
δ→0

1

δ

∫ t+δ

t

[
Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), α

δ
s) + ϕ̇s(X̄

αδ

)
]
ds ≤ 0.

This implies (5.5), and hence V is a viscosity supersolution.
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6 Connection with HJB equations on the Wasserstein space

6.1 The mean field control problem with common noise

In this section, we explain that our general setting in this paper covers the mean field control

problem with common noise as a special case. For a generic Polish space (E, dE), we denote

by Pp(E) the set of probability measures µ on the Borel field B(E) with
∫
E d

p
E(x,x0)µ(dx) <

∞, for some (and hence for all) x0 ∈ E, equipped with the p-Wasserstein distance Wp. In

this section, we decompose B⊤ =
(
(B1)⊤, (B0)⊤

)
, where B0 denotes the common noise,

and set F0 := FB0
. Given ξ ∈ X2, let Pξ denote the law of ξ under P, and Pξ|F0

t
the

conditional law of ξ, conditional on F0
t . Moreover, for the canonical process X on X, define

µ·∧t := µ ◦X−1
·∧t, the law of the stopped process. Let X⊥

p (F0
t ) denote the set of ξ ∈ Xp such

that ξ·∧t is independent of F0
t , and for given (t, µ) ∈ [0, T ]× P2(X),

X⊥
p (F0; t, µ) :=

{
ξ ∈ X⊥

p (F0
t ) : Pξ·∧t = µ·∧t

}
.

Our mean field control problem with common noise involves the following data:

(b̌, σ̌, f̌) : [0, T ]× X×A× P2(X×A) −→ (Rd,Rd×d,R), ǧ : X× P2(X) −→ R. (6.1)

We emphasize that b̌, σ̌ are deterministic here. Given (t, ξ) ∈ X 2
[0,T ], define

V̌t(ξ) := inf
α∈A[t,T ]

J̌t(ξ, α), J̌t(ξ, α) := E
[
ǧ
(
X,PX|F0

T

)
+

∫ T

t
f̌s
(
X,αs,P(X,αs)|F0

s

)
ds
]
, (6.2)

where X := Xt,ξ,α is the controlled state process defined by the SDE:

X·∧t = ξ·∧t, and dXs = b̌s
(
X,αs,P(X,αs)|F0

s

)
ds+ σ̌s

(
X,αs,P(X,αs)|F0

s

)
dBs, s ∈ [t, T ].

We note that here, by writing σ̌ = (σ̌1, σ̌0), we also allow the control to act on the diffusion

coefficient σ̌0 of the common noise.

Similarly to Assumptions 2.1 and 3.7, we assume the following.

Assumption 6.1. (i) The data ȟ = b̌, σ̌, f̌ are progressively measurable in all variables and

adapted in the spirit of (1.2): ȟt(x, a,P(ξ,α∗)) = ȟt(x·∧t, a,P(ξ·∧t,α∗)); and ȟt(0, a,P(0,α∗))

and ǧ(0, δ0) are bounded by a constant C0.

(ii) ȟ = b̌, σ̌ are uniformly Lipschitz continuous in (x, µ) ∈ X× P2(X):∣∣ȟt(x, a,P(ξ,α∗))− ȟt(x
′, a,P(ξ′,α∗))

∣∣ ≤ L
[
|x·∧t − x′

·∧t|∞ +W2(Pξ·∧t ,Pξ′·∧t
)
]
.

(iii) f̌ , ǧ are uniformly Hölder-β continuous in (x, µ) ∈ X× P2(X) for some 0 < β ≤ 1:∣∣f̌t(x, a,P(ξ,α∗))− f̌t(x
′, a,P(ξ′,α∗))

∣∣ ≤ L
[
|x·∧t − x′

·∧t|β∞ +W β
2 (Pξ·∧t ,Pξ′·∧t

)
]
;∣∣ǧ(x, µ)− ǧ(x′, µ′)

∣∣ ≤ L
[
|x·∧t − x′

·∧t|β∞ +W β
2 (µ, µ

′)
]
.
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Assumption 6.2. For any R > 0, there exists a modulus of continuity function ρR such

that, for ȟ = b̌, σ̌, f̌ , for all t ∈ [0, T ], x ∈ X, a, a′ ∈ A, α∗, α
′
∗ ∈ AT , and all ∥ξ·∧t∥2 ≤ R,∣∣ȟt(x, a,P(ξ,α∗))− ȟt(x, a

′,P(ξ,α′
∗)
)
∣∣ ≤ ρR(|a− a′|+ ∥α∗ − α′

∗∥2).

Now given b̌, σ̌, f̌ , ǧ, define

ht(ω,x, a, ξ, α∗) := ȟt
(
x, a,P(ξ,α∗)|F0

t
(ω)

)
, h = b, σ;

ft(ξ, α∗) := E
[
f̌t
(
ξ, α∗,P(ξ,α∗)|F0

t

)]
, g(ξ) := E

[
ǧ
(
ξ,Pξ|F0

T

)]
.

(6.3)

We remark that, given (ξ, α∗) ∈ X2 × AT , we know the joint law P(ξ,α∗,B0) and hence

the conditional law P(ξ,α∗)|F0
t
= P

(ξ,α∗)|FB0
t

, so the above functions are well defined. The

following result verifies that (6.2) is a special case of the problem (2.3).

Proposition 6.3. Let b̌, σ̌, f̌ , ǧ satisfy Assumption 6.1, then b, σ, f, g defined by (6.3) satisfy

Assumption 2.1, and V (t, ξ) = V̌ (t, ξ) for all (t, ξ) ∈ X 2
[0,T ].

Moreover, if b̌, σ̌, f̌ satisfy Assumption 6.2, then b, σ, f satisfy Assumption 3.7.

Proof. We shall only verify the properties of b in Assumption 2.1. Those for σ are similar

and those for f and g are slightly easier. In particular, the implication of Assumption 3.7

from Assumption 6.2 is also similar. First, the properties in Assumption 2.1 (i) are obvious.

Next, by omitting the dependence on (ω, a), we have∣∣bt(x, ξ, α∗)− bt(x
′, ξ, α∗)

∣∣ = ∣∣b̌t(x,P(ξ,α∗)|F0
t

)
− b̌t

(
x′,P(ξ,α∗)|F0

t

)∣∣ ≤ L|x·∧t − x′
·∧t|∞;∣∣bt(x, ξ, α∗)− bt(x, ξ

′, α∗)
∣∣ = ∣∣b̌t(x,P(ξ,α∗)|F0

t

)
− b̌t

(
x,P(ξ′,α∗)|F0

t

)∣∣
≤ LW2(P(ξ,α∗)|F0

t
,P(ξ′,α∗)|F0

t
) ≤ L

(
E0
t [|ξ·∧t − ξ′·∧t|2∞]

) 1
2
.

Moreover, by (6.3) it is clear that Xt,ξ,α = X̌t,ξ,α. Then one can easily get Jt(ξ, αt) =

J̌t(ξ, αt), and hence Vt(ξ) = V̌t(ξ).

Proposition 6.4. Let Assumption 6.1 hold.

(i) V̌ is conditional law invariant in the sense that V̌t(ξ) = V̌t(ξ
′) for all ξ, ξ′ ∈ X 2

[0,T ]

satisfying Pξ·∧t|F0
t
= Pξ′·∧t|F0

t
, a.s. Consequently, by abusing the notation V̌ , we may define

V̌t(µ) := V̌t(ξ), for all (t, µ) ∈ [0, T ]× P2(X), where ξ ∈ X⊥
2 (F0; t, µ). (6.4)

(ii) For any (t, ξ) ∈ X 2
[0,T ], we have Vt(ξ) = E

[
V̌t(Pξ|F0

t
)
]
.

(iii) For any 0 ≤ t < t+ δ ≤ T , ξ ∈ X⊥
2 (F0; t, µ), we have

V̌t(µ) = inf
α∈A[t,T ]

E
[
V̌t+δ(PXt,ξ,α|F0

t+δ
) +

∫ t+δ

t
f̌s(X

t,ξ,α, αs,P(Xt,ξ,α,αs)|F0
s
)ds

]
. (6.5)
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(iv) For the constant C in Lemma 2.3 (ii), we have

|V̌t(µ)| ≤ C
(
1 +W β

2 (µ·∧t, δ0)
)
;

|V̌t(µ)− V̌t′(µ
′)| ≤ C

(
W β

2 (µ·∧t, µ
′
·∧t′) +

(
1 +W β

2 (µ·∧t, δ0)
)
|t− t′|

β
2

)
.

(6.6)

This result is not surprising, for example, [26, Theorem 3.6] proved the law invariance

property when there is no common noise. However, we believe the precise form under such a

generality here is new in the literature. For completeness we sketch a proof in the Appendix.

To derive the PDE from the DPP (6.5), as usual we need the appropriate Itô formula.

The following result can be proved by combining [21, Theorem 4.17] and [66, Theorem 2.7],

see also [13, 39]. The precise meaning of the space C1,2,2
b ([0, T ] × X × P2(X)) and that of

the derivatives, as well as the proof are again postponed to the Appendix.

Proposition 6.5. Assume U ∈ C1,2,2
b ([0, T ]× X× P2(X)). For i = 1, 2, consider

dXi
t := bitdt+ σi,1t dB1

t + σi,0t dB0
t , and introduce the conditional law µ·∧t := PX2

·∧t|F0
t
,

where bi ∈ L2(F;Rd) and σi = (σi,1, σi,0) ∈ L2(F;Rd×d). Then

dUt(X
1, µ) =

[
∂tUt + ∂xUt · b1t + 1

2∂xxUt : σ
1
t (σ

1
t )

⊤
]
(X1, µ)dt+ ∂xUt(X

1, µ) · σ1t dBt

+EFt

[
∂µUt(X

1, µ, X̃2
t ) · σ̃

2,0
t

]
dB0

t

+EFt

[
∂µUt(·, X̃2

t ) · b̃2t + 1
2∂x̃∂µUt(·, X̃2

t ) : σ̃
2
t (σ̃

2
t )

⊤ (6.7)

+∂x∂µU(·, X̃2
t ) : σ

1,0
t (σ̃2,0t )⊤ + 1

2∂µµUt(·, X̃2
t , X̄

2
t ) : σ̃

2,0
t (σ̄2,0t )⊤

]
(X1, µ)dt,

where (X̃2, b̃2, σ̃2) and (X̄2, b̄2, σ̄2) are conditionally independent copies of (X2, b2, σ2), con-

ditional on F0; and by extending the filtered probability space (Ω,F,P) in a natural way to

include the conditionally independent copies, EFt is the conditional expectation, conditional

on Ft = F0 ∨ FB
t .

Now apply Proposition 6.5 on the DPP (6.5), we obtain the following second order path

dependent HJB equation on the Wasserstein space: for (t, µ) ∈ [0, T ]× P2(X),

ĽǓt(µ) := ∂tǓt(µ) + inf
αt∈A⊥

t (F0
t )
Ȟt

(
µ, ∂µǓt(µ, ·), ∂x̃µǓt(µ, ·), ∂µµǓt(µ, ·, ·), αt

)
= 0, (6.8)

where, for αt ∈ A⊥
t (F0

t ) independent of F0
t , ξ ∈ X⊥

2 (F0; t, µ), and letting (ξ̃, α̃t), (ξ̄, ᾱt) be

independent copies of (ξ, αt), the Hamiltonian term Ȟ is defined as follows:

Ȟ(· · · ) := E
[
∂µǓt(µ, ξ̃t) · b̌t(ξ̃, α̃t,P(ξ,αt)) +

1

2
∂x̃µǓt(µ, ξ̃t) : σ̌tσ̌

⊤
t (ξ̃, α̃t,P(ξ,αt)) (6.9)

+
1

2
∂µµǓt(µ, ξ̃t, ξ̄t) : σ̌

0
t (ξ̃, α̃t,P(ξ,αt))(σ̌

0
t )

⊤(ξ̄, ᾱt,P(ξ,αt)) + f̌t(ξ, αt,P(ξ,αt))
]
.
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Definition 6.6. We say Ǔ ∈ [0, T ]×P2(X) → R is a viscosity solution (resp. subsolution,

supersolution) of the equation (6.8)-(6.9) if Ut(ξ) := E[Ǔt(Pξ|F0
t
)] is a viscosity solution

(resp. subsolution, supersolution) of the equation (3.5), where b, σ, f, g are defined by (6.3).

The following result is a direct consequence of Theorems 5.5 and 5.6.

Theorem 6.7. Let Assumption 6.1 hold.

(i) The V̌ defined by (6.4) is the unique viscosity solution, in the sense of Definition 6.6,

to the equation (6.8)-(6.9) with terminal condition ǧ.

(ii) Let Ǔ1, Ǔ2 be a viscosity subsolution and viscosity supersolution, respectively, to the

equation (6.8)-(6.9), in the sense of Definition 6.6. Assume, for ȟ = Ǔ1 and −Ǔ2, for any

R > 0, there exists a modulus of continuity function ρR such that

|ȟt(µ)| ≤ C
(
1 +W2(µ·∧t, δ0)

)
, ȟt(µ)− ȟt′(µ·∧t) ≤ ρR(t

′ − t),

for all t < t′ and W2(µ·∧t, δ0) ≤ R. If Ǔ1(T, µ) ≤
∫
X ǧ(x, µ)µ(dx) ≤ Ǔ2(T, µ) for all

µ ∈ P2(X), then Ǔ1 ≤ Ǔ2 on [0, T ]× P2(X).

We remark again that the above notion of viscosity solutions is not equivalent to the def-

initions in the literature as mentioned in Introduction. Therefore, our results do not imply

the uniqueness or comparison principle for the viscosity solutions in those publications.

Remark 6.8. (i) Given Ǔ ∈ C1,2
b ([0, T ] × P2(X)), similarly to the φ1 in (4.7), in general

Ut(ξ) := E[Ǔt(Pξ|F0
t
)] may not be in C1,2(X 2

[0,T ]) in the sense of Definition 3.1. So, while

we are identifying the viscosity solutions for (6.8)-(6.9) and (3.5), in general we cannot

identify their classical solutions. The situation is different when there is no common noise,

see Proposition 6.9 below.

(ii) It is worth pointing out that, in the common noise case, (6.7) and hence the PDE (6.8)-

(6.9) involve the second order derivative ∂µµǓ , however, the corresponding PDE (3.5) in

the process space does not involve the second order derivative ∂XXU , which is never used

in this paper. It is not clear if this type of first order nature in terms of ∂X helps in our

approach, in particular, our construction of the singular component ϕ is mainly to help for

the estimates related to the second order derivative ∂xx (or ∂xX). We refer to Remark 6.10

below for some highly related comments, and we also refer to Footnotes 1 and 2 for the

conventions of orders.

6.2 Mean field control without common noise

When there is no common noise, recall Remark 3.3 (ii) and define the classical semisolutions

of (6.8)-(6.9) in the obvious manner. The following result is obvious.
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Proposition 6.9. Let Assumptions 6.1 and 6.2 hold. Assume there is no common noise,

and s ∈ [t, T ] 7→ ȟs(x·∧t, a,P(X·∧t,α∗)) is uniformly continuous for h = b, σ, f , uniformly

in (x, a,X, α∗). Let Ǔ ∈ C1,2([0, T ] × P2(X)) and denote Ut(ξ) := Ǔ(t,Pξ). Then U ∈
C1,2(X 2

[0,T ]), and U is a classical solution (resp. subsolution, supersolution) of (3.5)-(6.3)

if and only if Ǔ is a classical solution (resp. subsolution, supersolution) of (6.8)-(6.9).

Remark 6.10. In the state dependent setting without common noise, [14, 62, 63] proposed

different notions of viscosity solutions for HJB equations on the Wasserstein space and

established the comparison principle by doubling variable arguments, also without invoking

the Crandall-Ishii lemma. However, their mechanism is completely different from ours.

(i) Our HJB equation (3.5) is a second order equation due to the term ∂xXV , see Footnote

2. As in (4.5) we consider the following penalization in the doubling variable arguments:

ψ(t, ξ, s, ζ) := U1(t, ξ)− U2(s, η)− nE[|ξ − η|2]− · · ·

Here we consider the state dependent case for simplicity and ξ, ζ denote random variables

instead of processes. Assume the above has optimal arguments (tn, ξn, sn, ζn). By stan-

dard arguments one can easily show limn→∞ nE[|ξn − ηn|2] = 0. Then naturally we would

construct test functions (omitting the other terms):

φ1(ξ) := nE[|ξ − ζn|2], φ2(ζ) := nE[|ζ − ξn|2].

Ignoring the possible adaptedness issue, by (3.2) we have

∂Xφ1(ξ) = 2n(ξ − ζn), ∂xXφ1(ξ) = 2n; ∂Xφ2(ζ) = 2n(ζ − ξn), ∂xXφ2(ζ) = 2n.

This implies that,

∂Xφ1(ξn) + ∂Xφ2(ζn) = 0, but ∂xXφ1(ξn) = ∂xXφ2(ζn). (6.10)

Then we can have the desired cancellation for the first order derivatives ∂Xφ, for example,

sup
α

E
[
b(ξn, α)∂Xφ1(ξn) + b(ζn, α)∂Xφ2(ζn)

]
= sup

α
E
[(
b(ξn, α)− b(ζn, α)

)
2n(ξn − ζn)

]
≤ CnE[|ξn − ηn|2] −→ 0.

However, there won’t be such type of cancellation for the second order derivatives ∂xXφ.

This is the same issue the second order derivatives ∂xxφ face for standard HJB equations,

and in that case the Crandall-Ishii lemma is used exactly to overcome this difficulty. We

alternatively introduced the singular component ϕ, instead of the Crandall-Ishii lemma, to

get around of this difficulty.
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(ii) The HJB equation (6.8)-(6.9) on the Wasserstein space has a special structure and the

corresponding second order term ∂xµφ can be magically cancelled, as [14, 62, 63] observed,

even though we are talking about the same value function: V (t, ξ) = V̌ (t,Pξ) by Proposition

6.4 (ii). To see this, we use the setting in [63] and assume state dependence and d = 1 for

simplicity. Introduce a smooth distance function on P2(R) by using the Fourier transform:

for some constant k and i =
√
−1:

ρ2(µ, ν) :=

∫
R

|Fµ−ν(z)|2

1 + |z|k
dz, where Fµ−ν(z) :=

∫
R
e−izλ(µ− ν)(dλ).

Consider the following penalization in the doubling variable arguments:

ψ̌(t, µ, s, ν) := Ǔ1(t, µ)− Ǔ2(s, ν)− nρ2(µ, ν)− · · ·

and assume it has optimal arguments (tn, µn, sn, νn). Then we have lim
n→∞

nρ2(µn, νn) = 0,

and we shall similarly construct test functions (again omitting the other terms):

φ̌1(µ) := nρ2(µ, νn), φ̌2(ν) := nρ2(µn, ν).

By direct calculation, we have: denoting by Re the real part,

∂µφ̌1(µ, x) = 2n

∫
R

Re
(
izeizxFµ−νn

(z)
)

1 + |z|k
dz, ∂xµφ̌1(µ, x) = −2n

∫
R

Re
(
|z|2eizxFµ−νn

(z)
)

1 + |z|k
dz;

∂µφ̌2(ν, x) = 2n

∫
R

Re
(
izeizxFν−µn

(z)
)

1 + |z|k
dz, ∂xµφ̌2(ν, x) = −2n

∫
R

Re
(
|z|2eizxFν−µn

(z)
)

1 + |z|k
dz.

This implies that, unlike (6.10) for the second equality,

∂µφ̌1(µn, x) + ∂µφ̌2(νn, x) = 0, and ∂xµφ̌1(µn, x) + ∂xµφ̌2(νn, x) = 0. (6.11)

So one may expect the desired cancellation for the terms involving ∂xµφ̌, and in this sense

the HJB equation can be viewed as a first order equation (in a different sense than Footnote

1). However, we should note that the infinite dimensionality, in the sense that ∂xµφ̌(µ, ·) is
a function of x, will cause additional difficulty which is not present in the standard finite

dimensional HJB equations.

(iii) When there is common noise, the HJB equation (6.8)-(6.9) involves ∂µµǓ . Note that

∂µµφ̌1(µ, x, x̃) = 2n

∫
R

Re
(
|z|2eiz(x−x̃)

)
1 + |z|k

dz = ∂µµφ̌2(ν, x, x̃).

Then we encounter the same difficulty caused by ∂xxφ in the standard case. We remark

that [6] introduced a Crandall-Ishii lemma in this setting to overcome this difficulty.
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7 The comparison result: Doubling variable in space

Note that the space Xp is not compact. To prove the comparison principle without com-

pactness, we shall use the following variation of the Ekeland-Borwein-Preiss variational

principle, see [12]. For this purpose, we first recall the definition of gauge-type functions.

Let (E, d) be a generic complete metric space.

Definition 7.1. A function Υ ∈ C0(E2; [0,∞)) is called a gauge-type function on (E, d) if

Υ(x, x) = 0 for all x ∈ E, and lim
Υ(x1,x2)→0

d(x1, x2) = 0.

Lemma 7.2. Let ψ : E → R be upper semicontinuous and bounded from above, and Υ a

gauge-type function on (E, d). For any ε > 0 and x0 ∈ E satisfying ψ(x0) ≥ supE ψ − ε,

there exist x̂ ∈ E and {xi}i≥1 ⊂ E such that, denoting Ψ := ψ −
∑∞

i=0 2
−iΥ(·, xi) ≤ ψ,

Υ(x̂, xi) ≤ ε 2−i, for all i ≥ 0, and Ψ(x̂) = strict-max
E

Ψ ≥ ψ(x0) ≥ sup
E
ψ − ε.

7.1 Smooth gauge-type functions

Recall Definition 5.1 (iii), for uniqueness of viscosity solutions it suffices to consider large

even integer p. For some estimates later, see Footnote 5 below, from now on we shall always

assume p ≥ 6. Consider the following complete metric space (omitting the dependence of

Λ0, d0 on p for notational simplicity):

Λ0 :=
{
θ = (t, ξ·∧t) : (t, ξ) ∈ X p

[0,T ]

}
, d0

(
θ, θ′

)
:= |t− t′|+ ∥ξ·∧t − ξ′·∧t′∥p. (7.1)

The metric d0 itself is of course a gauge-type function. However, for fixed θ′, the mapping

θ 7→ d0
(
θ, θ′

)
is not smooth in the sense of Definition 3.1. In order to construct smooth test

functions later, we need smooth gauge-type functions. For this purpose, we introduce

Υt(x) :=
(|x·∧t|p∞ − |xt|p)3

|x·∧t|2p∞
1{|x·∧t|∞ ̸=0} + 3|xt|p, (t,x) ∈ [0, T ]× X;

Υ0(θ, θ
′) := E

[
Υt∨t′(ξ·∧t − ξ′·∧t′)

]
, and Ῡ0(θ, θ

′) := Υ0(θ, θ
′) + |t− t′|2, θ, θ′ ∈ Λ0.

(7.2)

We emphasize that the map Υ is defined on deterministic paths, rather than on processes,

consequently, their path derivatives should be understood in the sense of Dupire [34]. We

also recall from [68] the useful bounds of Υ and the triangle-like inequality∣∣x·∧t
∣∣p
∞ ≤ Υt(x) ≤ 3|x·∧t|p∞, Υt(x+ x′) ≤ 2p−1[Υt(x) + Υt(x

′)], t ∈ [0, T ],x,x′ ∈ X. (7.3)
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Moreover, since p ≥ 6, Υ is differentiable in t and twice continuously differentiable in x

with

∂tΥt(x) = 0, |∂xΥt(x)| ≤ 3p|xt|p−1, and |∂xxΥt(x)| ≤ 3p(3p− 1)|xt|p−2. (7.4)

Combining this with Example 3.4, we have the following result.

Lemma 7.3. (i) Ῡ0 is a gauge-type function on (Λ0, d0).

(ii) For any θ′ = (t′, ξ′) ∈ X p
[0,T ), the mapping θ ∈ X p

[t′,T ] 7−→ Υ0(θ, θ
′) is in C1,2(X p

[t′,T ])

such that, for any t̂ ≥ t′, X ∈ Mp

[t̂,T ]
as in (3.1), and t ∈ [t̂, T ], we have

dΥ0((t,X), θ′) = E
[
∂xΥt(X − ξ′·∧t′)·dXt +

1

2
∂xxΥt(X − ξ′·∧t′) :d⟨X⟩t

]
. (7.5)

Remark 7.4. In the state dependent case Ut(ξ) = Ut(ξt), we may consider a much simpler

smooth gauge-type function: Ῡ0

(
(t, ξ

t
), (t′, ξ′

t′
)
)
:= |t − t′|2 + ∥ξt − ξ′t′∥22. The related cal-

culations will be simplified significantly. However, our approach still requires the singular

component ϕ in the test functions, so the main arguments for the comparison principle will

remain the same. See also Remark 5.3 concerning ϕ in the case without volatility control.

We next extend the space (Λ0, d0) by doubling the spatial variable:

Λ1(t̂) :=
{
λ := (t, ξ·∧t, ζ·∧t) : t ∈ [t̂, T ] and ξ, ζ ∈ Xp

}
, for all t̂ ∈ [0, T ],

d1
(
λ, λ′

)
:= d0

(
(t, ξ), (t′, ξ′)

)
+ d0

(
(t, ζ), (t′, ζ ′)

)
,

Υ1(λ, λ
′) := Υ0

(
(t, ξ), (t′, ξ′)

)
+Υ0

(
(t, ζ), (t′, ζ ′)

)
, Ῡ1(λ, λ

′) := Υ1(λ, λ
′) + |t− t′|2.

(7.6)

Similarly, we extend further the space by doubling the temporal and spatial variables:

Λ2(t̂, ŝ) :=
{
ι := (θ, η) : θ = (t, ξ·∧t) ∈ X p

[t̂,T ], η = (s, ζ·∧s) ∈ X p
[ŝ,T ]

}
, t̂, ŝ ∈ [0, T ],

d2
(
ι, ι′

)
:= d0(θ, θ

′) + d0(η, η
′),

Υ2(ι, ι
′) := Υ0(θ, θ

′) + Υ0(η, η
′), and Ῡ2(ι, ι

′) := Ῡ0(θ, θ
′) + Ῡ0(η, η

′).

(7.7)

Clearly Ῡ1 and Ῡ2 are gauge-type functions on (Λ1(t̂), d1) and (Λ2(t̂, ŝ), d2), respectively.

In this and the next sections, we prove the comparison principle by using the doubling

variable arguments. In (Λ1(t̂), d1) we double the spatial variable only, while in (Λ2(t̂, ŝ), d2)

we double both the spatial and temporal variables. From now on we consider the setting

in Theorem 5.6 and assume all the conditions there hold true. Recall Definition 5.1 (iii),

we may assume U1(resp., U2) is a viscosity p-subsolution (resp., p-supersolution) of HJB

equation (3.5) for some even integer p satisfying:5

p >
4

β
. (7.8)

5Since p is even and β ≤ 1, this implies p ≥ 6.
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Moreover, we assume without loss of generality that U1 satisfies (5.6) and denote:

m := sup
θ∈X p

[0,T ]

[U1 − U2](θ).

We shall assume to contrary that m > 0, and work toward a contradiction.

7.2 Doubling variable in space

For any n ≥ 1 and ε > 0, introduce the function ψn,ε defined for λ = (t, ξ, ζ) ∈ Λ1(0) by:

ψn,ε(λ) = ψn,ε
t (ξ, ζ) := U1(t, ξ)− U2(t, ζ)− nE

[
Υt(ξ − ζ)

]
− nq E

[
|ξt − ζt|p

]
(7.9)

−ε
(
1− t

2T

)
E
[
Υt(ζ)

]
, with q := 1 +

1

2

[
2

p− 2
+
β(p− 2)

2p− 2β

]
.

By (7.8), one can verify straightforwardly that

p

p− 2
− β

p− β
< q < 1 +

βp

2p− 2β
. (7.10)

These will be crucial for the estimate (8.27) below.

Proposition 7.5. Let all the conditions in Theorem 5.6 hold true with the above convention

on p, including (7.8), and U1 satisfy (5.6). Assume to the contrary that m > 0. Then there

exists 0 < εm ≤ 1 such that, for all 0 < ε ≤ εm, the following hold.

(i) There exist λ̂n,ε = (t̂n,ε, ξ̂n,ε, ζ̂n,ε) ∈ Λ1(0) and Ψn,ε ∈ C0(Λ1(t̂
n,ε)) s.t. Ψn,ε ≤ ψn,ε and

Ψn,ε(λ̂
n,ε

) = max
λ∈Λ1(t̂n,ε)

Ψn,ε(λ) ≥ sup
λ∈Λ1(0)

ψn,ε(λ)− 1

n
≥ m

2
− 1

n
. (7.11)

(ii) Moreover, [ψn,ε −Ψn,ε](λ) = πn,ε0 (t) + πn,ε1 (t, ξ) + πn,ε2 (t, ζ), for some nonnegative func-

tions πn,ε0 ∈ C1([t̂n,ε, T ]), πn,ε1 , πn,ε2 ∈ C1,2(X p

[t̂n,ε,T ]), such that: at λ̂n,ε,

0 ≤ πn,εj ≤ Cn−1, j = 0, 1, 2; |∂tπn,ε0 | ≤ Cn−
1
2 ;

∂tπ
n,ε
j = 0, ∥∂Xπn,εj ∥ p

p−1
≤ Cn

− p−1
p , ∥∂xXπn,εj ∥ p

p−2
≤ Cn

− p−2
p , j = 1, 2.

(7.12)

(iii) There exists Cε > 0, which may depend on ε but not on n, such that

E
[
|ξ̂n,ε·∧t̂n,ε |p∞ + |ζ̂n,ε·∧t̂n,ε |p∞

]
≤ Cε, and (7.13)

nE
[
|ξ̂n,ε·∧t̂n,ε − ζ̂n,ε·∧t̂n,ε |p∞

]
+ nqE

[
|ξ̂n,ε
t̂n,ε − ζ̂n,ε

t̂n,ε |p
]

≤ Cn
− β

p−β , for all n ≥ 1. (7.14)

(iv) T ε,m := limn→∞ t̂n,ε < T . Consequently, there exists nε,m, which may depend on ε but

not on n, such that t̂n,ε ≤ Tε,m := 1
2

(
T ε,m + T

)
< T , for all n ≥ nε,m.
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Proof. (i) As m > 0, there exists θ0 = (t0, ξ
0) ∈ Λ0 s.t. (U1 − U2)(θ0) ≥ 2m

3 . Then

sup
Λ1(0)

ψn,ε ≥ ψn,ε(t0, ξ
0, ξ0) = (U1 − U2)(θ0)− ε

(
1− t0

2T

)
E[Υ(θ0)] ≥

2m

3
− 3εE[|ξ0·∧t0 |

p
∞],

where the last inequality is due to (7.3). By setting εm := m
1+18E[|ξ0·∧t0

|p∞]
, we obtain the last

inequality in (7.11). Next, by (7.3) we have

E
[
Υt(ζ) + Υt(ξ − ζ)

]
≥ 1

2p−1 + 1
E
[
Υt(ξ) + Υt(ζ)

]
≥ 1

2p−1 + 1
[∥ξ·∧t∥pp + ∥ζ·∧t∥pp].

Note that n ≥ 1 ≥ ε and 1− t
2T ≥ 1

2 , then

nE
[
Υt(ξ − ζ)

]
+ ε

(
1− t

2T

)
E
[
Υt(ζ)

]
≥ ε

2
E
[
Υt(ζ) + Υt(ξ − ζ)

]
≥ ε

2p+1

[
∥ξ·∧t∥pp + ∥ζ·∧t∥pp

]
.

Thus, since U1, U2 satisfy the estimates (5.7),

ψn,ε(λ) ≤ C
[
1 + ∥ξ·∧t∥2 + ∥ζ·∧t∥2

]
− ε

2p+1

[
∥ξ·∧t∥pp + ∥ζ·∧t∥pp

]
. (7.15)

This clearly implies supΛ1(0) ψ
n,ε <∞, and thus there exists λn,ε0 = (tn,ε0 , ξn,ε0 , ζn,ε0 ) ∈ Λ1(0)

such that ψn,ε(λn,ε0 ) ≥ supΛ1(0) ψ
n,ε− 1

n . Now apply Lemma 7.2 on (Λ1(t
n,ε
0 ), d1), there exist

λ̂n,ε = (t̂n,ε, ξ̂n,ε, ζn,ε) ∈ Λ1(t
n,ε
0 ) and λn,εi = (tn,εi , ξn,εi , ζn,εi ) ∈ Λ1(t

n,ε
0 ), i ≥ 1, such that

• tn,εi ↑ t̂n,ε as i→ ∞, where the monotonicity of (tn,εi )i is due to [68, Lemma 2.14];

• Υ1(λ̂
n,ε, λn,εi ) ≤ 1

n2i
, i ≥ 0, and Ψn,ε := ψn,ε−

∞∑
i=0

2−iΥ1(λ, λ
n,ε
i ) ≤ ψn,ε satisfies (7.11).

(ii) For notational convenience, in the rest of this proof we omit the superscript (n,ε),

e.g. λ̂ = λ̂n,ε, λi = λn,εi , ψ = ψn,ε, Ψ = Ψn,ε. By the definition of Ψ and (7.6), we have

[ψ −Ψ](λ) = π0(t) + π1(t, ξ) + π2(t, ζ) with nonnegative maps π0(t) :=
∑∞

i=0 2
−i(t− ti)

2,

π1(t, ξ) :=

∞∑
i=0

2−iΥ0((t, ξ), (ti, ξi)), and π2(t, ζ) :=

∞∑
i=0

2−iΥ0((t, ζ), (ti, ζi)). (7.16)

The regularity of πn,εj follow from Lemma 7.3, and it only remains to verify (7.12). First,

π0(t) + π1(t, ξ) + π2(t, ζ) =

∞∑
i=0

2−iΥ1(λ̂, λi) ≤
∞∑
i=0

1

n22i
≤ 2

n
,

and ∂tπ0(t̂) =
∞∑
i=0

2−i(t̂− ti) ≤
∞∑
i=0

1

2i

( 1

n2i

) 1
2 ≤ C√

n
.

Next, by Lemmas 7.3 and the estimates (7.4) we have ∂tπ1 = 0, and

∥∂Xπ1(t̂, ξ̂)∥ p
p−1

≤
∞∑
i=0

2−i∥∂xΥt̂(ξ̂·∧t̂ − (ξi)·∧ti)∥ p
p−1

≤ C

∞∑
i=0

2−i∥|ξ̂t̂ − (ξi)ti |p−1∥ p
p−1
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Then, it follows from the lower bound of Υ in (7.3) that

∥∂Xπ1(t̂, ξ̂)∥ p
p−1

≤ C

∞∑
i=0

2−i∥ξ̂t̂ − (ξi)ti∥p−1
p ≤ C

∞∑
i=0

2−i∥Υt̂(ξ̂·∧t̂ − (ξi)·∧ti)∥
p−1
p

1

= C

∞∑
i=0

2−i
(
Υ0((t̂, ξ̂), (ti, ξi))

) p−1
p ≤ C

∞∑
i=0

2−i
( 1

n2i

) p−1
p ≤ C n

− p−1
p .

Similarly, as |∂xXπ1(t̂, ξ̂)| ≤
∞∑
i=0

2−i|∂xxΥt̂(ξ̂·∧t̂ − (ξi)·∧ti)|, we may get ∥∂xXπ1(t̂, ξ̂)∥ p
p−2

≤

C n
− p−2

p . The estimates for π2 can be proved similarly.

(iii) First, by (7.11) we have

ψ(λ̂) ≥ Ψ(λ̂) ≥ m

2
− 1

n
≥ −1. (7.17)

Then, noting that ∥ · ∥2 ≤ ∥ · ∥p, it follows from (7.15) that

−1 ≤ C
[
1 + ∥ξ̂·∧t̂∥p + ∥ζ̂·∧t̂∥p

]
− ε

2p+1

[
∥ξ̂·∧t̂∥

p
p + ∥ζ̂·∧t̂∥

p
p

]
.

This implies (7.13) with Cε = Cε
− p

p−1 .

Next, as Ψ(λ̂) ≥ Ψ(t̂, ζ̂, ζ̂) by the optimality of λ̂ in (7.11), by (7.9) and (ii) we have

0 ≤ U1(t̂, ξ̂)− U1(t̂, ζ̂)− nE
[
Υt̂(ξ̂ − ζ̂)

]
− nqE

[
|ξ̂t̂ − ζ̂t̂|

p
]

+
∑
i≥0

2−iE
[
Υt̂(ζ̂ − (ξi)·∧ti)−Υt̂(ξ̂ − (ξi)·∧ti)

]
.

(7.18)

Since Υ ≥ 0, we have

nE
[
Υt̂(ξ̂ − ζ̂)

]
+ nqE

[
|ξ̂t̂ − ζ̂t̂|

p
]
≤ K1 +K2, where

K1 :=
∣∣U1(t̂, ξ̂)− U1(t̂, ζ̂)

∣∣, K2 :=
∑
i≥0

2−iE
[
Υt̂(ζ̂·∧t̂ − (ξi)·∧ti)

]
.

Since U1 satisfies (5.6), by (7.13) we have

K1 ≤ C∥ξ̂·∧t̂ − ζ̂·∧t̂∥
β
p .

Moreover, recall from (i) that Υ1(λ̂, λi) ≤ 1
n2i

. Then, by (7.3) we have

K2 ≤ C
∞∑
i=0

2−iE
[
Υt̂(ζ̂ − ξ̂) + Υt̂(ξ̂ − (ξi)·∧ti)

]
≤ C∥ξ̂·∧t̂ − ζ̂·∧t̂∥

p
p +

C

n
.

Recall from (7.3) that Υt(x) ≥ |x·∧t|p∞. Then

n∥ξ̂·∧t̂ − ζ̂·∧t̂∥
p
p + nq∥ξ̂t̂ − ζ̂t̂∥

p
p ≤ C∥ξ̂·∧t̂ − ζ̂·∧t̂∥

β
p + C∥ξ̂·∧t̂ − ζ̂·∧t̂∥

p
p +

C

n
.
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Note that Cxβ ≤ 1
2nx

p + Cn
− β

p−β . Then, for n large we have

n∥ξ̂·∧t̂ − ζ̂·∧t̂∥
p
p + nq∥ξ̂t̂ − ζ̂t̂∥

p
p ≤ Cn

− β
p−β .

This implies (7.14) immediately.

(iv) First, for n ≥ 6
m , by (7.17) we have ψ(λ̂) ≥ m

2 − 1
n ≥ m

3 . Then, by the second

inequality in (5.7) and since U1(T, ·) ≤ U2(T, ·), we derive from (7.9), (7.13), (7.14) that

m

3
≤ ψ(λ̂) ≤ U1(t̂, ξ̂)− U2(t̂, ζ̂) ≤

[
U1(t̂, ξ̂·∧t̂)− U2(t̂, ζ̂ ·∧t̂)

]
−
[
U1(T, ζ̂ ·∧t̂)− U2(T, ζ̂ ·∧t̂)

]
≤ 2ρCε(T − t̂) + C∥ξ̂·∧t̂ − ζ̂·∧t̂∥

β
2 ≤ 2ρCε(T − t̂) + Cεn

− β
p−β .

The required result follows from taking limn→∞ in the last inequality.

8 The comparison result: a crucial estimate

To prove the comparison principle, we need another proposition. Recall the notations εm,

Cε and nε,m defined in Proposition 7.5.

Proposition 8.1. Let all the conditions in Proposition 7.5 hold true. Assume further that

U2 is a viscosity supersolution of LU2(t, ξ) ≤ −c1 for some c1 > 0. (8.1)

Then there exist constants C > 0 and q̃ > 0, independent of n, ε,m, c1, such that

c1 ≤ ε(C − 1

2T
)
∥∥ζ̂n,ε·∧t̂n,ε

∥∥p
p
+ Cε+ Cεn

−q̃, for all ε ≤ εm, n ≥ nε,m. (8.2)

We note that ψn,ε in (7.9) doubles the spatial variable only. The rather lengthy proof

of this proposition requires additional doubling variables in time and space.

8.1 Doubling variable in time

Let εm, nε,m, λ̂ = λ̂n,ε = (t̂n,ε, ξ̂n,ε, ζ̂n,ε) be as in Proposition 7.5, and set:

â = ân,ε :=
1

2
[ξ̂n,ε + ζ̂n,ε], θ̂ = θ̂n,ε := (t̂n,ε, ξ̂n,ε), η̂ = η̂n,ε := (t̂n,ε, ζ̂n,ε),

for 0 < ε ≤ εm and n ≥ nε,m, where we omit the superscripts n,ε when the contexts are

clear. For each N ≥ 1 and ι = (θ, η) ∈ Λ2(t̂), with θ = (t, ξ) and η = (s, ζ), define

ψN
n,ε(ι) := U1(θ)− U2(η)−

[
φθ̂
1(θ, â) + φη̂

2(η, â)
]
− πn,ε0 (t)−N |s− t|2
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− sup
α∈A[t̂,T ]

J θ̂,â
− (θ, α)− inf

α∈A[t̂,T ]

J θ̂,â
+ (η, α), (8.3)

where, recalling the notations in (4.10) and (5.3), the penalties φθ̂
j and J± are given by

φθ̂
1(θ, â) := Ῡ0

(
θ, θ̂

)
+ 2p−1nΥ0(θ, (t̂, â)) + πn,ε1 (θ);

φη̂
2(η, â) := Ῡ0

(
η, η̂

)
+ 2p−1nΥ0(η, (t̂, â)) + ε

(
1− s

2T

)
E[Υs(ζ)] + πn,ε2 (η);

J θ̂,â
± (θ, α) := 2p−1nqE

[
|Îα

t (ξ)|p
]
± F̂α

t , Îα := Ibθ̂,σθ̂,t̂,â,α, F̂α := F f θ̂,t̂,α.

(8.4)

We emphasize that the term J θ̂,â
+ (η, α) in (8.3) also relies on θ̂, and not on η̂.

Proposition 8.2. Let all the conditions in Proposition 7.5 hold true. Then for any 0 <

ε ≤ εm, n ≥ nε,m, the following hold.

(i) There exist ι̌N = (θ̌N , η̌N ) =
(
(ťN , ξ̌N ), (šN , ζ̌N )

)
∈ Λ2(t̂, t̂) (omitting n,ε) and ΨN

n,ε ∈
C0

(
Λ2(t̂, t̂)

)
such that ΨN

n,ε ≤ ψN
n,ε and

ΨN
n,ε(ι̌

N ) = max
ι∈Λ2(t̂,t̂)

ΨN
n,ε(ι) ≥

(
sup

ι∈Λ2(t̂,t̂)

ψN
n,ε(ι)−

1

N

)
∨Ψn,ε(λ̂). (8.5)

(ii) Moreover, [ψN
n,ε − ΨN

n,ε](ι) = πn,ε,N1 (θ) + πn,ε,N2 (η), for some nonnegative functions

πn,ε,N1 ∈ C1,2(X p
[ťN ,T ]), π

n,ε,N
2 ∈ C1,2(X p

[šN ,T ]), such that: for j = 1, 2 and at ι̌N ,

0 ≤ πn,ε,Nj ≤ C

N
; |∂tπn,ε,Nj | ≤ C√

N
; ∥∂Xπn,ε,Nj ∥ p

p−1
≤ C

N
p−1
p

, ∥∂xXπn,ε,Nj ∥ p
p−2

≤ C

N
p−2
p

. (8.6)

(iii) supn,N E
[
∥ξ̌N·∧ťN ∥

p
p + ∥ζ̌N·∧šN ∥

p
p

]
≤ Cε, for some Cε, which may depend on ε.

Proof. Recall the connection between Ψn,ε and πn,εj in Proposition 7.5 (ii) and that

ξ̂ − â = â− ζ̂ = 1
2 [ξ̂ − ζ̂]. Then, by (8.3), (7.9), (4.10), and (7.2) we have

ψN
n,ε

(
θ̂, η̂

)
−Ψn,ε(λ̂) = ψN

n,ε

(
θ̂, η̂

)
− ψn,ε(λ̂) + πn,ε0 (t̂) + πn,ε1 (θ̂) + πn,ε2 (η̂)

= nΥ0

(
θ̂, η̂

)
+ nqE

[
|ξ̂t̂ − ζ̂t̂|

p
]

−2p−1n
[
Υ0

(
θ̂, (t̂, â)

)
+Υ0

(
η̂, (t̂, â)

)]
− 2p−1nqE

[
|ξ̂t̂ − ât̂|

p + |ζ̂t̂ − ât̂|
p
]

= nE
[
Υt̂(ξ̂ − η̂)

]
− 2p−1nE

[
Υt̂

( ξ̂ − ζ̂

2

)
+Υt̂

( ζ̂ − ξ̂

2

)]
= 0, (8.7)

where the last equality is due to the fact that Υt(
x
2 ) = Υt(−x

2 ) =
1
2pΥt(x), which can be ver-

ified straightforwardly from (7.2). Then one can prove all the statements following the same

arguments as in Proposition 7.5. In particular, we have πn,ε,N1 (θ) :=
∑∞

i=0 2
−iΥ0(θ, θ̌

N
i ) and

πn,ε,N2 (η) :=
∑∞

i=0 2
−iΥ0(η, η̌

N
i
), for some appropriate ι̌Ni = (θ̌Ni , η̌

N
i ). Note that the πn,ε,Nj

here includes the time difference, while the πn,εj in (7.16) does not.

The convergence of ι̌N is more involved and will be conducted in two cases.
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8.2 Proof of Proposition 8.1: Case 1.

In this subsection we prove the proposition in the case that:

there is a subsequence, still denoted as (θ̌N , η̌N )N , satisfying šN ≤ ťN . (8.8)

Surprisingly in this case we do not need to invoke the viscosity subsolution property of U1.

The viscosity supersolution property of U2 alone induces the desired estimate.

Lemma 8.3. In the setting of Proposition 8.2, if šN ≤ ťN , then∥∥ξ̌N·∧ťN − ξ̂·∧t̂
∥∥p
p
+
∥∥ζ̌N·∧šN − ζ̂·∧t̂

∥∥p
p
+ |ťN − t̂|2 + |šN − t̂|2 +N |ťN − šN |2

≤ ρCε

(
Cn,εN

− 1
2
)
+ Cn,εN

− 1
4 , (8.9)

where Cε is defined in Proposition 7.5, and Cε,n is a constant depending on n, ε only.

Consequently, under (8.8), there exists Nn,ε, such that

šN ≤ ťN ≤ T ′
ε,m :=

Tε,m + T

2
< T, for all n ≥ nε,m, N ≥ Nn,ε. (8.10)

Proof. Clearly, (8.10) is a direct consequence of the claimed estimate (8.9), which we now

focus on. Fix (n, ε,N) such that šN ≤ ťN . We omit further the subscripts/superscripts

(n, ε) in ψn,ε,Ψn,ε, ψN
n,ε,Ψ

N
n,ε, π

n,ε
j , πn,ε,Nj . Note that šN ≤ ťN implies

ΥťN (ζ̌
N
·∧šN ) = ΥšN (ζ̌

N ), Υ0

(
θ̌
N
, (ťN , ζ̌

N

·∧šN )
)
= Υ0

(
θ̌
N
, η̌N

)
, π2(ť

N , ζ̌
N

·∧šN ) = π2(η̌
N ),(8.11)

where we used (7.2) and (7.16). Since ΨN ≤ ψN , by (8.5) and (7.11) we have

0 ≥ ΨN (ι̌N )− ψN (ι̌N ) ≥ Ψ(λ̂)− ψN (ι̌N ) ≥ Ψ(ťN , ξ̌
N
, ζ̌

N

·∧šN )− ψN (ι̌N ).

Thus, it follows from the definitions of ψ, ψN in (7.9) and (8.3), as well as Proposition 7.5

(ii) and (8.11) that

0 ≥ ψ(ťN , ξ̌
N
, ζ̌

N

·∧šN )−
[
π0(ť

N ) + π1(θ̌
N
) + π2(η̌

N )
]
− ψN (ι̌N )

=
[
U2(š

N , ζ̌
N
)− U2(ť

N , ζ̌
N

·∧šN )
]
+
[
Ῡ0

(
θ̌
N
, θ̂
)
+ Ῡ0

(
η̌N , η̂

)]
+
ε

2T
(ťN − šN )E

[
ΥšN (ζ̌

N )
]
+ 2p−1n

[
Υ0(θ̌

N
, (t̂, â)) + Υ0(η̌

N , (t̂, â))
]

−nΥ0(θ̌
N
, η̌N )− nqE

[
|ξ̌NťN − ζ̌NšN |

p
]
+N |šN − ťN |2 (8.12)

+ sup
α∈A[t̂,T ]

J θ̂,â
− (θ̌N , α) + inf

α∈A[t̂,T ]

J θ̂,â
+ (η̌N , α).

Recall (4.10). Note that, by (7.2) and (7.3), as well as the fact 2p−1[|x|p + |y|p] ≥ |x− y|p,

2p−1
[
Υ0(θ̌

N
, (t̂, â)) + Υ0(η̌

N , (t̂, â))
]
≥ Υ0(θ̌

N
, η̌N ),
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sup
α∈A[t̂,T ]

J θ̂,â
− (θ̌N , α) + inf

α∈A[t̂,T ]

J θ̂,â
+ (η̌N , α) ≥ inf

α∈A[t̂,T ]

[
J θ̂,â
− (θ̌N , α) + J θ̂,â

+ (η̌N , α)
]

(8.13)

≥ inf
α∈A[t̂,T ]

[
nqE

[
|Îα

ťN (ξ̌
N )− Îα

šN (ζ̌
N )|p

]
+ F̂α

šN − F̂α
ťN

]
.

Plug these into (8.12) and note that ťN − šN ≥ 0, we have

N |šN− ťN |2 +
[
Ῡ0

(
θ̌
N
, θ̂
)
+ Ῡ0

(
η̌N , η̂

)]
≤ U2(ť

N, ζ̌
N

·∧šN )−U2(š
N, ζ̌

N
) (8.14)

+nqE
[
|ξ̌NťN − ζ̌NšN |

p
]
− inf

α∈A[t̂,T ]

[
nqE

[
|Îα

ťN (ξ̌
N )− Îα

šN (ζ̌
N )|p

]
+ F̂α

šN − F̂α
ťN

]
.

Recall (5.3), (8.4), and denote, for any α,

∆α
N :=

[
ξ̌NťN − ζ̌NšN

]
−
[
Îα
ťN (ξ̌

N )− Îα
šN (ζ̌

N )
]
=

∫ ťN

šN
bθ̂,αr dr +

∫ ťN

šN
σθ̂,αr dBr.

By (7.13) we have E[|∆α
N |p] ≤ Cε(ť

N − šN )
p
2 , and then, by Proposition 8.2 (iii),

E
[
|ξ̌NťN − ζ̌NšN |

p
]
− E

[
|Îα

ťN (ξ̌
N )− Îα

šN (ζ̌
N )|p

]
= E

[
|ξ̌NťN − ζ̌NšN |

p − |ξ̌NťN − ζ̌NšN −∆α
N |p

]
≤ Cε∥∆α

N∥p ≤ Cε(ť
N − šN )

1
2 ,

Moreover, since −U2 satisfies (5.7), it is clear that

U2(ť
N , ζ̌

N

·∧šN )− U2(š
N , ζ̌

N
) ≤ ρCε

(
ťN − šN

)
;

∣∣F θ̂,α
šN

− F θ̂,α
ťN

∣∣ ≤ Cε(ť
N − šN ).

Then by (8.14) we have

N |šN − ťN |2 +
[
Ῡ0

(
θ̌
N
, θ̂
)
+ Ῡ0

(
η̌N , η̂

)]
≤ ρCε

(
ťN − šN

)
+ Cn,ε(ť

N − šN )
1
2 . (8.15)

As ρR(δ) ≤ 1 + CRδ, without loss of generality, the above implies that 0 ≤ ťN − šN ≤
Cn,εN

− 1
2 . Then (8.9) follows by plugging this into the right side of (8.15).

Proof of Proposition 8.1 under (8.8). Fix ε ≤ εm, n ≥ nε,m, N ≥ Nn,ε such that

šN ≤ ťN . As before we omit the subscripts/supscripts (n, ε). Introduce

φN
2 (η) := φη̂

2(η, â) +N |s− ťN |2 + πN2 (η); ϕN2 (η) := inf
α∈A[t̂,T ]

[
2p−1nqE

[
|Îα

s (ζ)|p
]
+ F̂α

t

]
.

Here, in terms of the notation in (4.10) and (4.11), we are setting (t̃, ξ̃) = (t′, ξ′) = (t̂, ξ̂),

(b̃α, σ̃α, f̃α) = (bθ̂,α, σθ̂,α, f θ̂,α), and k = 2p−1nq. Then one can easily check that ϕN2 ∈
C+(X p

[šN ,T ]). By (8.10) we have šN < T , and by Proposition 7.5 (ii) and Proposition

8.2 (ii) we see that φN
2 ∈ C1,2(X p

[šN ,T ]). Then it follows from Proposition 8.2 (i) that
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(−φN
2 ,−ϕN2 ) ∈ F−

p U2(η̌
N ). Thus, by the viscosity p-supersolution property of U2, and

recalling (5.3), we have

c1 ≤ ∂tφ
N
2 (η̌N ) + lim

δ→0
sup

α∈A
[šN ,T ]

1

δ

∫ šN+δ

šN

[
ϕ̇N2

(
s, X̄

η̌N ,α
)

−Hs

(
ζ̌
N

·∧šN ,−∂Xφ
N
2 (η̌N ),−∂xXφN

2 (η̌N ), αs

)]
ds.

Note that t′ = t̂ ≤ šN . This allows us to apply Proposition 4.3 (i) and obtain∫ šN+δ

šN
ϕ̇N2 (s, X̄

η̌N ,α
)ds ≤ inf

α̃∈A
[šN ,T ]

∫ šN+δ

šN

[
CnqI η̌

N

s (α, α̃) + f θ̂,α̃s

]
ds

≤
∫ šN+δ

šN

[
CnqI η̌

N

s (α, α) + f θ̂,αs

]
ds, (8.16)

where we denoted

Iηs (α, α̃) := ∥bη,αs − bθ̂,α̃s ∥p sup
α′∈A[t̂,T ]

∥I θ̂,α′
s (X̄η,α)∥p−1

p

+∥ση,αs − σθ̂,α̃s ∥2p sup
α′∈A[t̂,T ]

∥I θ̂,α′
s (X̄η,α)∥p−2

p , (8.17)

I θ̂,α′
s (X̄η,α) := Ibθ̂,σθ̂,t̂,â,α′

s (X̄η,α).

Observe that it is crucial to have inf α̃ in the right side of the first line of (8.16), which

helps to replace α̃ with α in the second line. Then, by (3.5) we have

c1 ≤ KN
0 + lim

δ→0
sup

α∈A
[šN ,T ]

1

δ

∫ šN+δ

šN
[KN

1 (s) +KN
2 (s) +KN

3 (s) +KN
4 (s)]ds, (8.18)

where

KN
0 := ∂tφ

N
2 (η̌N ), KN

1 (s) := E
[
bη̌

N ,α
s · ∂XφN

2 (η̌N )
]
,

KN
2 (s) :=

1

2
E
[
(σσ⊤)η̌

N ,α
s : ∂xXφ

N
2 (η̌N )

]
,

KN
3 (s) := CnqI η̌

N

s (α, α), KN
4 (s) := E

[
f θ̂,αs − f η̌

N ,α
s

]
.

(8.19)

We now estimate the KN
i separately. We shall send N → ∞, along the subsequence

such that šN ≤ ťN , by applying the convergence in Proposition 8.2 (i) and Lemma 8.3

repeatedly. We shall also apply the estimates (7.4), Proposition 7.5 (ii), (iii), Proposition

8.2 (ii), (iii), as well as Assumption 2.1 repeatedly. At below we let o(1) denote generic

terms which will vanish when N → ∞. The convergence rate may depend on n, ε, but is
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uniform in α, δ, s. Note that, by (8.4), (7.2), and (7.5),

∂tφ
η̂
2(η, â) = − ε

2T
E[Υ(η)] + 2(s− t̂),

∂Xφ
η̂
2(η, â) = ∂xΥs(ζ − ζ̂·∧t̂) + 2p−1n∂xΥs(ζ − â·∧t̂) + ε[1− s

2T
]∂xΥs(ζ) + ∂Xπ2(η),

∂xXφ
η̂
2(η, â) = ∂xxΥs(ζ − ζ̂·∧t̂) + 2p−1n∂xxΥs(ζ − â·∧t̂)

+ε[1− s

2T
]∂xxΥs(ζ) + ∂xXπ2(η).

(8.20)

First, thanks to the crucial assumption šN ≤ ťN ,

KN
0 = ∂tφ

η̂
2(η̌

N , â) + 2N(šN − ťN ) + ∂tπ
N
2 (η̌N )

≤ ∂tφ
η̂
2(η̌

N , â) + o(1) = − ε

2T
E[Υ(η̌N )] + 2(šN − t̂) + o(1)

= − ε

2T
E[Υ(η̂)] + o(1) ≤ − ε

2T
E
[
|ζ̂·∧t̂|

p
∞
]
+ o(1). (8.21)

Next, denote ∥ζ∥2,t :=
(
E0
t [|ζ·∧t|2∞]

) 1
2 ,

KN
1 (s) = E

[
bη̌

N ,α
s ·

[
∂Xφ

η̂
2(η̌

N ) + ∂Xπ
N
2 (η̌N )

]]
= E

[
bη̌

N ,α
s · ∂Xφη̂

2(η̌
N )

]
+ o(1)

≤ CE
[(

1 + |ζ̌N·∧šN |∞ + ∥ζ̌N∥2,šN
)
×(

|∂xΥšN (ζ̌
N − ζ̂·∧t̂)|+ n|∂xΥšN (ζ̌

N−â·∧t̂)|+ ε|∂xΥšN (ζ̌
N )|+ |∂Xπ2(η̌N )|

)]
+o(1)

= CE
[(

1 + |ζ̂·∧t̂|∞ + ∥ζ̂∥2,t̂
)(
n|∂xΥt̂(ζ̂ − â)|+ ε|∂xΥt̂(ζ̂)|+ |∂Xπ2(η̂)|

)]
+ o(1)

≤ CεE
[
1 + |ζ̂·∧t̂|

p
∞
]
+ Cεn

(
E
[
|ζ̂t̂ − ξ̂t̂|

p
]) p−1

p + Cε

(
E
[
|∂Xπ2(η̂)|

p
p−1 ]

) p−1
p + o(1)

≤ CεE
[
1 + |ζ̂·∧t̂|

p
∞
]
+ Cεn

1−
(
q+ β

p−β

)
p−1
p + Cεn

− p−1
p + o(1), (8.22)

where the last inequality thanks to (7.14) and (7.12). Similarly,

KN
2 (s) ≤ CE

[(
1 + |ζ̂·∧t̂|

2
∞ + ∥ζ̂∥2

2,t̂

)
×(

n|∂xxΥt̂(ζ̂ − â)|+ ε|∂xxΥt̂(ζ̂)|+ |∂xXπ2(η̂)|
)]

+ o(1)

≤ CεE
[
1 + |ζ̂·∧t̂|

p
∞
]
+ Cεn

(
E
[
|ζ̂t̂ − ξ̂t̂|

p
]) p−2

p + Cε

(
E
[
|∂Xπ2(η̂)|

p
p−2 ]

) p−2
p + o(1)

≤ CεE
[
1 + |ζ̂·∧t̂|

p
∞
]
+ Cεn

1−
(
q+ β

p−β

)
p−2
p + Cεn

− p−2
p + o(1). (8.23)

To estimate KN
3 , we first recall (4.10) and note that

I θ̂,α′
s (X̄ η̌N ,α) = ζ̌NšN − ât̂ +

∫ s

šN
bη̌

N ,α
t dt+

∫ s

šN
ση̌

N ,α
t dBt −

∫ s

t̂
bθ̂,α

′

t dt−
∫ s

t̂
σθ̂,α

′

t dBt.

Then, for s ∈ [šN , šN + δ], we have

E
[
|I θ̂,α′

s (X̄ η̌N ,α)|p
]

≤ CE
[
|ζ̌NšN − ât̂|

p
]
+ Cε(s− t̂)

p
2
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= CE
[
|ζ̂t̂ − ξ̂t̂|

p
]
+ Cεδ

p
2 + o(1) ≤ Cεn

− β
p−β

−q
+ Cεδ

p
2 + o(1).

Moreover, by (7.14) we also have

E
[
|bη̌N ,α
s − bθ̂,αs |p + |ση̌N ,α

s − σθ̂,αs |p
]

≤ CE
[
|ζ̌N·∧šN − ξ̂·∧t̂|

p
∞
]
= CE

[
|ζ̂·∧t̂ − ξ̂·∧t̂|

p
∞
]
+ o(1) ≤ Cεn

−1− β
p−β + o(1),

|f η̌N ,α
s − f θ̂,αs |p ≤ CE

[
|ζ̌N·∧šN − ξ̂·∧t̂|

p
∞
]β ≤ Cεn

−β− β2

p−β + o(1).

Plug these into (8.17), we have

KN
3 (s) ≤ Cεn

q
[(
n
− β

p−β
−q

+ δ
p
2

) p−1
p n

(−1− β
p−β

) 1
p

+
(
n
− β

p−β
−q

+ δ
p
2

) p−2
p n

(−1− β
p−β

) 2
p

]
+ o(1)

≤ Cεn
2q
p
− 2

p
− β

p−β + Cn,εδ
p
2
−1 + o(1);

KN
4 (s) ≤ Cεn

−(β+ β2

p−β
) 1
p + o(1) = Cεn

− β
p−β + o(1).

(8.24)

Plug the estimates (8.21)-(8.24) into (8.18), we obtain

c1 ≤ − ε

2T
E[|ζ̂·∧t̂|

p
∞] + CεE

[
1 + |ζ̂·∧t̂|

p
∞
]

+Cε

[
n
1−

(
q+ β

p−β

)
p−2
p + n

− p−2
p + n

2q
p
− 2

p
− β

p−β + n
− β

p−β

]
+ o(1)

≤ ε
[
C − 1

2T

]
E[|ζ̂·∧t̂|

p
∞] + Cε+ Cεn

−q̃ + o(1), (8.25)

where

q̃ := q̃1 ∧
p− 2

p
∧ q̃2 ∧

β

p− β
,

q̃1 :=

(
q +

β

p− β

)
p− 2

p
− 1, q̃2 :=

2

p
+

β

p− β
− 2q

p
.

(8.26)

Recall (7.10), we have

q̃1 >

(
p

p− 2
− β

p− β
+

β

p− β

)
p− 2

p
− 1 = 0;

q̃2 >
2

p
+

β

p− β
− 2

p

(
1 +

βp

2p− 2β

)
= 0.

(8.27)

Then q̃ > 0. Sending N → ∞ in (8.25), we obtain (8.2) immediately, in the case (8.8).
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8.3 Proof of Proposition 8.1: Case 2

We now turn to the case that

ťN < šN for all large N. (8.28)

In this case, we need to modify (8.3) by adding another penalization. Fix 0 < ε ≤ εm,

n ≥ nε,m, and N large enough such that (8.28) holds. Consider the settings of Propositions

7.5 and 8.2. Again we omit the subscripts/superscripts (n, ε) when the contexts are clear.

For each M , recall (8.4) and define:

ψN,M (ι) := U1(θ)− U2(η)−
[
φθ̂
1(θ, â) + φη̂

2(η, â)
]
− πn,ε0 (t)−N |s− t|2

−M
∣∣(s− t)− (šN − ťN )

∣∣2 − inf
α∈A[t̂,T ]

(
J θ̂,â
− (θ, α) + J θ̂,â

+ (η, α)
)
. (8.29)

Proposition 8.4. In the setting of Proposition 8.2, for any 0 < ε ≤ εm, n ≥ nε,m, and N

large enough such that ťN < šN , the following hold.

(i) There exist ὶN,M = (θ̀N,M , ὴN,M ) =
(
(t̀N,M , ξ̀N,M ), (s̀N,M , ζ̀N,M )

)
∈ Λ2(ť

N , šN ) (omitting

n,ε again ) and ΨN,M ∈ C0
(
Λ2(t̀

N,M , s̀N,M )
)
such that ΨN,M ≤ ψN,M and

ΨN,M (ὶN,M ) = max
Λ2(t̀N,M ,s̀N,M )

ΨN,M ≥
(

sup
Λ2(t̀N,M ,s̀N,M )

ψN,M − 1

N

)
∨ ψN,M (ι̌N ). (8.30)

(ii) Moreover, [ψN,M − ΨN,M ](ι) = πN,M
1 (θ) + πN,M

2 (η), for some nonnegative functions

πN,M
1 ∈ C1,2(X p

[t̀N,M ,T ]), π
N,M
2 ∈ C1,2(X p

[s̀N,M ,T ]), such that: for j = 1, 2 and at ὶN,M ,

0 ≤ πN,M
j ≤ C

N
; |∂tπN,M

j | ≤ C√
N

; ∥∂XπN,M
j ∥ p

p−1
≤ C

N
p−1
p

, ∥∂xXπN,M
j ∥ p

p−2
≤ C

N
p−2
p

. (8.31)

(iii) supn,N,M E
[
∥ξ̀N,M

·∧t̀N,M ∥p + ∥ζ̀N,M
·∧s̀N,M ∥p

]
≤ Cε, for some Cε, which may depend on ε.

(iv) M
∣∣(s̀N,M− t̀N,M )−(šN− ťN )

∣∣2 ≤ Cn,ε, for some Cn,ε which may depend on n, ε, but not

on N,M ; Consequently, there exists MN :=Mn,ε,N large enough such that t̀N,MN < s̀N,MN .

(v) For the MN in (iv), and abbreviating the notations further that ὶN := ὶN,MN , we have

E
[
|ξ̀N·∧t̀N − ξ̂·∧t̂|

p
∞ + |ζ̀N·∧s̀N − ζ̂·∧t̂|

p
∞

]
+ |t̀N − t̂|2 + |s̀N − t̂|2

+N |t̀N − s̀N |2 +MN

∣∣∣(s̀N − t̀N )− (šN − ťN )
∣∣∣2 ≤ Cn,εN

− β
4−β ,

for some Cn,ε, which may depend on n, ε, but not on N . Consequently, there exists Nn,ε

such that t̀N < s̀N < T for all N ≥ Nn,ε.
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Proof. (i)-(iii) follow similar arguments as in Proposition 7.5. We now fix (n, ε,N,M)

and as in the previous proofs, we omit the subscripts/superscripts (n, ε), but keep N,M .

(iv) First, since ΨN,M ≤ ψN,M and ΨN ≤ ψN , we have

ψN,M (ὶN,M ) ≥ ΨN,M (ὶN,M ) ≥ ψN,M (ι̌N ) ≥ ψN (ι̌N ) ≥ ΨN (ι̌N ) ≥ ΨN (ὶN,M ), (8.32)

where the second inequality is due to (8.30), the third one is by comparing (8.3) and (8.29)

directly, and the last one is due to (8.5). Then, by (8.3), (8.29), and Proposition 8.2 (ii),

0 ≥ ΨN (ὶN,M )− ψN,M (ὶN,M )

= inf
α∈A[t̂,T ]

(
J θ̂,â
− (θ̀N,M , α) + J θ̂,â

+ (ὴN,M , α)
)
+M

∣∣(s̀N,M − t̀N,M )− (šN − ťN )
∣∣2

−
[

sup
α∈A[t̂,T ]

J θ̂,â
− (θ̀N,M , α) + inf

α∈A[t̂,T ]

J θ̂,â
+ (ὴN,M , α) + πN1 (θ̀N,M ) + πN2 (ὴN,M )

]
.

This, together with (iii) and (8.6), implies the estimate in Item (iv) immediately.

(v) Recall again that ὶN = ὶN,MN . By (8.32), (8.5), and then (7.11), we have

ψN,MN (ὶN ) ≥ ψN (ι̌N ) ≥ Ψ(λ̂) ≥ Ψ(s̀N , ξ̀
N

·∧t̀N , ζ̀
N
),

where Ψ = Ψn,ε. Since t̀N < s̀N , similarly to (8.11) we have

Υs̀N (ξ̀
N
·∧t̀N ) = Υt̀N (ξ̀

N ), Υ0

(
ὴN , (s̀N , ξ̀

N

·∧t̀N )
)
= Υ0

(
ὴN , θ̀

N)
, π1(s̀

N , ξ̀
N

·∧t̀N ) = π1(θ̀
N
).

Then, by comparing (7.9) and (8.29), and recalling Proposition 7.5 (ii) and (8.4), we have

0 ≥ ψ(s̀N , ξ̀
N

·∧t̀N , ζ̀
N
)− π0(s̀

N )− π1(s̀
N , ξ̀

N

·∧t̀N )− π2(ὴ
N )− ψN,MN (ὶN )

=
[
U1(s̀

N , ξ̀
N

·∧t̀N )− U1(θ̀
N
)
]
+
[
Ῡ0

(
θ̀
N
, θ̂)

)
+ Ῡ0

(
ὴN , η̂)

)]
+2p−1n

[
Υ0(θ̀

N
, (t̂, â)) + Υ0(ὴ

N , (t̂, â))
]
− nΥ0(θ̀

N
, ὴN )− nqE

[
|ξ̀N
t̀N

− ζ̀Ns̀N |
p
]

+π0(t̀
N )− π0(s̀

N ) +N |s̀N − t̀N |2 +MN

∣∣(s̀N − t̀N )− (šN − ťN )
∣∣2

+ inf
α∈A[t̂,T ]

(
J θ̂,â
− (θ̀

N
, α) + J θ̂,â

+ (ὴN , α)
)

≥
[
U1(s̀

N , ξ̀
N

·∧t̀N )− U1(θ̀
N
)
]
+
[
Ῡ0

(
θ̀
N
, θ̂
)
+ Ῡ0

(
ὴN , η̂

)]
− nqE

[
|ξ̀N
t̀N

− ζ̀Ns̀N |
p
]

+π0(t̀
N )− π0(s̀

N ) +N |s̀N − t̀N |2 +MN

∣∣(s̀N − t̀N )− (šN − ťN )
∣∣2

+ inf
α∈A[t̂,T ]

[
nqE

[
|Îα

t̀N
(ξ̀N )− Îα

s̀N (ζ̀
N )|p

]
+
[
F̂α
s̀N − F̂α

t̀N

]]
,

where the last inequality is due to estimates similar to (8.13). Then,

N |s̀N − t̀N |2 +MN

∣∣(s̀N − t̀N )− (šN − ťN )
∣∣2 + Ῡ0

(
θ̀
N
, θ̂
)
+ Ῡ0

(
ὴN , η̂

)
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≤
∣∣U1(s̀

N , ξ̀
N

·∧t̀N )− U1(t̀
N , ξ̀

N
)
∣∣+ |π0(t̀N )− π0(s̀

N )|

− inf
α∈A[t̂,T ]

[
nqE

[
|Îα

t̀N
(ξ̀N )− Îα

s̀N (ζ̀
N )|p − |ξ̀N

t̀N
− ζ̀Ns̀N |

p
]
+
[
F̂α
s̀N − F̂α

t̀N

]]
≤ Cn,ε|s̀N − t̀N |

β
2 ,

where the last inequality is due to (7.12) and similar arguments as for (8.15). In particular,

N |s̀N − t̀N |2 ≤ Cn,ε|s̀N − t̀N |
β
2 , and thus |s̀N − t̀N | ≤ Cn,εN

− 2
4−β . Plugging this into the

right side of the last inequality provides the required estimate in Item (v).

Proof of Proposition 8.1 in Case (8.28). Fix 0 < ε ≤ εm, n ≥ nε,m, N ≥ Nn,ε,

and recall the MN := Mn,ε,N in Proposition 8.4 (iv) and (v). As before we omit the

subscripts/supscripts (n, ε), and abbreviate ὶN := ὶN,MN . In particular, by otherwise con-

sidering a larger Nn,ε, we have t̀N < s̀N < T . Introduce:

φN
1 (θ) := φθ̂

1(θ, â) + π0(t) +N |t− s̀N |2 +MN

∣∣t− ťN − s̀N + šN
∣∣2 + πN,MN

1 (θ);

ϕN1 (θ) := inf
α∈A[t̂,T ]

(
J θ̂,â
− (θ, α) + κ1(α)

)
, κ1(α) := J θ̂,â

+ (ὴN , α);

φN
2 (η) := φη̂

2(η, â) +N |s− t̀N |2 +MN

∣∣s− šN − t̀N + ťN
∣∣2 + πN,MN

2 (η);

ϕN2 (η) := inf
α∈A[t̂,T ]

(
J θ̂,â
+ (η, α) + κ2(α)

)
, κ2(α) := J θ̂,â

− (θ̀N , α).

One can easily see that (φN
1 , ϕ

N
1 ) ∈ F+

p U1(θ̀
N
) and (−φN

2 ,−ϕN2 ) ∈ F−
p U2(ὴ

N ). Then, by the

p-viscosity properties of U1 and U2, we have

c1 ≤ KN
0 + lim

δ→0
inf

α∈A
[t̀N ,T ]

1

δ

∫ t̀N+δ

t̀N

[
KN

1 (δ, α, t) +KN
2 (δ, α, t)

]
dt

+ lim
δ→0

sup
α∈A

[s̀N ,T ]

1

δ

∫ s̀N+δ

s̀N

[
KN

3 (δ, α, s) +KN
4 (δ, α, s)

]
ds,

(8.33)

where

KN
0 := ∂tφ

N
1 (θ̀

N
) + ∂tφ

N
2 (ὴN );

KN
1 (δ, α, t) := E

[
bθ̀

N ,α
t · ∂XφN

1 (θ̀
N
) +

1

2
(σσ⊤)θ̀

N ,α
t : ∂xXφ

N
1 (θ̀

N
)
]
;

KN
2 (δ, α, t) := ϕ̇N1 (t, X̄ θ̀N ,α) + f θ̀

N ,α
t ;

KN
3 (δ, α, s) := E

[
bὴ

N ,α
s · ∂XφN

2 (ὴN ) +
1

2
(σσ⊤)ὴ

N ,α
s : ∂xXφ

N
2 (ὴN )

]
;

KN
4 (δ, α, s) := ϕ̇N2 (s, X̄ ὴN ,α)− f ὴ

N ,α
s .

(8.34)

We next estimate KN
i separately. Similarly to the previous subsection, we shall send

N → ∞, under (8.28), by applying the convergence in Proposition 8.4 (ii), (v) repeatedly.
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We shall also apply the estimates (7.4), Proposition 7.5 (ii), (iii), Proposition 8.2 (ii), (iii),

Proposition 8.4 (v), as well as Assumption 2.1 repeatedly. At below again we let o(1) denote

generic terms which will vanish when N → ∞. The convergence rate may depend on n, ε,

but is uniform in α, δ, t, s. Recall (8.20), and we have similar expressions for the derivatives

of φθ̂
1(θ, â).

First, noting the obvious but crucial cancellations, we have

KN
0 = ∂tφ

θ̂
1(θ̀

N
, â) + ∂tπ0(t̀

N ) + ∂tπ
N,MN
1 (θ̀

N
) + ∂tφ

η̂
2(ὴ

N , â) + ∂tπ
N,MN
2 (ὴN )

= − ε

2T
E
[
Υ(ὴN )

]
+ 2

[
(t̀N − t̂) + (s̀N − t̂)

]
+ ∂tπ0(t̀

N ) + o(1)

= − ε

2T
E
[
Υ(ζ̂)

]
+ ∂tπ0(t̂) + o(1)

≤ − ε

2T
E
[
|ζ̂·∧t̂|

p
∞
]
+ Cn−

1
2 + o(1). (8.35)

Next, similarly to (8.22) and (8.23), we have

KN
1 (δ, α, t) ≤ Cεn

−q̃ + o(1); KN
3 (δ, α, s) ≤ CεE

[
1 + |ζ̂·∧t̂|

p
∞
]
+ Cεn

−q̃ + o(1). (8.36)

Moreover, note that, in terms of the notations in Proposition 4.3, for ϕN2 we have t′ = t̀N

and t = s̀N . Since t̀N < s̀N , we may apply Proposition 4.3 (i) again to estimate KN
4 : for

any α and recalling (8.17),∫ s̀N+δ

s̀N
KN

4 (δ, α, s)ds ≤ inf
α̃∈A[t,T ]

∫ s̀N+δ

s̀N

[
CnqI ὴ

N

s (α, α̃) + f θ̂,α̃s

]
ds−

∫ s̀N+δ

s̀N
f ὴ

N ,α
s ds

≤
∫ s̀N+δ

s̀N

[
CnqI ὴ

N

s (α, α) + f θ̂,αs − f ὴ
N ,α

s

]
ds.

Then it follows from the same arguments as in (8.24) that 1
δ

∫ s̀N+δ
s̀N KN

4 (δ, α, s)ds ≤ Cεn
−q̃+

Cnδ
p
2
−1 + o(1), and thus

sup
α∈A

[s̀N ,T ]

1

δ

∫ s̀N+δ

s̀N
KN

4 (δ, α, s)ds ≤ Cn−q̃ + Cnδ
p
2
−1 + o(1). (8.37)

Finally we estimate KN
2 . Recall the notations KN

2 in (8.34), X̄ θ̀N ,α in (5.3), and the

setting in (4.10)-(4.11). Note that for ϕN1 we have t′ = s̀N > t̀N = t, then we can only

apply Proposition 4.3 (ii) here. That is, there exists αδ ∈ A[t̀N ,T ], which may depend on

X θ̀N ,α

·∧t̀N = ξ̀N·∧t̀N , but not on (bθ̀
N ,α

s , σθ̀
N ,α

s )s≥t̀N , and thus is independent of α, such that

∫ t̀N+δ

t̀N
KN

2 (δ, α, t)dt ≤
∫ t̀N+δ

t̀N

[
CnqI θ̀

N

t (α, αδ)− f θ̂,α
δ

t + f θ̀
N ,α

t

]
dt+ δ2,
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and thus

inf
α∈A

[t̀N ,T ]

∫ t̀N+δ

t̀N
KN

2 (δ, α, t)dt ≤
∫ t̀N+δ

t̀N

[
CnqI θ̀

N

t (αδ, αδ)− f θ̂,α
δ

t + f θ̀
N ,αδ

t

]
dt+ δ2.

Then again by (8.24) we have

inf
α∈A

[t̀N ,T ]

1

δ

∫ t̀N+δ

t̀N
KN

2 (δ, α, t)dt ≤ Cn−q̃ + δ + Cnδ
p
2
−1 + o(1). (8.38)

Plug (8.35), (8.36), (8.37), and (8.38) into (8.33), we obtain

c1 ≤ ε[C − 1

2T
]E
[
|ζ̂·∧t̂|

p
∞
]
+ Cε+ Cεn

−q̃ + o(1).

Send N → ∞, we obtain (8.2) immediately, in the case (8.28). This, together with the

proof in Subsection 8.2, completes the proof of Proposition 8.1.

Remark 8.5. We remark that the arguments in this subsection do not work when šN <

ťN , and thus we cannot eliminate Subsection 8.2. Indeed, in this case we can only apply

Proposition 4.3 (ii), instead of (i), to estimate ϕ̇N2 and KN
4 . That is, there exists αδ,

independent of α, s.t.∫ s̀N+δ

s̀N
KN

4 (δ, α, s)ds ≤
∫ s̀N+δ

s̀N

[
CnqI ὴ

N

s (α, αδ) + f θ̂,α
δ

s − f ὴ
N ,α

s

]
ds+ δ2.

However, for the term
∫ s̀N+δ
s̀N KN

4 (δ, α, s)ds, we need to take supremum over α:

sup
α∈A

[s̀N ,T ]

∫ s̀N+δ

s̀N
KN

4 (δ, α, s)ds ≤ sup
α∈A

[s̀N ,T ]

∫ s̀N+δ

s̀N

[
CnqI ὴ

N

s (α, αδ) + f θ̂,α
δ

s − f ὴ
N ,α

s

]
ds+ δ2.

Recall (8.17), the right side of the above won’t be small anymore, and then we won’t be able

to derive the desired contradiction.

9 The comparison result: Proof of Theorem 5.6

(i) We first prove the case that U1 satisfies (5.6). Fix δ0 ∈ (0, 1
2C ) for the C in (8.2).

We proceed in three steps.

Step 1. We first assume (8.1) holds true and T ≤ δ0. Assume by contradiction that m > 0.

Then, since C < 1
2δ0

≤ 1
2T , by (8.2) we have

c1 ≤ Cε+ Cεn
−q̃, for n ≥ nε,m.

44



By first sending n→ ∞ and then ε→ 0, we obtain the desired contradiction: c1 ≤ 0.

Step 2. We next assume (8.1) holds true but T can be arbitrarily large. Consider a partition

0 = T0 < · · · < Tk = T such that Ti+1 − Ti ≤ δ0 for all i. By Step 1 we should have

U1(t, ξ) ≤ U2(t, ξ) for all (t, ξ) ∈ X 2
[Tk−1,Tk]

. In particular, U1(Tk−1, ·) ≤ U2(Tk−1, ·). Now

consider the equation on [Tk−2, Tk−1], by Step 1 again we obtain U1(t, ξ) ≤ U2(t, ξ) for all

(t, ξ) ∈ X 2
[Tk−2,Tk−1]

. Repeat the arguments backwardly in time, we prove the result on the

whole interval [0, T ].

Step 3. In the general case, let c1 > 0 be an arbitrary number. Set U c1
2 := U2 +

(1+T )2

1+t c1.

It is clear that −U c1
2 also satisfies (5.7) and, providing U2 is smooth,

∂tU
c1
2 = ∂tU2 −

(1 + T )2

(1 + t)2
c1 ≤ ∂tU2 − c1, ∂XU

c1
2 = ∂XU2, ∂xXU

c1
2 = ∂xXU2.

Then one can easily see that U c1
2 is a viscosity supersolution of LU c1

2 ≤ −c1. Since U1(T, ·) ≤
U2(T, ·) < U c1

2 (T, ·), then by Step 2 we have U1(t, ·) ≤ U c1
2 (t, ·) for all t ∈ [0, T ]. Now since

c1 > 0 is arbitrary, we see that U1(t, ·) ≤ U2(t, ·) for all t ∈ [0, T ].

(ii) We next prove the case that U2 satisfies (5.6). The proof is almost the same as

in (i), with the following modifications. First, (7.9) is modified by changing the last term:

ψn,ε(λ) := U1(t, ξ)− U2(t, ζ)− nE
[
Υt(ξ − ζ)

]
− nqE

[
|ξt − ζt|p

]
− ε

(
1− t

2T

)
E
[
Υt(ξ)

]
.

This is used to derive the counterpart of (7.18), based on Ψ(λ̂) ≥ Ψ(t̂, ξ̂, ξ̂):

0 ≤ U2(t̂, ξ̂)− U2(t̂, ζ̂)− nE
[
Υt̂(ξ̂ − ζ̂)

]
− nqE

[
|ξ̂t̂ − ζ̂t̂|

p
]

+
∑
i≥0

2−iE
[
Υt̂(ξ̂ − (ζi)·∧ti)−Υt̂(ζ̂ − (ζi)·∧ti)

]
.

Then the estimates (5.6) for U2 will lead to (7.14).

Next, we modify (8.4) by moving the ε-term from φη̂
2(η, â) to φ

θ̂
1(θ, â):

φθ̂
1(θ, â) := Ῡ0

(
θ, θ̂)

)
+ 2p−1nΥ0(θ, (t̂, â)) + ε

(
1− t

2T

)
E[Υt(ξ)] + πn,ε1 (θ);

φη̂
2(η, â) := Ῡ0

(
η, η̂)

)
+ 2p−1nΥ0(η, (t̂, â)) + πn,ε2 (η).

This ensures that the calculation in (8.7) remains true. Moreover, in this case the derivatives

of φη̂
2 is simplified slightly. Then (8.2) will become: for all ε ≤ εm, and n ≥ nε,m,

c1 ≤ Cε+ Cεn
−q̃ +

{
0, under (8.11);

ε(C − 1
2T )

∥∥ξ̂n,ε·∧t̂n,ε

∥∥p
p
, under (8.28).

This leads to the desired contradiction as in Case 1.
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10 Appendix

In this Appendix we prove some technical results. We first prove the DPP (2.7), following

the arguments in [26].

Proof of the DPP (2.7). Denote the right side of (2.7):

Πt(ξ) := inf
α∈A[t,T ]

{
Vt+δ(X

t,ξ,α)+

∫ t+δ

t
fs(X

t,ξ,α, αs)ds
}
.

We first prove that Vt(ξ) ≥ Πt(ξ). For every fixed α ∈ A[t,T ], by the definition of V ,

Vt+δ(X
t,ξ,α) = inf

α′∈A[t+δ,T ]

[∫ T

t+δ
fs(X

t+δ,Xt,ξ,α,α′
, α′

s)ds+ g(Xt+δ,Xt,ξ,α,α′
)

]
.

By the uniqueness of equation (2.2), we have the flow property Xt,ξ,α = Xt+δ,Xt,ξ,α,α. Hence,

by choosing α′ = α,

Vt+δ(X
t,ξ,α) +

∫ t+δ

t
fs(X

t,ξ,α, αs)ds ≤
∫ T

t
fs(X

t,ξ,α, αs)ds+ g(Xt,ξ,α) = Jt(ξ, α).

Taking the infimum in A[t,T ], we obtain that Vt(ξ) ≥ Πt(ξ).

Next, we prove Vt(ξ) ≤ Πt(ξ). For every ε > 0, let αε ∈ A[t,T ] be such that

Πt(ξ) ≥ Vt+δ(X
t,ξ,αε

)+

∫ t+δ

t
fs(X

t,ξ,αε
, αε

s)ds− ε. (10.1)

By the definition of Vt+δ(X
t,ξ,αε

), there exists α′ε ∈ A[t+δ,T ] such that

Vt+δ(X
t,ξ,αε

) ≥
∫ T

t+δ
fs(X

t+δ,Xt,ξ,αε
,α′ε

, α′ε
s)ds+ g(Xt+δ,Xt,ξ,αε

,α′ε
)− ε. (10.2)

Notice that α′′ε := αε1[t,t+δ]+α
′ε1(t+δ,T ] ∈ A[t,T ], and that Xt+δ,Xt,ξ,αε

,α′ε
= Xt,ξ,α′′ε

, again

by the uniqueness of equation (2.2). Hence, by (10.1) and (10.2), we get

Πt(ξ) ≥
∫ T

t
fs(X

t,ξ,α′′ε
, α′′ε

s)ds+ g(Xt,ξ,α′′ε
)− 2ε ≥ Vt(ξ)− 2ε.

Letting ε→ 0, we have Vt(ξ) ≤ Πt(ξ).

We next prove Lemma 3.2 concerning the uniqueness of the path derivatives for φ ∈
C1,2(X p

[t̂,T ]).

Proof of Lemma 3.2. We first prove the Lemma in the case that t ∈ [t̂, T ], ξ ∈ Mp
[t,T ].
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First, let X ∈ Mp

[t̂,T ]
be such that X·∧t = ξ·∧t and βs = 0, γs = 0, s ≥ t, in (3.1). Then

X·∧s = X·∧t = ξ·∧t for all s ≥ t, and thus by (3.2) we obtain,

φt+δ(ξ·∧t) = φt(ξ·∧t) +

∫ t+δ

t
∂tφs(ξ·∧t)ds, 0 < δ ≤ T − t.

Since ∂tφ is continuous, we obtain a representation of ∂tφ which implies its uniqueness:

∂tφt(ξ·∧t) = lim
δ→0

φt+δ(ξ·∧t)− φt(ξ·∧t)

δ
.

Next, replace the above X with βs ≡ βt, s ∈ [t, T ] for some arbitrary βt ∈ Lp(Ft;Rd).

By (3.2) we have, for any 0 < δ ≤ T − t,

φt+δ(X) = φt(X) +

∫ t+δ

t
∂tφs(X)ds+ E

[ ∫ t+δ

t
∂Xφs(X)ds · βt

]
.

By the uniqueness of ∂tφ and the continuity of ∂tφ, ∂Xφ, we see that

E
[
∂Xφt(ξ) · βt

]
= lim

δ→0

[φt+δ(X)− φt(X)

δ
− ∂tφt(ξ)

]
is unique. Since βt is arbitrary, we see that ∂Xφt(ξ) is unique, P-a.s. Similarly, by consider-

ing X with βs ≡ 0 but γs ≡ γt, s ∈ [t, T ], we obtain the uniqueness of E
[
∂xXφt(ξ) : γtγ

⊤
t

]
.

Since ∂xXφ is symmetric and γt is arbitrary, we see that ∂xXφt(ξ) is unique, a.s.

Finally, for arbitrary (t, ξ) ∈ X p

[t̂,T ], clearly there exist a sequence ξn ∈ Mp

[t̂,T ]
such that

lim
n→∞

∥ξn·∧t− ξ·∧t∥p = 0. By the above arguments ∂tφ, ∂Xφ, ∂xXφ are unique at (t, ξn). Then

it follows from their continuity that they are unique at (t, ξ) as well.

The next result concerns the absolute continuity of the singular part ϕ of test functions.

Proof of Proposition 4.3. For any α ∈ A[t̃,T ], by the standard Itô formula we have:∣∣∣E[∣∣Iα
t+δ(X)

∣∣p − ∣∣Iα
t (X)

∣∣p]∣∣∣
=

∣∣∣E[ ∫ t+δ

t

[
p|Iα

s (X)|p−2(Iα
s (X)) · (βs − b̃αs ) +

p

2
|Iα

s (X)|p−2|γs − σ̃αs |2

+
p(p− 2)

2
|Iα

s (X)|p−4|Iα
s (X)(γs − σ̃αs )|2

]
ds
]∣∣∣

≤ CpE
[ ∫ t+δ

t

[
|Iα

s (X)|p−1|βs − b̃αs |+ |Iα
s (X)|p−2|γs − σ̃αs |2

]
ds
]
. (10.3)

Then, recalling (4.9) with Γ∗ and (4.13), and noting that κ(α) does not depend on t,∣∣∣ϕt+δ(X)− ϕt(X)
∣∣∣ ≤ k sup

α∈A[t̃,T ]

∣∣∣E[∣∣Iα
t+δ(X)

∣∣p − ∣∣Iα
t (X)

∣∣p]∣∣∣+ sup
α∈A[t̃,T ]

[ ∫ t+δ

t
|f̃αs |ds

]
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≤ Cp,k sup
α∈A[t̃,T ]

E
[ ∫ t+δ

t

[
|Iα

s (X)|p + |βs|p + |γs|p + |b̃αs |p + |σ̃αs |p + 1
]
ds
]

≤ Cp,k

∫ t+δ

t
E
[
|Xs|p + |ξ̃t̃|

p + |βs|p + |γs|p + |Γ∗|p + 1
]
ds.

This implies that ϕt(X) is absolutely continuous in t.

We next prove (i). Note that A[t̃,T ] = {α ⊕t α̃ : α ∈ A[t̃,T ], α̃ ∈ A[t,T ]}, where the

concatenation is defined as: α ⊕t α̃ := α1[t̃,t) + α̃1[t,T ]. Recall the κ(α) in (4.13) and note

that, since t ≥ t′, we have κ(α⊕t α̃) = κ(α). Thus

ϕt+δ(X)− ϕt(X) = inf
α∈A[t̃,T ]

inf
α̃∈A[t,T ]

[
kE

[∣∣Iα⊕tα̃
t+δ (X)

∣∣p]+ Fα⊕tα̃
t+δ + κ(α)

]
− inf

α∈A[t̃,T ]

[
kE

[∣∣Iα
t (X)

∣∣p]+ Fα
t + κ(α)

]
≤ inf

α̃∈A[t,T ]

sup
α∈A[t̃,T ]

{
kE

[∣∣Iα⊕tα̃
t+δ (X)

∣∣p − ∣∣Iα
t (X)

∣∣p]+ ∫ t+δ

t
f̃ α̃s ds

}
.

We remark that the above involves α only on [t̃, t). By (10.3) we prove (4.14) immediately.

It remains to prove (ii). For any δ > 0, by (4.13) there exists αδ s.t.

ϕt(X) ≥ kE
[∣∣Iαδ

t (X)
∣∣p]+ Fαδ

t + κ(αδ)− δ2.

It is clear that the above property, and hence αδ, does not involve (βs, γs)s≥t. Then,

ϕt+δ(X)− ϕt(X)

≤
[
kE

[∣∣Iαδ

t+δ(X)
∣∣p]+ Fαδ

t+δ + κ(αδ)
]
−
[
kE

[∣∣Iαδ

t (X)
∣∣p]+ Fαδ

t + κ(αδ)
]
+ δ2

= kE
[∣∣Iαδ

t+δ(X)
∣∣p − ∣∣Iαδ

t (X)
∣∣p]+ ∫ t+δ

t
f̃α

δ

s ds+ δ2.

By (10.3) again we can easily prove (4.15).

In order to prove Proposition 5.4, establishing the consistency between viscosity solutions

and classical solutions, we need the following slight generalization of [26, Lemma F.2].

Lemma 10.1. Let t ∈ [0, T ] and F : AT → R be continuous. Then,

lim
s↓t

inf
αs∈As

F (αs) = inf
αt∈At

F (αt). (10.4)

Proof. Since At ⊂ As for s ≥ t, we immediately have lim
s↓t

inf
αs∈As

F (αs) ≤ inf
αt∈At

F (αt).

Assume by contradiction that (10.4) does not hold. Then there exist ε > 0 and N ∈ N such

that Bn ̸= ∅ for all n ≥ N , where, denoting tn := t+ 1
n ,

Bn :=
{
αtn ∈ Atn : F (αtn) ≤ inf

αt∈At

F (αt)− ε
}
.
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Note that Atn+1 ⊂ Atn and thus Bn+1 ⊂ Bn. Moreover, by the continuity of F we see that

Bn is closed. Since AT is complete, by Cantor’s intersection theorem, there exists α̂ ∈ AT

such that α̂ ∈
⋂

n≥N Bn ⊂
⋂

n≥N Atn . Note that
⋂

n≥N Atn is the set of Ft+-measurable

A-valued random variables. Since the augmented filtration of F is right continuous, there

exists α̂′ ∈ At such that α̂′ = α̂, P-a.s., see e.g. [67, Proposition 1.2.1]. Then F (α̂′) =

F (α̂) ≤ infαt∈At F (αt)− ε. This is a desired contradiction.

Proof of Proposition 5.4. We shall only prove the equivalence of subsolution properties.

The supersolution case follows essentially the same argument.

First, if U is a viscosity subsolution, then U is a viscosity p-subsolution for some p ≥ 2.

Note that C1,2(X 2
[0,T ]) ⊂ C1,2(X p

[0,T ]). For any (t, ξ) ∈ X p
[0,T ), it is clear that (U,0) ∈

F+
p U(t, ξ), then it is straightforward to derive from (5.4) the classical subsolution property

of U at (t, ξ). Moreover, by the arguments in Remark 5.3 (ii), we obtain the classical

subsolution property at all (t, ξ) ∈ X 2
[0,T ).

On the other hand, assume U is a classical subsolution. For every p ≥ 2 (namely with

p0 = 2 in Definition 5.1 (iii)), fix (t, ξ) ∈ X p
[0,T ) and (φ, ϕ) ∈ F+

p U(t, ξ). For any α ∈ A[t,T ],

recall (5.3) and denote X̄α := X̄t,ξ,α. By the Itô formula (3.2) and (5.1) we have: for ∀δ > 0,

0 ≥
[[
U − (φ+ ϕ)

]
t+δ

(X̄
α
)−

[
U − (φ+ ϕ)

]
t
(ξ)

]
=

∫ t+δ

t
E
[
∂t(U − φ)s(X̄

α
) + ∂X(U − φ)s(X̄

α
) · bt,ξ,αs

+
1

2
∂xX(U − φ)s(X̄

α
) : (σσ⊤)t,ξ,αs − ϕ̇s(X̄

α
)
]
ds.

By the smoothness of U −φ and the regularity of b, σ, f , including Assumption 3.7, we have∫ t+δ

t

[
∂tUt(ξ) +Ht(ξ, ∂XUt(ξ), ∂xXUt(ξ), αs)

]
ds

≤
∫ t+δ

t

[
∂tφt(ξ) +Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), αs) + ϕ̇s(X̄

α
)
]
ds+ o(δ),

where o(δ) is uniform in α. Then

inf
α∈A[t,T ]

1

δ

∫ t+δ

t

[
∂tUt(ξ) +Ht(ξ, ∂XUt(ξ), ∂xXUt(ξ), αs)

]
ds

≤ inf
α∈A[t,T ]

1

δ

∫ t+δ

t

[
∂tφt(ξ) +Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), αs) + ϕ̇s(X̄

α
)
]
ds+ o(1),

Note that, by Assumption 3.7, we have Ht(ξ, ∂XUt(ξ), ∂xXUt(ξ), ·) is continuous. Send

δ → 0, by Lemma 10.1 we obtain

LUt(ξ) ≤ ∂tφt(ξ) + lim
δ→0

inf
α∈A[t,T ]

1

δ

∫ t+δ

t

[
Hs(ξ·∧t, ∂Xφt(ξ), ∂xXφt(ξ), αs) + ϕ̇s(X̄

α
)
]
ds.
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Then (5.4) follows from the classical subsolution property of U .

We next prove Proposition 6.4, which establishes the basic properties of the value func-

tion in the mean control setting.

Proof of Proposition 6.4. (i) We shall prove only V̌t(ξ) ≥ V̌t(ξ
′). It suffices to prove

J̌t(ξ, α) ≥ V̌t(ξ
′) for an arbitrarily fixed α ∈ A[t,T ]. By standard approximation arguments,

we may assume without loss of generality that, for some t = t0 < · · · < tn = T :

αs =
n−1∑
i=0

αi(ω,B
1
·∧ti , B

0
·∧ti)1[ti,ti+1)(s), (10.5)

where αi : Ω × X → A is F0 measurable in ω and uniformly continuous in x. Moreover,

since F0 is rich enough, we can generate F0-measurable random variables {Ui}i≥0 which

are i.i.d. with distribution Uniform([0, 1]) and are independent of (ξ, ξ′, α), and hence are

independent of Xt,ξ,α. Denote X α̃ := Xt,ξ,α̃, X
′α̃ := Xt,ξ′,α̃ for arbitrary α̃.

First, since Pξ·∧t|F0
t
= Pξ′·∧t|F0

t
, P-a.s., then P(ξ·∧t0 ,B

0) = P(ξ′·∧t0
,B0). By using U0, one can

easily construct α′
t0 ∈ At0 such that P(αt0 ,ξ·∧t0 ,B

0) = P(α′
t0
,ξ′·∧t0

,B0). This clearly implies that

P(αt0 ,X
α
·∧t1

,B0) = P
(α′

t0
,X

′α′
·∧t1

,B0)
. Repeat the arguments by using the Ui, we may construct

α′ =
∑n−1

i=0 α
′
ti1[ti,ti+1) ∈ A[t,T ] such that P(α,Xα,B0) = P(α′,X′α′ ,B0). Then clearly J̌t(ξ, α) =

J̌t(ξ
′, α′) ≥ V̌t(ξ

′). By the arbitrariness of α we have V̌t(ξ) ≥ V̌t(ξ
′). Similarly V̌t(ξ

′) ≥ V̌t(ξ),

then equality holds and hence (6.4) is well defined.

Moreover, by (2.8) and Proposition 6.3 we obtain part of (6.6) immediately:

|V̌t(µ)| ≤ C
(
1 +W β

2 (µ·∧t, δ0)
)
, |V̌t(µ)− V̌t(µ

′)| ≤ CW β
2 (µ·∧t, µ

′
·∧t). (10.6)

(ii) We proceed in several steps. For (t, ξ) ∈ X 2
[0,T ] and α ∈ A[t,T ], denote

Xα := Xt,ξ,α, Y α
t := EF0

t

[
ǧ
(
Xα,PXα|F0

T

)
+

∫ T

t
f̌s
(
Xα, αs,P(Xα,αs)|F0

s

)
ds
]
.

Step 1. We first assume ξ ∈ X⊥
2 (F0

t ). Then Pξ·∧t|F0
t
= Pξ·∧t , and thus the claimed result

follows directly from (6.4).

Moreover, assume α ∈ A[t,T ] takes the form (10.5). For each x0 ∈ C0([0, T ];Rd0) with

x0
0 = 0, where d0 is the dimension of B0, denote

αx0
:=

n−1∑
i=0

αi(ω,B
1
·∧ti , (x

0 ⊗t B
0)·∧ti)1[ti,ti+1) ∈ A[t,T ], and J̌

′
t(ξ, α,x

0) := V̌t(ξ, α
x0
),

where (x0 ⊗t B
0)s := x0

s1[0,t)(s) + [x0
t +B0

s −B0
t ]1[t,T ](s).
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We note that this is in the spirit of the regular conditional probability distribution, but we

avoid it by considering the special form (10.5). Since ξ ∈ X⊥
2 (F0

t ), we can easily show that

Y α
t = J ′

t(ξ, α,B
0), P-a.s. (10.7)

In particular, this implies that Y α
t ≥ V̌t(ξ), P-a.s.

Step 2. We next consider the case ξ =
∑n

i=1 ξi1Ei , where ξi ∈ X⊥
2 (F0

t ) and {Ei}1≤i≤n ⊂
F0
t form a partition of Ω. Note that Pξ|F0

t
=

∑n
i=1 Pξi1Ei , P-a.s. Then

V ′
t (ξ) := E

[
V̌t(Pξ|F0

t
)
]
=

n∑
i=1

V̌t(Pξi)P(Ei).

We first prove Vt(ξ) ≥ V ′
t (ξ). For any α ∈ A[t,T ] taking the form (10.5), by (10.7) we have

Jt(ξ, α) = E[Y α
t ] = E

[ n∑
i=1

Y t,ξi,α
t 1Ei

]
≥ E

[ n∑
i=1

V̌t(Pξi)1Ei

]
= V ′

t (ξ).

Now by standard approximation arguments, we have Jt(ξ, α) ≥ V ′
t (ξ) for all α ∈ A[t,T ], and

thus Vt(ξ) ≥ V ′
t (ξ).

To see the opposite inequality, fix an arbitrary ε > 0. For each i = 1, · · · , n, there exists
αi taking the form (10.5) (with different n there) such that Y t,ξi,α

i

t ≤ V̌t(Pξi)+ε. Construct

αε :=
∑n

i=1 α
i1Ei . One can easily see that Y t,ξ,αε

t =
∑n

i=1 Y
t,ξi,α

i

t 1Ei . Then

Vt(ξ) ≤ J̌t(ξ, α
ε) = E

[
Y t,ξ,αε

t

]
= E

[ n∑
i=1

Y t,ξi,α
i

t 1Ei

]
≤ E

[ n∑
i=1

[
V̌t(Pξi) + ε

]
1Ei

]
= V ′

t (ξ) + ε.

Since ε > 0 is arbitrary, we obtain Vt(ξ) ≥ V ′
t (ξ), and hence the equality.

Step 3. By the regularity of V in (2.8) and that of V̌ in (10.6), and by standard

approximation arguments, similarly to (10.5) we may assume without loss of generality

that ξ takes the following form: for some 0 = t0 < · · · < tn = t,

ξs ≡ ξ′t0 , t ∈ [t0, t1]; ξs =
ti+1 − t

ti+1 − ti
ξ′ti−1

+
t− ti
ti+1 − ti

ξ′ti , t ∈ [ti, ti+1], i = 1, · · · , n− 1;

where ξ′ti = hi

(
ω, (B1

t1 , · · · , B
1
ti), (B

0
t1 , · · · , B

0
ti)

)
,

and hi : Ω×Rdi → Rd is F0 measurable in ω and uniformly continuous in y ∈ Rdi. Fix ε > 0,

and let {Oε
j}1≤j≤nε be a partition of

{
y ∈ Rd0n : |y| ≤ 1

ε

}
such that each Oε

j has diameter

less than ε. Fix an arbitrary yεj ∈ Oε
j for each j, and denote Oε,i

j := {Proji(y) : y ∈ Oε
j},

where Proji(y) ∈ Rdi denotes the first i components of y ∈ Rdn. Define

ξεs ≡ ξ′t0 , t ∈ [t0, t1]; ξεs =
ti+1 − t

ti+1 − ti
ξ
′ε
ti−1

+
t− ti
ti+1 − ti

ξ
′ε
ti , t ∈ [ti, ti+1], i = 1, · · · , n− 1;
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where ξ
′ε
ti =

nε∑
j=1

ξ
′ε,i
ti

1{(B0
t1
,··· ,B0

ti
)∈Oε,i

j }, ξ
′ε,i
ti

:= hi

(
ω, (B1

t1∧ti , · · · , B
1
tn∧ti), P roji(y

ε
j )
)
.

Note that ξ
′ε,i
ti

is independent of F0
t , and, on {(B0

t1 , · · · , B
0
ti) /∈ ∪jO

ε,i
j }, ξ′εti = 0, which is

also independent of F0
t . Then one can easily see that ξε takes the form as in Step 2, and

thus it follows from Step 2 that Vt(ξ
ε) = V ′

t (ξ
ε). Send ε→ 0, by the desired regularities we

obtain Vt(ξ) = V ′
t (ξ).

(iii) follows from (ii) and DPP (2.7) for V . Finally, for 0 ≤ t < t + δ ≤ T , µ ∈ P2(X),
and ξ ∈ X⊥

2 (F0; t, µ), by (iii) we have, again denoting Xα := Xt,ξ,α,

V̌t(µ)− V̌t+δ(µ·∧t) = inf
α∈A[t,T ]

E
[
V̌t+δ(PXα|F0

t+δ
)− V̌t+δ(PXα

·∧t
)

+

∫ t+δ

t
f̌s(X

α, αs,P(Xα,αs)|F0
s
)ds

]
.

Apply (10.6) on V̌t+δ(PXα|F0
t+δ

)− V̌t+δ(PXα
·∧t

), we can easily obtain

∣∣V̌t(µ)− V̌t+δ(µ·∧t)
∣∣ ≤ C

(
1 +W β

2 (µ·∧t, δ0)
)
δ

β
2 .

This, together with (10.6) again, implies (6.6) immediately.

We now turn to the proof of Proposition 6.5 on the functional Itô formula in the mean

field control setting. For that purpose we first introduce briefly the path derivatives and

specify the space C1,2,2
b ([0, T ]×X×P2(X)), which actually serves as the technical conditions

for the proposition. We refer to [21, 66] for more details. We first need to extend U to

the càdlág space. Let D denote the space of d-dimensional càdlág paths on [0, T ], equipped

with the uniform norm, and P2(D) the space of square integrable probability measures

on D, equipped with the 2-Wasserstein distance. Given an adapted function U : [0, T ] ×
X × P2(X) → R, let Û : [0, T ] × D × P2(D) → R be an extension. The path derivatives

of Û are functions ∂tÛ : [0, T ] × D × P2(D) → R, ∂xÛ : [0, T ] × D × P2(D) → Rd and

∂µÛ : [0, T ]× D× P2(D)× Rd → Rd determined by:

∂tÛt(x, µ) := lim
δ→0

1

δ

[
Ût+δ(x·∧t, µ·∧t)− Ût(x·∧t, µ·∧t)

]
;

Ût(x+∆x1[t,T ], µ)− Ût(x, µ) = ∂xÛt(x, µ) ·∆x+ o(|∆x|), ∀∆x ∈ Rd;

Ût(x,Pξ+ηt1[t,T ]
)− Ût(x,Pξ) = E

[
∂µÛt(x,Pξ, ξt) · ηt

]
+ o(∥ηt∥2), ∀ηt ∈ L2(Ft;Rd).

In particular, it can be proved that the Lions’ derivative ∂µÛ takes the above specific

structure. We can then define the higher order derivatives in the same manner. In
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particular, ∂x̃µÛt(x, µ, x̃) is the standard (finite-dimensional) derivative of ∂µÛ with re-

spect to x̃, and ∂µµÛ : [0, T ] × D × P2(D) × Rd × Rd → Sd involves two additional

variables (x̃, x̄) ∈ Rd × Rd. Let C1,2,2
b ([0, T ] × D × P2(D)) denote the space of adapted

and continuous functions Û : [0, T ] × D × P2(D) × Rd → R such that the derivatives

∂tÛ , ∂xÛ , ∂µÛ , ∂xxÛ , ∂xµÛ , ∂x̃,µÛ , ∂µµÛ exist, and are continuous and bounded.

We then define the path derivatives of U by restricting those of Û to the continuous

paths, for example, ∂µU is defined by restricting ∂µÛ on [0, T ]×X×P2(X)×Rd. It can be

shown that the path derivatives of U are independent of the choice of the extension Û and

thus are intrinsic to U . Moreover, we say U ∈ C1,2,2
b ([0, T ] × X × P2(X)) if there exists an

extension Û ∈ C1,2,2
b ([0, T ]× D× P2(D)).

Proof of Proposition 6.5. We shall only prove (6.7) in the integral form on [0, T ] for

an arbitrary extension Û ∈ C1,2,2
b ([0, T ]× D× P2(D)). For notational simplicity we denote

U = Û at below. Set 0 = t0 < · · · < tn = T with ti :=
i
nT . For j = 1, 2, denote

Xj,n
t :=

n−1∑
i=0

Xj
ti
1[ti,ti+1)(t) +Xj

T1{tn}(t), µn := P ◦ (X2,n)−1;

Xj,n,i,l
t := Xj,n

·∧ti + lXj
ti,ti+1

1[ti+1,T ], µn,i,l := P ◦ (X2,n,i,l)−1, l ∈ [0, 1],

where Xj
ti,ti+1

:= Xj
ti+1

−Xj
ti+1

. Note that Xj,n
·∧ti+1

= Xj,n
·∧ti +Xj

ti,ti+1
1[ti+1,T ]. Then,

UT (X
1,n, µn)− U0(X

1,n, µn) =
n−1∑
i=0

[
Uti+1(X

1,n, µn)− Uti(X
1,n, µn)

]
=

n−1∑
i=0

[[
Uti+1(X

1,n
·∧ti , µ

n
·∧ti)− Uti(X

1,n, µn)
]
+
[
Uti+1(X

1,n, µn)− Uti+1(X
1,n
·∧ti , µ

n
·∧ti)

]]
=

n−1∑
i=0

∫ ti+1

ti

∂tUt(X
1,n
·∧ti , µ

n
·∧ti)dt+

n−1∑
i=0

∫ 1

0

[
In,i1 (l) + In,i2 (l)

]
dl,

where, denoting by (X̃2,n,i,l, X̃2
ti,ti+1

) and (X̄2,n,i,l, X̄2
ti,ti+1

) conditionally independent copies

of (X2,n,i,l, X2
ti,ti+1

), conditional on F0,

In,i1 (l) := ∂xUti+1(X
1,n,i,l, µn,i,l) ·X1

ti,ti+1
,

In,i2 (l) := EFti+1

[
∂µUti+1(X

1,n,i,l, µn,i,l, X̃2,n,i,l) · X̃2
ti,ti+1

]
.

Let o( 1n) denote a generic term whose L2-norm vanishes faster than 1
n when n → ∞. By

the desired regularities, one can easily check that

In,i1 (l) = ∂xUti+1(X
1,n
·∧ti , µ

n
·∧ti) ·X

1
ti,ti+1
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+
[
∂xUti+1(X

1,n,i,l, µn,i,l)− ∂xUti+1(X
1,n,i,0, µn,i,0)

]
·X1

ti,ti+1

= ∂xUti+1(X
1,n
·∧ti , µ

n
·∧ti) ·X

1
ti,ti+1

+

∫ l

0

[
∂xxUti+1(X

1,n,i,l′ , µn,i,l
′
)X1

ti,ti+1

+EFti+1

[
∂xµUti+1(X

1,n,i,l′ , µn,i,l
′
, X̃2,n,i,l′)X̃2

ti,ti+1

]]
dl′ ·X1

ti,ti+1

=

∫ ti+1

ti

∂xUt(X
1, µ) · dX1

t + l∂xxUti+1(X
1,n
·∧ti , µ

n
·∧ti) : (X

1
ti,ti+1

)(X1
ti,ti+1

)⊤

+lEFti+1

[
∂xµUti+1(X

1,n
·∧ti , µ

n
·∧ti , X̃

2,n
·∧ti) : (X̃

2
ti,ti+1

)(X1
ti,ti+1

)⊤
]]

+ o(
1

n
)

=

∫ ti+1

ti

∂xUt(X
1, µ) · dX1

t + l

∫ ti+1

ti

∂xxUt(X
1, µ) : σ1t (σ

1
t )

⊤dt

+l

∫ ti+1

ti

EFti+1

[
∂xµUt(X

1, µ, X̃2) : σ̃2,0t (σ1,0)⊤
]
dt+ o(

1

n
);

In,i2 (l) = EFti+1

[
∂µUti+1(X

1,n
·∧ti , µ

n
·∧ti , X̃

2,n
·∧ti) · X̃

2
ti,ti+1

+
[
∂µUti+1(X

1,n,i,l, µn,i,l, X̃2,n,i,l)− ∂µUti+1(X
1,n,i,0, µn,i,0, X̃2,n,i,0)

]
· X̃2

ti,ti+1

]
= EFti+1

[
∂µUti+1(X

1,n
·∧ti , µ

n
·∧ti , X̃

2,n
·∧ti) · X̃

2
ti,ti+1

]
+

∫ l

0
EFti+1

[[
∂xµUti+1(X

1,n,i,l′ , µn,i,l
′
, X̃2,n,i,l′)X1

ti,ti+1

+∂µµUti+1(X
1,n,i,l′ , µn,i,l

′
, X̄2,n,i,l′ , X̃2,n,i,l′)X̄2

ti,ti+1

+∂x̃µUti+1(X
1,n,i,l′ , µn,i,l

′
, X̃2,n,i,l′)X̃2

ti,ti+1

]
· X̃2

ti,ti+1

]
dl′

= EFti+1

[ ∫ ti+1

ti

∂µUt(X
1, µ, X̃2) · dX̃2

t

]
+lEFti+1

[ ∫ ti+1

ti

[
∂xµUt(X

1, µ, X̃2) : σ̃2,0t (σ1,0)⊤

+∂µµUt(X
1, µ, X̄2, X̃2) : σ̃2,0t (σ̄2,0)⊤ + ∂x̃µUt(X

1, µ, X̃2) : σ̃2t (σ̃
2)⊤

]
+ o(

1

n
).

Then, noting that
∫ 1
0 ldl =

1
2 ,

UT (X
1, µ)− U0(X

1, µ) = UT (X
1,n, µn)− U0(X

1,n, µn) + o(1)

=

∫ T

0

[
∂tUt(X

1, µ)dt+ ∂xUt(X
1, µ) · dX1

t +
1

2
∂xxUt(X

1, µ) : σ1t (σ
1
t )

⊤
]
dt

+

∫ T

0
EFt

[
∂xµUt(X

1, µ, X̃2) : σ̃2,0t (σ1,0)⊤ +
1

2
∂µµUt(X

1, µ, X̄2, X̃2) : σ̃2,0t (σ̄2,0)⊤

+
1

2
∂x̃µUt(X

1, µ, X̃2) : σ̃2t (σ̃
2)⊤

]
dt+ o(1).

By sending n→ ∞, this is exactly (6.7).
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