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Viscosity Solutions for HJB Equations on the Process Space
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Abstract

In this paper we investigate a path dependent optimal control problem on the process
space with both drift and volatility controls, with possibly degenerate volatility. The dy-
namic value function is characterized by a fully nonlinear second order path dependent
HJB equation on the process space, which is by nature infinite dimensional. In particu-
lar, our model covers mean field control problems with common noise as a special case.
We shall introduce a new notion of viscosity solutions and establish both the existence
and the comparison principle, under merely Lipschitz/Ho6lder continuity assumptions.
The main feature of our notion is that, besides the standard smooth part, the test func-
tion consists of an extra singular component which allows us to handle the second order
derivatives of the smooth test functions without invoking the Crandall-Ishii lemma. We
shall use the doubling variable arguments, combined with the Ekeland-Borwein-Preiss
variational principle in order to overcome the noncompactness of the state space. A

smooth gauge-type function on the path space is crucial for our estimates.
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1 Introduction

In this paper we consider a stochastic control problem whose data rely on the whole un-
derlying state process X, namely on the mapping X : [0,7] x Q — R? rather than on the
paths X (w) for each w € . Consequently, its dynamic value function satisfies an infinite
dimensional HJB equation on the space of processes X. This setting in particular covers
mean field control problems, which are law invariant in terms of the state process. In the
state dependent case, the idea of lifting probability measures to random variables is due to

Lions [55]. Our framework is very general and has the following features:

e We allow for path dependence and thus our HJB equation is path dependent. For
finite dimensional path dependent PDEs, we refer to a series of works by the authors
and their collaborators: [35, 36, 37, 60, 68], and the references therein. We also
refer to Wu-Zhang [66] and Cosso-Gozzi-Kharroubi-Pham-Rosestolato [26] for path

dependent mean field control problems.

e We consider both the drift and volatility controls, with possibly degenerate volatili-
ties. Consequently, besides infinite dimensionality, our HJB equation is a fully non-
linear degenerate second order PDE. There have been interesting attempts for mean
field control problems with volatility controls, see e.g. Cosso-Gozzi-Kharroubi-Pham-
Rosestolato [27], Cheung-Tai-Qiu [23], and Bayraktar-Ekren-Zhang [6].

e Our model covers mean field control problems with common noise as a special case.
We note that [6, 23], Gangbo-Mayorga-Swiech [42], Mayorga-Swiech [57], and Daudin-
Jackson-Seeger [33] also considered common noise. Moreover, in the contexts of mean
field games, Ahuja-Ren-Yang [1] and Cardaliaguet-Souganidis [18] employed the lifting

idea to study common noise.

e We allow the problem to depend on the joint law of the state process and the control
process. This is in the spirit of mean field games of controls (which were called

extended mean field games in the early stage), see e.g. Gomes-Voskanyan [46].

Initiated independently by Caines-Huang-Malhame [15] and Lasry-Lions [50], the theory of
mean field games and mean field controls has received extremely strong attention in the
literature. We refer to Lions’s lecture [55], the books Bensoussan-Frehe-Yam [7], Carmona-
Delarue [20, 21], Cardaliaguet-Porretta [17], and the references therein for a general expo-
sition of the theory. Omne popular approach in the literature is to consider PDEs on the

Wasserstein space of probability measures. We should note that the master equations for



mean field games have quite different nature than the HJB equations for mean field controls.
In this paper we address the latter equations and our main focus is the comparison principle
for viscosity solutions, while for mean field game master equations even classical solutions
typically violate the comparison principle.

Partially due to its infinite dimensionality, such an HJB equation can rarely have a clas-
sical solution. In recent years there have been serious efforts on viscosity solutions for HJB
equations arising from mean field control problems. We shall provide a literature review in
the end of this introduction. Our goal of this paper is to propose an appropriate notion of
viscosity solutions and show that the dynamic value function of our control problem is the
unique viscosity solution of the HJB equation. In particular, we shall establish the compar-
ison principle for viscosity solutions under merely Lipschitz/Holder continuity assumptions,
by using the doubling variable arguments. Our results also imply the wellposedness of the
second order HJB equation on the Wasserstein space of probability measures induced from
mean field control problems with common noise. To the best of our knowledge, even in the
mean field control framework, our model is most general, covering most models studied in
the literature, and our technical conditions are the weakest.

Notice that a notion of viscosity solutions is essentially determined by the set of test
functions one chooses. In particular, the proof of the comparison principle relies heavily on
this choice of test functions. Inspired by the viscosity solution theory for PDEs in infinite
dimensions, see, e.g., Crandall-Lions [31, Definition 2.1], Li-Yong [51, Chapter 6 Definition
3.1], and Fabbri-Gozzi-Swiech [38, Definitions 3.32 & 3.35], as well as the viscosity solution
theory for PDEs with discontinuous time-dependence, see, e.g., Ishii [47], Lions-Perthame

[56], and Nunziante [58, 59], our test functions take the form

¢+ 9, (1.1)

where the first part ¢ is smooth (in appropriate sense) and thus is standard; and the extra
part ¢ is not smooth, but is absolutely continuous in time with respect to the Lebesgue
measure. Our construction of ¢ is motivated from an observation in the constant volatility
case. In this case, by a simple transformation one can convert the state process from a
controlled SDE to a controlled ODE with random coefficients. Consequently, the resulting

HJB equation becomes first order,! whose viscosity solution is a lot easier to study. By

! In the literature, the order often refers to the derivatives with respect to the measure variable j. Then
mean field control problems with idiosyncratic noise are related to first order equations while those with
common noise are related to second order equations. Here by first order we mean the derivatives with respect

to x are of the first order. In particular, we view the Lions derivative 0, = &:% as first order in x, where



applying the inverse transformation on the test functions for the latter equation, we obtain
a candidate test function ¢ for our original dynamic value function, which turns out to be
absolutely continuous in time but is in general not smooth. See Subsection 4.1 for details.
For the general case with volatility controls, we tailor the construction of ¢ which in essence
cancels the diffusion term. Indeed, technically ¢ is used to cancel some terms appearing in
the doubling variable arguments, which involve the second order derivatives? of ¢ and are
otherwise hard to estimate. To the best of our knowledge, this type of test functions is new
in the literature of viscosity solutions for mean field control problems.

Another important consequence of introducing the singular component ¢ of test func-
tions is that we can establish the comparison principle without using the Crandall-Ishii
lemma, even though we are using the doubling variable arguments for a second order equa-
tion. Indeed, as we just explained, in the constant volatility case, the introduction of ¢
allows us to convert the HJB equation into a first order one, which does not require the
Crandall-Ishii lemma. For standard second order HJB equations, the Crandall-Ishii lemma
is used exactly to handle the second order derivatives of the test functions. So our ap-
proach provides an alternative solution to this important issue. Moreover, our general
framework covers the standard finite dimensional (path dependent) HJB equations, as well
as HJB equations on the Wasserstein space of probability measures, so our results imply
the comparison principle for viscosity solutions of those equations as well, without using the
Crandall-Ishii lemma. However, we should point out that our notion of viscosity solutions
is not equivalent to the “standard” ones for those equations. So our results do not imply
directly the wellposedness results in the literature.

Unfortunately, even in the mean field framework, this function ¢ is typically not law
invariant, which prohibits us from defining viscosity solutions intrinsically on the Wasser-
stein space. Thus we are required to consider functions on the process space, which as a by
product enables us to cover the common noise case for free. Another advantage for working
directly on the process space is that, in the state dependent case, the square distance of
two random variables is a smooth functional, but the square 2-Wasserstein distance of two
probability measures is not differentiable. While being more involved, our path dependent
case benefits from this feature as well. We should note that Soner-Yan [62, 63] introduced a

nice norm on the Wasserstein space by using the Fourier transform, whose square is smooth.

% is the linear functional derivative. So our first order equation corresponds to mean field control problems

with neither idiosyncratic noise nor common noise. We shall take this convention throughout the paper.
2 As in Footnote 1, here we refer to the second order derivatives with respect to x, which are due to the

volatility of the state process, or say due to the presence of idiosyncratic noise or common noise.



See also [27], and Bayraktar-Ekren-Zhang [5], Daudin-Seeger [32] for serious efforts to get
around of this difficulty. However, it is not clear how to extend these ideas to serve for our
purpose in the general case, especially in the path dependent setting.

One drawback of the process space is its lack of local compactness, which is crucial
for the proof of the comparison principle. To circumvent this difficulty, we shall use the
Ekeland-Borwein-Preiss variational principle, see Aubin-Ekeland [2] and Borwein-Preiss
[12]. Roughly speaking, to optimize a continuous function on a non-compact space, one
may construct an approximate function by using the so called gauge type function such
that the approximate function has a strict optimal argument. To serve as a test function
for our purpose, we require the gauge type function on the process space to be smooth with
desired estimates for its derivatives. This is achieved by utilizing the smooth gauge type
function on continuous paths constructed by Zhou [68] for path dependent PDEs.

To prove the comparison principle, we shall first double the spatial variable and then
double the temporal variable. This procedure is standard for parabolic equations, see, e.g.,
Crandall-Ishii [29, Lemma 8] and Crandall-Ishii-Lions [30, Theorem 8.3]. However, due to
a subtle adaptedness requirement of ¢, we need a third step of approximation to derive the
desired contradiction.

The rest of the paper is organized as follows. First, we conclude this introduction by
providing a brief literature review on viscosity solutions for mean field control problems.
In Section 2 we introduce our control problem and establish some basic properties of its
dynamic value function. In Section 3 we introduce smooth functions ¢ on the process space,
which leads to the target HJB equation. In Section 4 we construct the singular component ¢
and derive some crucial estimates. In Section 5 we propose our notion of viscosity solutions
and present the main results. In Section 6 we illustrate how our general model covers the
mean field control problem with common noise as a special case. Sections 7, 8 and 9 are
devoted to the proof of the comparison principle for viscosity solutions. Finally in the

Appendix we complete some technical proofs.

Some literature review on viscosity solutions for mean field control problems. We
first remark that these equations are by nature infinite dimensional, and thus the related
works are intrinsically connected to the viscosity solution theory for infinite dimensional
HJB equations, for which we refer to Lions [52, 53, 54] and the books Li-Yong [51] and
Fabbri-Gozzi-Swiech [38]. For first order (in the sense of Footnote 1) HJB equations on
the Wasserstein space, arising from mean field control problems with deterministic controls

and other related problems, we refer to the works Bertucci [11], Cardaliaguet-Quincampoix



[16], Conforti-Kraaij-Tonon [24], Feng-Katsoulakis [40], Gangbo-Nguyen-Tudorascu [44],
Gangbo-Tudorascu [45], and Jimenez-Marigonda-Quincampoix [48, 49]. These equations
involve the Lions derivative 0,V (t, 1, x), but not the higher order derivative 9.,V (¢, 1, x),
and in the finite dimensional case they correspond to the standard first order HJB equations.

We are mainly interested in mean field control problems with idiosyncratic noise and/or
common noise, where the state process is a controlled diffusion, with or without volatility
controls. These equations involve 0.,V (¢, u, ) and/or 0,V and in the finite dimensional
case correspond to the standard second order HJB equations. In the path dependent setting,
Wu-Zhang [66] proposed a notion of viscosity solutions by restricting the viscosity neigh-
borhood of some point (¢, ) to certain compact set, and established the partial comparison
principle. However, the full comparison principle requires certain perturbed equation to
have a classical solution, which is verified only in some special cases. In a state depen-
dent setting with volatility controls, the work Cosso-Gozzi-Kharroubi-Pham-Rosestolato
[27] removed the compactness requirement by applying the Ekeland-Borwein-Preiss vari-
ational principle. Based on a so called Gaussian-smooothed 2-Wasserstein distance, [27]
constructed a finite dimensional smooth approximation of the value function, which allows
one to compare viscosity semi-solutions with the value function. Following this approach
but by modifying the definition of viscosity solutions, the recent paper Cheung-Tai-Qiu [23]
established the comparison principle rigorously. The work Bayraktar-Cheung-Ekren-Qiu-
Tai-Zhang [3] continued along this line. The works Burzoni-Ignazio-Reppen-Soner [14] and
Soner-Yan [62] derived the comparison result by means of the doubling variable arguments.
They did not invoke the Crandall-Ishii lemma either, but due to a completely different
nature than ours, see Remark 6.10 below for the detailed explanation. In particular, they
introduced a smooth metric on the Wasserstein space by using the Fourier transform. How-
ever, these works require certain uniform Lipschitz continuity on the controls. When the
volatility is a positive constant and hence the equation is semilinear, this serious constraint
was removed in the recent work Soner-Yan [63] and the comparison principle was estab-
lished. More recently, by also using the Fourier-Wasserstein metric, Bayraktar-Ekren-Zhang
[6] and Bayraktar-Ekren-He-Zhang [4] established a Crandall-Ishii lemma for functions on
the Wasserstein space of probability measures, and considered a mean field control problem
with partial information and common noise. In the case with common noise but without
idiosyncratic noises, Gangbo-Mayorga-Swiech [42] and Mayorga-Swiech [57] studied the so
called L-viscosity solution by lifting the equation to the Hilbert space. The work Daudin-
Seeger [32] studied semilinear HJB equations, by applying the doubling variable arguments

with a further entropy penalization. Another recent work Daudin-Jackson-Seeger [33] stud-



ied semilinear equations with common noise and non-convex Hamiltonian, which allows to
consider zero-sum game problem in the mean field setting. They established the comparison
principle by exploiting the idea of [6] together with some delicate regularity estimates.

We remark that, when restricting to the mean field control setting, our model covers
most models mentioned in the previous paragraph, with the exceptions that [66] considers
general parabolic equations, [33] considers zero-sum game problems, and [6, 4] consider
problems with partial information. We believe our approach can be extended to cover more
general cases. Moreover, we require only Lipschitz or even Hélder continuity on the data,
under Wy for the measure variable p. To the best of our knowledge, even when restricting

to the settings in those works, our technical assumptions are the weakest, for example:

e The works [14, 32, 33, 42, 57, 62, 63] require the volatility coefficient (for idiosyncratic

noise or for common noise) to be uniformly non-degenerate, or even to be a constant;

e The works [3, 23, 27] do not allow the volatility coefficient to depend on the measure
variable p; and the works [4, 6] require a strong technical assumption, which is verified

only when all the coefficients are independent of y;

e The works [3, 23, 33, 42, 57| require the common noise coefficient to be independent
of control, or even to be a constant; and [4, 6] verified their crucial condition only in
the case that the common noise coefficient depends only on the control, but not on

the state or its law;

e The works [3, 4, 6, 14, 23, 27, 32, 33, 62, 63] require the coefficients to be Wj-Lipschitz

continuous in yp, while [42, 57] require W),-Lipschitz continuity for some p < 2.

We should also mention the following works concerning potential mean field games,
where the mean field control problem is involved automatically: Bensoussan-Graber-Yam
[8, 9], Bensoussan-Tai-Yam [10], Carmona-Cormier-Soner [19], Cecchin-Delarue [22], and
Gangbo-Meszaros [43]. In particular, [8, 9, 10] worked directly on the Hilbert space of
random variables. Following the approach in [66], Talbi-Touzi-Zhang [64, 65] established
the complete wellposedness for a mean field optimal stopping problem. By using a fi-
nite dimensional projection and modifying the standard Crandall-Ishii lemma, Soner-Tissot
Daguette-Zhang [61] proved the comparison principle for an HJB equation arising from con-
trolled occupied process, which involves a special type of path dependence. Moreover, the
works Cox-Kallblad-Larsson-Svaluto-Ferro [28] on controlled measure-valued martingales
and Feng-Swiech [41] where the controlled dynamics involves a mixture of a Hamiltonian

flow and a gradient flow are also closely related.



Some notations. We shall denote z - 2’ := Y " |z} for z,2’ € R", and M : M’ :=
tr (M TM') for M, M’ € R™" with M the transpose of M. Moreover, |z|?> = = -,
|M|? := M: M. The set of d x d-symmetric matrices is denoted by S%.

Throughout the paper, we fix a finite time horizon [0, 7] and a filtered probability space
(Q, F,F,P), with F = {F; }o<t<7. We assume Fy is rich enough to support any probability
measure on R? and F, = Fy V FPB, where B is a d—dimensional Brownian motion on
(2, F,P). Moreover, we fix a sub-filtration F* = {F? }o<;<r C F, and denote EY := E[-|F}].

For a Euclidian space E and p > 1, we denote by LP(F;; E) the space of F;-measurable
E-valued random variables &, such that ||&]; := E[|£.[F] < oo; and LP(Fj, 7; E) the space
of F-progressively measurable E-valued processes ¢ on [¢,T] such that E| ftT |&s]Pds] < oo.

Denote X := C([0, T]; R?), equipped with the uniform norm |- |«. For any p > 1, let X,
denote the set of F-progressively measurable continuous processes £ with ||£||h := E[|¢[5%] <
00, equipped with the norm ||-||,. Note that {(w) € X for all w € Q. Let Y@T] = [t,T) x X,
denote the time and state space.

In order to distinguish the dependence on the whole process, or more precisely on the
(deterministic) mapping on [0,7] x €2, from that on the realized paths of the process, we
introduce the notation { = £ to emphasize the dependence on the whole process. That is,
for a function ¢ on [0, 7] x X x A}, we shall write ¢;(x, §) instead of ¢¢(x,&). In particular,

this allows us to express the following without confusion:

%(fé)(w) = Sﬁt(g(w)é)a

and, when not involving x, the value ¢;(§) is deterministic. When it is more conve-
nient, especially when the functions are state dependent, we may also use the notation
o(t,x,§) = vi(x,£). Moreover, throughout the paper we shall always assume all involved

path dependent functions ¢ are adapted in the sense:

oi(x,€) = gpt(x.M,é/\t), for all (¢,x,£) € [0,T] x X x X),. (1.2)

2 Formulation of the process dependent control problem

We will consider open loop controls taking values in A, a (possibly unbounded) domain in
a Euclidian space.? Denote A = ]LQ(IE‘[t,T};A), A; := L%(F; A), and consider the data:

(b,o) 1 [0, T] x & x X x A x Xy x Ay —> (R? RI*4),

2.1
f:00,T) x Xy x Ap — R, g: X — R. 1)

3 Although closed loop controls are expected to induce the same value function under appropriate regu-

larity conditions, we refrain from considering this case for technical simplicity.



As usual we omit the variable w € € inside b and o, and we recall the convention (1.2). For

any (t,€) € ??QT] and o € Ay 71, consider the following path dependent SDE on [t, T7:

Xboe =g, selo,t];
(2.2)
AXT5 = by (X5, ag, XP9, o, )ds + 05 (X559, g, X549, o, )dBs, s € [t,T.

Here X is path dependent, while « involves only the current state, and the notation a

refers to the whole random variable az. The value function of our control problem is:

Vi©) = inf Si(&a). (18) € Xy,
1 (2.3)

T
where J;(£, a) i= g(X"5?) +/ Fs(XP5 ay)ds.
t
Throughout the paper, the following assumptions will always be in force.

Assumption 2.1. (i) The coefficients b, o, f are progressively measurable in all variables
and adapted in the sense of (1.2); in particular, b,o are F-progressively measurable; and
ht(0,04,0,q,), for h="b,0, f(0,q,) and g(0) are bounded * by a constant Cy.

(ii) b, o are uniformly Lipschitz continuous in (x,&) with a Lipschitz constant L:
|he(x,a, €, 0) — ha (X, a, & )| < Llxar — X ptloos  h=0b,0;
1
e, 0,6, 0) = ho(x,0,€a)| < L(EYln = Epl] ), Pras, h=bios (24)

forallt € 0,T], x,x' €X, £,§' € Xy, a € A, and o € Ap ).
(iii) f, g are uniformly Hélder-f continuous in & for some 0 < < 1:

(& ) — fil€ o) S Llleae — Enllss  19() — g(€)] < Lle — €15,
fOT’ all t € [OaT]; 536/ € XQ} and o € A[O,T}'

Here 0 denotes the zero path and 0 € &5 the zero stochastic process. Notice that the
volatility o is possibly degenerate, so there is no loss of generality in taking it as a square

matrix and considering X and B with the same dimension.

Remark 2.2. The Lipschitz continuity in (2.4) is under the conditional expectation, which

1s stronger than the following standard Lipschitz condition:

‘ht(xv aaé’gt) - ht(xa a’é/’gt)‘ < LHé/\t - f-//\tHZa h=b,0. (2'5)

4This boundedness requirement is just for technical convenience. In particular, it can be relaxed so as to

cover the linear quadratic case.



This is mainly to deal with the common noise case in Section 6.1. For mean field control
problems without common noise, it is sufficient to replace (2.4) with (2.5).

We also note that, in the mean field control setting with common noise, (2.4) is implied
by the standard Lipschitz conditions for the data on the Wasserstein space, see Assumption

6.1 and Proposition 6.3 below.

Lemma 2.3. Let Assumption 2.1 hold true.

(i) For any (t,§) € XO o) ond a € Ajpr), SDE (2.2) admits a unique strong solution Xtée,
Moreover, for any p > 2, there exists a constant C), depending only on p, T, d, and the
constants L, Cy in Assumption 2.1, such that, for any & € X,

€y < Gl IX€ =X < Cllene =€l
1 .
X8 = X520 < o1+ lend)ls = 1%, 5, € (6T,

(ii) The functions J and V are adapted in & in the sense of (1.2), and V satisfies the
dynamic programming principle: for all (t,&) € ?[QO,T} and § <T —t,

Vi© = it {Vis(x) / F(X16° 0,)ds . (2.7)

a€Ay 1)
Moreover, denoting At ==t —t', AE :== €& — &', we have:

& <O+ lgnds): (6 @) = Tu€ @)l < CIAEAS:
Vi) £ C(1+1IEntll§); V() = Vi€l < Cllgne — Enrlf + (1 + llgncllF) 18213 (2:8)

The DPP (2.7) follows from similar arguments as in [26, Theorem 3.4], and we shall
sketch a proof in the Appendix for the reader’s convenience. All the involved estimates are
rather standard, in particular the conditional LL?-type regularity of b, o with respect to X

in Assumption 2.1 (ii) does not induce any difficulty. We thus omit those proofs.

3 The HJB equation and classical solutions

Following the standard control theory, the DPP (2.7) induces an HJB equation for V. For

this purpose, we first introduce derivatives for functions on ffoﬂ.

3.1 Smooth functions on ?ﬁ)ﬂ

For a generic metric space E and for ¢t € [0,7T), p > 2, let CO(&” it 1] E) denote the space of
adapted and continuous functions ¢ : X, [t 71 — E. In particular, CY( [IZ T}) CO(X[’Z T}'R)

10



Throughout this paper, Mﬁ’T] denotes the space of It6 processes X € &), such that

dXs = PBsds + vsdBs, s € [t,T], for some (8,7) € ]Lp(IF[t,T];Rd x RIX4), (3.1)
Here we abuse the notation g with the Holder continuity of f and g.
Definition 3.1. Fort < T, p > 2, we say ¢ € CL2(X’ tT]) if p € CO(XT, [tﬂ) and there exist
dip € C° (X)), Oxp e Co(ﬁ’tT],Lp (F;RY),  dxxp € C° (X 5 L2 (F; %),

such that Oppi(€), Ox (&) and Oxx (&) are Fi-measurable for all (t,£) € Xt and for
pe(§ %S PilS

[t,T]
any X € M? the following functional Ité formula holds:

[£.11’

jt%( ) = Owpe(X) + E|Ox (X)) - B + 3xX<Pt(K)¢%’YtT}a te[t,T). (3.2)

The following simple lemma is crucial for the above definition. The proof is similar to

the justification of [36, Definition 2.8], and is postponed to the Appendix.
Lemma 3.2. For any ¢ € C ( i, T]) the derivatives Opp, Oxp, Oxx @ are unique.

Remark 3.3. (i) In the state dependent case: ¢i(§) = ¥(t,§,) for some ¢ defined on
[0, T xL2(Fr), we see that Oyp = Oy is standard and Ox ¢ = Ox 1 is the Fréchet derivative:

1
oY(t,Y) = lim SsWE+0Y) -yt Y), Ye L*(Fr);
G6Y + 2) = (6 Y) + E[ox(t Y + 2)Z] +o(|ZI]), Y, Z € LA(Fr).
Moreover, O,x@ = Oy x¥ can be determined by:

d
Ouxt(t, X)) = —(0xv(t, X, + B — B,), B.)

forall X € Mﬁ,T]'

sls=t
(ii) In the law invariant case: pi(§) = ¢i(P¢) for some ¢ smooth as in [66, Theorem 2.7],
where P is the fized probability measure on the measurable space (2, F), and P¢ € Pa(X)

is the law of the process & under P, we can easily see that ¢ € 01’2(?[20@) and

Orpi(§) = Orpr(Pe),  Oxpi(§) = 0pupt(Pe, &), Oxxpi(§) = Ouppt(Pe, §),

with 0, the path-dependent Lions derivative as in [66], and O,, the Dupire vertical derivative
with respect to the paths of €.

(iii) For the general case, one may define the path derivatives first and then prove the Ito
formula (3.2), as in [34, 25] for functions on [0,T] x X and in [66, 26] for functions on
[0,T] x P2(X). However, for the viscosity theory later, we will need only the Ité formula,
so we follow the approach of [36] by using (3.2) directly to define the path derivatives.

11



Example 3.4. All smooth functions involved in this paper are of the form

¢t(§) = ]E[@t (6 - é/\f)]a (t7 5) € IZ[;f”]"]a fO’I" some .ﬁIEd (fa é) € If)(),T]a

where p > 2 and ¢ : [0,T] x X — R is continuous, adapted, and admits continuous pathwise
Dupire’s derivatives (0;@, 0xP, Oxx@) : [0, T] x X — (R,R%,S) such that

0:p1(x)] < C[1+ [xpel%], 10x@e(x)| < CIL+ [xne2o ], [Oxx @t (x)| < C[1+ [x.n¢5 2] (3:3)

Then ¢ € Cl’z(fﬁ T]), and denoting £ 1= £ — é-AEa we have

Dei(&) :=E[0i3i(€)],  Oxei(§) = 0x@i(£),  Oxxpi(§) := Ouxpe(E). (3.4)
Proof. For any X € M][Di ) denoting X’ := X — g-/\f’ by the standard functional Ito

formula (cf. [34, 25]) we have
1 -
doy(X') = 0o (X')dt + Oxpr(X')-d Xy + 50xxgbt(X’):d<X>t, t >t

Taking the expectation on both sides and comparing it with (3.2), we obtain (3.4) imme-
diately. In particular, the integrability of dx¢ and Oxx¢ follows directly from (3.3) and
the LP-integrability of X and f , and it follows from the Burkholder-Davis-Gundy inequality
that Ox@(X')-14dBy is a true martingale. [ |

3.2 The HJB equation on the process space T[QOVT]

We now consider the following HJB equation on ?[QO,T}:

LU (§) == 0:U(&) + ajrelat Hy (&, 0xU(€), 0xxU(€), ;) =0, (t,€) € j[20,T);

where Hy(£,Z,T, ) = ]E[(bt(‘) Z+ %00;(‘) 1) (€ an, &) + ft(@g*)}, (3-5)
(t,€) € Xy, Z € LAF,RY), T € L°(F, %), a, € Ar.
Remark 3.5. When b,o do not depend on (X,a) and g(X) = E[g(X)], fi(X,q,) =
E[ﬁ(X, ozt)], for some deterministic function f,g, one can easily show that
Vi(§) = Elu(€)], (3.6)
where v is associated with the standard path dependent HJB equation on [0,T] x X:
Orve(x) + ;1612 [bt(x, a) - Oxve(x) + %UO’J(X, a) : Oxxvi(x) + fi(x, a)} =0, (3.7)

and Oy, Oxv, Oxxv are Dupire’s path derivatives. Moreover, in the state dependent case,
(3.7) reduces to the standard HJB equation:

1 _
o(t,z) + i]r1£l [b(t,:v, a) - Oyu(t,x) + §O'O'T(t, x,a) : Opev(t,x) + f(t, x, a)] =0. (3.8)
ae
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As usual, we start with classical solutions.

Definition 3.6. (Classical solution) A functional U € 01’2(?[20@) is called a classical

solution (resp. subsolution, supersolution) to the equation (3.5) if

—LUL(E) = (resp. <, 2) 0, Y(t,€) € X

In the contexts of classical solutions, we also need the regularity in ¢ which is not included

in Assumption 2.1. However, this regularity will not be needed for the viscosity solution.

Assumption 3.7. The functions h = b, o, f are locally uniformly continuous in (t,a, ) €
[0,T] x A x Ar in the following sense: for any R > 0, there exists a modulus of continuity

function pr such that, for allx € X, ||Eatlle < R, and allt </, a,d’ € A, oy, € Arp,

‘ht(Xaaé,Q*) — ht’(X~/\t;a/7§,/\t7Q;)‘ < /?R(\t —t'|+a—d|+ |lax — a;”?)-

Theorem 3.8. Let Assumptions 2.1 and 3.7 hold, and assume that the value function

Ve C’m(?ﬁ)’ﬂ). Then V is the unique classical solution of the HJB equation (3.5).

Combining the DPP (2.7) and the It6 formula (3.2), it is rather standard to verify that
V satisfies (3.5). The uniqueness is not hard either, however, since it will be a consequence

of the uniqueness of the viscosity solution later, we omit the proof.

4 The singular component of test functions

In general one can hardly expect (3.5) to have a classical solution. Our goal of this paper is
to propose an appropriate notion of viscosity solutions which allows for a complete charac-
terization of the value function through the corresponding HJB equation. The main feature
of our approach is that, besides the standard smooth functions ¢ € 01’2(?[207:”), our test
functions contain an additional component which is singular in certain sense. To motivate

this, we first consider a simple setting with constant volatility.

4.1 A motivating case

In this subsection we study heuristically the state dependent case with constant volatility
0 = Igxq. In this case, it is natural to consider the following change of variables to convert
the SDE into a random ODE:

BS($7W7G7&7Q‘9) = bs(m—i_BS(w)qua)Xs +§sugs)7 ( )
4.1

fs(Xsags) = fs(ls +stgs)a g(XT) = Q(XT +BT)

13



Then, recalling (2.2) and (2.3), we have

¥ O F t£7 t£,
Vilg) = Ti(g, - B, where V)= nf (X) [ (12)

Sté,a

~ - s _ -
and X;vﬁtva:§t+/ b (X100, X0 0 )ds, s € [t,T).
t

This is a deterministic control problem, and thus (3.5) becomes a first order equation:

EUt(ét) = atUt(é ) + inf E{bt(ft,at,f Oét) 8XUt(§t) + ﬁ(§t,gt)] =0. (43)

ot €A

Since (4.3) does not involve 9, xU, it suffices to consider U € CV1([0,T] x L2(Fr)). That
is, there exist appropriate 8;U and dxU satisfying the chain rule:

AU, (X,) = Oror(X,)dt + E[@XUt( ) -ﬁtdt], where dX; = B,dt, and 8 € LP(F,RY). (4.4)

We now investigate the comparison principle for appropriately defined viscosity solution
for the first order equation (4.3). Let Ul, Us be a viscosity subsolution and supersolution,

respectively. As standard for viscosity solutions, we consider the doubling variable approach:

U(t,€,5,¢,) = Ui(t,€,) — Ua(s,{ ) — n[|t —sP+E[|& - CSIQH — (4.5)

2

where “ indicates appropriate further penalty functions so as to guarantee the existence

of a maximizer, denoted as (£, 3, f}, és) Then we shall consider a test function of U; in the

form (omitting possibly additional terms):
Gi(t,€) = nlt - 512 + E[l& - &) (4.6)

Indeed, by this argument one can easily prove rigorously the comparison principle for (4.3).
We now turn back to (3.5). Recall (4.2), it is natural to consider U1 (¢,£,) := U, (t,§,—By)

as a viscosity subsolution of (3.5), with a test function induced by (4.6):
o(t.E) = B1(L.E, — B) = |t~ 5P + E[le — B~ GP] | (4.7)
The above ¢ has two features:

(i) 1 is not law invariant, namely P¢, = P does not imply ¢1(t,§,) = <p1(t,§2). This is
another motivation for us to consider functions on the process space X[QO’T} directly,

instead of on the Wasserstein space of probability measures.

(ii) 1 is not in CT2(X [0 77) in the sense of Definition 3.1. Indeed, assume ¢ > tVv & and
dXs = Bsds + vsdBg, s > t, then

%@l(sags) :2n(5 - ‘§) + QTLE[(XS — By — gé)ﬁs + %(’78 - Idxd) : ('Ys - Idxd)T] ‘(4'8)
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Recalling (3.2), we see that dxx¢1 does not exist and thus ¢y ¢ CH2(X [0 77)- However,
from (4.8) it is clear that s — ¢1(s, X ;) is absolutely continuous. This motivates us to

consider test functions which are absolutely continuous in ¢ but are not in C 1’2(?[20;“).

4.2 The singular component of test functions in the general case

We now introduce the singular component of test functions, denoted as ¢, which is absolutely
continuous in ¢ but is not in C 1’2(?[203]) in general. This part ¢ is new in the literature of
mean field control problems and is the main feature of our notion of viscosity solutions due
to its crucial role in our proof of the comparison principle.

For t € [0,T] and p > 2, let E? denote the set of maps (b, &, f) where (b, &) : [, T] x Q x
Ax Ar — (R4, R¥9) are Fiz rj-progressively measurable, f:[t, T)x Ar — R is progressively

measurable, and there exists a random variable I', € LP(Fr) such that

sup  [|B] +|5]] < T, P-as., sup | f] < oo. (4.9)
ET)x AxX Ar [£,T)x Ar

Given (£,€) € YﬁLT] and (b5, f) € E?, we introduce the maps defined for all (,¢) € ?%T}:

S ~ t t .
T0(6) = TR () =gy — & - / byds — / 59dB,, F&:=F/* / 1 ds.
i i 4 10

where Bg‘ = Bs(as,gs), 7% = ds(as, ay), fsa = fs(is).

We now introduce the class of singular test functions inspired from (4.6) which allows us to

handle the general setting of non-constant and even controlled volatilities.

Definition 4.1. Fort € [0,T] and p > 2, we denote Ct (X", @ T]) the set of maps of the form:

¢¢(€) := inf {kE[‘If(§)|p+‘ 7€) / fads for all (t,€) € X[tT} (4.11)

- OLG.A[;’T]

for some € € X,, (t',¢) € ?%T], (b,5,f) € B H~, and some constant k > 0.
Moreover, let C~ (X 7)) denote the set of ¢ such that —¢ € CH (& . T])

Remark 4.2. (i) Due to the involvement of £,& in (4.11), ¢ is not law invariant. This
explains partially that we need to work on X, instead of the Wasserstein space Pp(X).

(ii) All the results in this paper will remain true, after obvious modifications, if we restrict
the (b,&, f) in (4.11) to (b, U)(é/\g,-,é/\i,-> and f({ g ) for some ¢ € Xy, by using the
true data (b, o, f). We allow for the flexibility on (b, g, f) so that our definition of viscosity

solutions is model independent.
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(iii) When the volatility is not controlled: o = 04(§,§), we may consider the simpler set

C*(?%T]) consisting of functions
¢1(§) == E[|& — & — 6;(Br — B)["],  for some § € LP(F;RY), 6; € LP(FS7), (4.12)

or even restricting further to 6; = ag(é,Ag, é/\f) for some é € &), by using the true data o
as in (ii). In these cases the related arguments can be simplified significantly.

It is clear that the term o7 is designed to cancel the impact of the diffusion term
o1(X, X)dBy in the related estimates. We note that, in the drift control case, there is no
need to involve b, f in (4.12). However, in the volatility control case, the estimates become
much more involved. Then, besides a more carefully designed 6%, the terms b, f‘)‘ in (4.10)
are also crucial for the estimates later.

(iv) For the estimates later, we will often use the following equivalent formulation of ¢:

o) = dnt KE[|Z2()["] + Ff* + r(a) |, where x(a) = KE[|Z3€)["] - F. (4.13)

The next result states that the function t — ¢; is absolutely continuous with respect to
the Lebesgue measure, and provides some crucial estimates for the comparison principle of

viscosity solutions. We observe that the time derivative qﬁ of ¢ is not continuous in general.

Proposition 4.3. Let ¢ € C*(?%T]) as in (4.11) with corresponding (t',&') and p > 2.
Then, for any X € MZ[)fT]’ the mapping t — ¢(X) is absolutely continuous, with time
derivative gZ) satisfying:

(i) whent > t/,

é 1)
a $s(X)ds <  inf / v [p(p;l)klg’(awrf?]ds, (4.14)
1Jt

t a€Ay 1

where IP () := Hﬁs - B‘;“Hp S,lallp HI?/(X)HZ_I + H% - 5?”?) sup sta’(X)Hz—Q;
o'e !

[¢,T] « [,7]
(ii) alternatively, when t < t', for any 6 > 0, there exists o € A © Ay, which may
depend on X.ny but is independent of (Bs,Vs)s>t, such that

t+0 t+0
b(X)ds < PO =)oy 4 o) ds + 6. 4.15
buxas < [ (Pt + e Yas+ (415)

t

The proof is postponed to the Appendix.
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5 Viscosity solutions of the HJB equation

In this section we propose a notion of viscosity solutions for (3.5). For any p > 2, U :

?[QO,T} — Rand (¢,¢) € ?ﬁ)’T], denote

S;Ut(@ = {((p, ®) € CI’Q(YI[;T]) X C+Y€~’T}) for some ¢ € [0,1] :
U-(p+a)©= s [U-(p+a O} 61
(8,0)€X 1
S, Ut(§) = {(go, $) € CL2(XT, i) X C™ (X7 i T]) for some £ € [0,1] :
U-(e+9)],©= mf [U-(+9,©0} (62
(s,Q)€Xl, 7

Due to the use of the singular test functions ¢, we need to introduce the frozen state

process defined for all (¢,¢) € ?[203] and a € Ay ) by:

S S
Xioo =g, se0,t]; XLoo = §t+/t bfgfvadwr/t olt¥dB,, s € [t,T),

(5.3)
where hi%® i= hy(Enr, s, €, o 0,), for h=b,0, and f&% = (£ ,.a,), s>t

We notice the slight difference between X and the X in (2.2). In particular, in A% the

state process is frozen while the control part «; is evolving in s.

Definition 5.1. (i) For any p > 2, U € USC(?[QO,T]) is a viscosity p-subsolution of HJB
equation (3.5) if, for all (t,€) € X%’T) and (¢, ¢) € FFU(E),

t+5
8t“”f(5)+§§%aeﬁfT5/ (€, Ox21(E). rexpr(€), @) + (XN ]ds > 0. (5.4)

(ii) For anyp > 2, U € LSC(?[QO’T]) is a viscosity p-supersolution of HJB equation (3.5)
if, for all (t,£) € X{o 7y and (p,¢) € 5, Uy(),

t+5
Orpe(€) + lim  inf 5 / (€ . Oxpt(£), Oxx e (§), ) + $s(X tﬁa)]ds <0. (5.5)

§—0 OLG.A[t T]

(iii) U is a viscosity subsolution (resp., supersolution) of HJB equation (3.5) if there exists
po = 2 such that U is a wviscosity p-subsolution (resp., p-supersolution) of HJB equation

(8.5) for all p > po.
(iv) U € CO(X[Q(),T]) is a wviscosity solution of HJB equation (3.5) if it is both a wviscosity

subsolution and a viscosity supersolution of (3.5).

Remark 5.2. (i) While in quite different forms, our idea of introducing the singular compo-

nent ¢ is inspired by works on viscosity solutions for PDFEs in infinite dimensions, see, e.g.,
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Crandall-Lions [31, Definition 2.1], Li-Yong [51, Chapter 6 Definition 3.1/, and Fabbri-
Gozzi-Swiech [38, Definitions 3.32 & 3.35]. A similar idea has also been used to study
viscosity solutions for parabolic PDEs whose coefficients are discontinuous in time, see, e.g.,
Ishii [47], Lions-Perthame [56], and Nunziante [58, 59].

(ii) The standard definition of viscosity solutions amounts to setting ¢ = 0. So a viscosity
solution in our semse is always a viscosity solution in the standard sense. Consequently,
by introducing the component ¢, the existence of viscosity solutions becomes slightly harder,
but as we will see it significantly helps for the comparison principle of viscosity solutions.
(iii) We take the integral form in the left side of (5.4) and (5.5) because ¢ is discontinuous,
in general. If it were continuous, then these expressions would reduce to a simpler and more

standard form under Assumption 3.7:

Q&)+t [H&Oxen(©), dexou(©). ) + (X))

Remark 5.3. (i) For 2 < p1 < pa, & U(§) and §,Us(§) do not contain each other.
Consequently, the viscosity p1-subsolution property and the viscosity ps-subsolution property
do not imply each other.

(ii) In light of (7.2) below, it is convenient to choose p as an even integer. We shall prove
the comparison principle only on ?ﬁ)ﬂ with some large even integer p. Since X), is dense in
Xa, then, when U is continuous under || - ||2, we obtain the comparison principle on X[Q()’T].

(iii) We should note that X, is not compact under || -||,. We shall circumvent this difficulty

by using the Ekeland-Borwein-Preiss variational principle.

We first show that our notion of viscosity solutions is consistent with that of classical

solutions.

Proposition 5.4. Let Assumptions 2.1 and 3.7 hold true and U € 01’2(2[20;[]). Then
U is a viscosity subsolution (resp. supersolution) of (3.5) if and only if it is a classical

subsolution (resp. supersolution) of (3.5).

The proof of this result is rather standard, and thus is postponed to the Appendix. Our
main result of the paper is the following characterization of the value function by means of

the corresponding HJB equation (3.5).

Theorem 5.5. Under Assumption 2.1, the value function V is the unique viscosity solution

of the equation (3.5) with terminal condition Vp = g in the class of functions satisfying (2.8).

The viscosity property of the value function V follows from standard arguments and
will be reported below. The uniqueness is as usual more challenging, and is a consequence

of the following comparison result.
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Theorem 5.6. Let Assumption 2.1 hold true, and Uy € USC(T[QQT]), Uy € LSC’(T[QQT])
be a wviscosity subsolution and supersolution of HJB equation (3.5), respectively. Assume
further that there exists a modulus of continuity function pr for each R > 0 such that

(i) one of h = Uy or Us satisfies the following estimate slightly weaker than (2.8),

1) = hur(€)] < CIAE NS + (14 € aill2) AL (5.6)

(ii) and the other one satisfies, for h = Uy or —Us and for any R > 0:

(O] < C(L+[1€nellz), he(€) = hs(€ ) < pr(s —1), for allt <s,[|€nll2 < R (5.7)
Then Uy(T,-) < Us(T,-), on Xo, implies that Uy < Us on X[Q(),T].

We defer the proof of the last theorem to Sections 7, 8, and 9. This theorem also implies

the following comparison result immediately.

Theorem 5.7. Let Assumption 2.1 hold true, and Uy € USC(X[QQT]), Us € LSC(?[QQT]) be
a viscosity subsolution and supersolution of (3.5), respectively. Assume Uy,Usy satisfy the
estimates (5.7), and Uy (T, ) < g < Us(T,-) on Xa. Then Uy < Uy on ?[QO’T}.

Proof. Note that the value function V is a viscosity solution of (3.5) with terminal con-
dition Vp = g and satisfies (2.8), and hence (5.6). Then, by applying Theorem 5.6 on U;
and V we have U; <V, and by applying Theorem 5.6 on V and Uy we have V < Us. Thus
Uy < Us. [ |

Remark 5.8. (i) We remark that we will not use the Crandall-Ishii lemma in the proof
of Theorem 5.6, despite that our control problem involves the diffusion term. This is not
completely surprising because, as we explained in Subsection 4.1, the singular component ¢
of the test function is essentially involved to cancel the diffusion term.

(ii) In the setting of Remark 3.5, our HJB equation (3.5) reduces to standard equations (3.7)
or (3.8). Defining v as a viscosity solution of (3.7) or (3.8) if the function V defined in
(3.6) is a viscosity solution of the equation (3.5), then we obtain the comparison principle
for the fully nonlinear second order (path dependent) PDE by using the doubling variable
arguments but without using the Crandall-Ishii lemma.

(iii) Howewver, we shall emphasize that the above definition of viscosity solutions is not
equivalent to the standard notion of wviscosity solutions for HJB equations, e.g. in [30].
So we are not claiming that we can avoid the Crandall-Ishii lemma in the doubling variable
arguments for the standard viscosity solutions of fully nonlinear second order HJB equations.

(iv) We also refer to Remark 6.10 below for a highly related comment.
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Proof of Theorem 5.5. As the uniqueness is implied by the comparison result of Theorem
5.6, we only focus on the existence part. Recall Definition 5.1 and we fix arbitrary p > 4.

(i) We first prove the viscosity p-subsolution property. Fix (¢,&) € Tﬁ)’T) and (¢, ) €
FHVi(€). For any a € A gy, recall (2.2) and denote X := X5 By DPP (2.7) and (5.1)
we have for any § > 0,

t45
0 < Vigs(X?) = Vi(§) + fo(X%, a,)ds
t
t46
< o+ Olers(XY) = [ + 21i(§) + fs(X%, a)ds.

- t

Applying the It formula (3.2) on ¢(X*) we have

1 t+6
0 < (5/ E[aﬁos(ia) + Oxps(X%) - bs (X, a5, X, )
t
1 .
FaBorea(X%) £ 00] (X a0 X a,) + fo(X, 0,) + (X ds.

Recall (5.3) and denote X := X5 We claim that

t+0 L
owp g =o(8), where Af = | [ (X — (X as] (5:5)
a€A 1) t

Together with the regularity of ¢ and b, o, f, and recalling the A*$® in (5.3), this implies:

1 t+0
0< inf 5/ E[aﬁpt(@ + 8)(%(@ : bg,g,a
10 J¢

OéE.A[t,T
1 R
+50xxi(€) (00T )07 + FEE% 4+ 6, (X)|ds + o(1).

Send 0 — 0, we obtain (5.4), namely the viscosity subsolution property of V.
We now prove (5.8). Recall (4.10) and (4.13) with corresponding #,¢, ¢, ¢, b,&, f and
p > 4. By (4.9) we denote

1

Cp = (EHI‘*IP]); + sup |f] < oo (5.9)
[ T]x Az

Note that X%, = & = X ong, then ¢ (X) = ¢4(X). Thus, by (4.13),

A§ = |6s(X2) = s (XM <k _sup AT,
] ] OZE~A[£T1 (510)
where A := ’EH s (XN = T s (X)) ‘

Here we use & in (4.13) so as to distinguish with the « in (5.8). Fix «, @ and denote

W% = By (X®, ag, X% a,) — BY, RS = hEES RS b =b,0.

s
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Then by (2.2) we have

t4-0

“ (X" }: E[’I?(f)—l-/t b?’dds+/tt+6gg,dd38|p}

_ t+6 ~ ~ P ~
= E[I?(ﬁ)\“r/t [PITE O TR(E) - b5 + ST (P o5

22 56 27 (€)o7 ds] -+ o(5),

where o(¢) is uniform in «, &. Similarly, by (5.3) we have

U Srs(X[” }:E[\It&(ﬁﬂpﬂL tt+6{P|I°‘ &)P2I8(8) b7

Dra —2|=& PP—2) 4 & 70[
2@ P21t + P2 Pz (7 s +olo)

>
>0
)
A

t+6 4 ; L L
CE| / [P b =52 + [T (©)P 2o +52] o ~52[] ds] + o(3)

IN

48 L . i - o o
C [ [IZE @ e =B+ IZH 2o oS o2 =52 as + o(6).

Recall (5.9). Note that, for s € [t,¢ + J], by Assumption 2.1 and standard SDE estimates,

A

175 < (el + &l + 5 );
C(1+ X5l + XSl + ) < C(1+ endly + )

b3 -B]15 = E|

IN

HU?@ + E?Hp

bs(Xay O‘Sagaa Qs)_bs(X.C;\ta a&l.ofmgs)

] < CE[IX5, - xS ] =o(v).

Similarly, [|o$"® — %], < o(1). Then, we derive (5.8) from (5.10):
- p—
A3 < Ch(1+ &l + 1l + ) 0(6) + 0(6) = o(d).
(ii) We next prove the viscosity p-supersolution property. Fix (¢,§) € ??QT) and (@, ¢) €
5, Vi(§). For any 0 > 0, by DPP (2.7) there exists ol e Ajs, ) such that

t+4

0 > Vis(XY) = Vi) + fo(X2, a%)ds — 62
t
t+0

> [0+ @lers (X)) — [0+ d1:(6) + Fo(X, a%)ds — 5.

t

Now following similar arguments as in (i) we can show

t+6 .6
Orpe(§) + lim = / H, (€., Ox01(6), Oxxpi(€),08) + d5(X™)|ds < 0.

This implies (5.5), and hence V is a viscosity supersolution. |
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6 Connection with HJB equations on the Wasserstein space

6.1 The mean field control problem with common noise

In this section, we explain that our general setting in this paper covers the mean field control
problem with common noise as a special case. For a generic Polish space (F,dg), we denote
by P,(E) the set of probability measures y on the Borel field B(E) with [, db,(x, xo)pu(dx) <
00, for some (and hence for all) xg € E, equipped with the p-Wasserstein distance W,,. In
this section, we decompose BT = ((B')T,(B%) "), where BY denotes the common noise,
and set FO := FB°. Given § € Ay, let P¢ denote the law of £ under P, and P&If? the
conditional law of &, conditional on Fy. Moreover, for the canonical process X on X, define
JhAt = JL O X}i, the law of the stopped process. Let XPL(IF?) denote the set of £ € A), such
that & is independent of F?, and for given (¢, u) € [0, T] x P2(X),

X])L(Fo;thu) = {5 S Xpl(F?) P = ,u'/\t}'
Our mean field control problem with common noise involves the following data:
(0,6,f):[0,T] x X x Ax Po(X x A) — (RL, R R),  §:X x Py(X) — R, (6.1)

We emphasize that b, & are deterministic here. Given (¢,£) € ?[ZO,TP define
T

Ve = dut Ji&a), Tl a) =E[5(X.Pxm) + /t Fo(X 0 B agizo) s (6:2)

where X := X% is the controlled state process defined by the SDE:
X./\t = f./\t, and dXs = Bs (X, aSvP(X,aS)|f£)dS + 5'3(X, asa]P)(X7aS)|]:9)dB87 s € [t,T].

We note that here, by writing & = (%, %), we also allow the control to act on the diffusion
coefficient 5° of the common noise.

Similarly to Assumptions 2.1 and 3.7, we assume the following.
Assumption 6.1. (i) The data h=0,6,f are progressively measurable in all variables and

adapted in the spirit of (1.2): ﬁt(x,a,P(g’a*)) = ﬁt(x./\t,a,IP’( ); and ﬁt(O,a,P(Qa*))

Enty0x)

and §(0,09) are bounded by a constant Cj.

(ii) h = b, & are uniformly Lipschitz continuous in (x, 1) € X x Pa(X):
(3,0, Ple ) = helX, 0, Plern))| < L[t = XKpgloo + WalPe . Per, )]
(iii) f,g are uniformly Hélder-f continuous in (x, ) € X x Pa(X) for some 0 < B < 1:
|fi(x,0,Pe o)) — fi(x,a,Per o) < L [lX-At —xyl% + Wf(Pf,AtanM)};

906 1) = G )] < L Ixope = X pol e+ WE g1,
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Assumption 6.2. For any R > 0, there exists a modulus of continuity function pr such
that, for h ="0b,6, f, for allt € [0,T], x € X, a,d’ € A, a,, o, € Ap, and all ||E.x¢]]2 < R,

|he(%,0,Pg ) = he(x, 0, Pie.ar))| < pr(la—a'| + as — al]l2).
Now given b, 5, f, g, define
ht(w,X, a7§7 Q*) = ;Lt (X7 a/7]P>(§7a*)|]-'to (LU)), h = b7 g;

fi(& ) = B8 0 Preanm)]s 908 = E[9(€ Peyzg)]-

We remark that, given (§,a.) € X2 x Ar, we know the joint law P,  poy and hence

(6.3)

the conditional law P, )70 = P so the above functions are well defined. The

(&)l FF
following result verifies that (6.2) is a special case of the problem (2.3).
Proposition 6.3. Let b, 5, f, § satisfy Assumption 6.1, then b, o, f, g defined by (6.3) satisfy
Assumption 2.1, and V (t,£) = V(t,£) for all (t,€) € ?[20;_”.

Moreover, if b5, f satisfy Assumption 6.2, then b, o, f satisfy Assumption 3.7.

Proof. We shall only verify the properties of b in Assumption 2.1. Those for o are similar
and those for f and g are slightly easier. In particular, the implication of Assumption 3.7
from Assumption 6.2 is also similar. First, the properties in Assumption 2.1 (i) are obvious.

Next, by omitting the dependence on (w, a), we have

1

S IWa(Pg 170 PleranFo) < L<Eg[|f-m - g-,/\tﬁo]) -

Moreover, by (6.3) it is clear that X%&® = X462 Then one can easily get Ji(¢,qp) =
Ji(€, ), and hence V;(§) = V4(€). |

Proposition 6.4. Let Assumption 6.1 hold.
(i) V is conditional law invariant in the sense that V(&) = ‘V/t(g) for all £,¢ € ?[QOI]

satisfying P&»At\f? = IP)ngt|f?, a.s. Consequently, by abusing the notation V, we may define

Vi(p) :=Vi(€), for all (t,p) € [0,T] x Po(X), where £ € X3-(FO;t, ). (6.4)

(ii) For any (t,€) € Y[Q&T], we have Vi(§) = E[‘Z‘/(Pﬂf?)]'

(iii) For any 0 <t <t+0 <T, &£ € X;-(F%t, ), we have
t+9

Vt(ﬂ) = inf E ‘7t+5(PXt,§,a‘f0 )+ fS(Xt,57a7 aS,P(Xt,s,a as)|]:o)d5]. (6.5)
aEA[t,T] t+6 ¢ P s
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(iv) For the constant C' in Lemma 2.3 (ii), we have
V()] < O (14 Wy (.. 0)):

) . (6.6)
Vi) — Ve (p)] < C<WQB(N~/\t7 i)+ (1+ WQB(/L/\t?(SO))H - tllg)-

This result is not surprising, for example, [26, Theorem 3.6] proved the law invariance
property when there is no common noise. However, we believe the precise form under such a
generality here is new in the literature. For completeness we sketch a proof in the Appendix.

To derive the PDE from the DPP (6.5), as usual we need the appropriate It6 formula.
The following result can be proved by combining [21, Theorem 4.17] and [66, Theorem 2.7],
see also [13, 39]. The precise meaning of the space C;’M([O,T] X X x Pa(X)) and that of

the derivatives, as well as the proof are again postponed to the Appendix.
Proposition 6.5. Assume U € C;’Q’Q([O,T] x X x P2(X)). Fori=1,2, consider
dX} = bidt + Jfé’lalBt1 + a,f’odB?, and introduce the conditional law p.p¢ :=Px2 |50,
where b € L2(F;RY) and o' = (o™, 0%0) € L2(F; R¥*%). Then
dUL(X 7, ) = [@Ut + 0xUy - b} + L0yl - ag(ag)ﬂ (X, p)dt + OxUy(X Y, ) - oLdBy
+Ex [0,U:(X", u, X2) - 57°]dBY
FEr, |0U(-, X2) - B + 50:0,Un(-, XP) 1 53(53)T (6.7)
+0x0,U ( X2) : 00 (67°) T + 30, Un (-, X2, X2) 1 67°(07°) T [ (XY, )t
where (XQ, 52,62) and (X?,b%,52) are conditionally independent copies of (X2, b, 02), con-
ditional on F°; and by extending the filtered probability space (Q,F,P) in a natural way to

include the conditionally independent copies, Er, is the conditional expectation, conditional
on Fr = Fo V FP.

Now apply Proposition 6.5 on the DPP (6.5), we obtain the following second order path
dependent HJB equation on the Wasserstein space: for (¢, ) € [0, 7] x Pa(X),

EUt(M) = 8t0t(#) + inf ‘Flt (M? auUt(:U’a ’)7 aiuUt(Mv ')7 auuf]t(#, K ’)7Qt> =0, (68)
ar€AF(FP)

where, for oy € A+ (F?) independent of F?, & € X5-(F%; ¢, 1), and letting (€, &), (&, &) be

independent copies of (£, ay), the Hamiltonian term H is defined as follows:
. e 1. o a0
H(---):=E auUt(M,ﬁt) by(€, atap(f,at)) + iai"uUt(Mvgt) : O'to';r(ga atap(f,at)) (6.9)

1. o = o . _ _
+§8uuUt(Ma§ta§t)ZU?(§, O‘taP(ﬁ,at))(o'i?)T(fyO‘t’P(g,at)) + fi (&, Oéup(g,at))]
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Definition 6.6. We say U € [0,T] x P2(X) — R is a viscosity solution (resp. subsolution,
supersolution) of the equation (6.8)-(6.9) if Uy(§) := E[Ut(Pg‘]—‘?)] is a viscosity solution
(resp. subsolution, supersolution) of the equation (3.5), where b, o, f, g are defined by (6.3).

The following result is a direct consequence of Theorems 5.5 and 5.6.

Theorem 6.7. Let Assumption 6.1 hold.

(i) The V defined by (6.4) is the unique viscosity solution, in the sense of Definition 6.6,
to the equation (6.8)-(6.9) with terminal condition g.

(ii) Let Uy, Uy be a wviscosity subsolution and viscosity supersolution, respectively, to the
equation (6.8)-(6.9), in the sense of Definition 6.6. Assume, for h = Uy and —Us, for any

R > 0, there exists a modulus of continuity function pr such that

|he()] < C(1+ Walpnt, 80)),  he(p) = har(ppe) < pr(t' = 1),

for all t < t' and Wa(p.ae,00) < R. If Un(T,pn) <[5 g(x, p)p(dx) < Us(T, ) for all
p € Po(X), then Uy < Uy on [0,T] x Pa(X).

We remark again that the above notion of viscosity solutions is not equivalent to the def-
initions in the literature as mentioned in Introduction. Therefore, our results do not imply

the uniqueness or comparison principle for the viscosity solutions in those publications.

Remark 6.8. (i) Given U € C;’%[O,T] x Po(X)), similarly to the p1 in (4.7), in general
Ui(§) = E[Ut(Pﬂf?)] may not be in 01’2(2([%?]) in the sense of Definition 3.1. So, while
we are identifying the wviscosity solutions for (6.8)-(6.9) and (3.5), in general we cannot
identify their classical solutions. The situation is different when there is no common noise,
see Proposition 6.9 below.

(i) It is worth pointing out that, in the common noise case, (6.7) and hence the PDE (6.8)-
(6.9) involve the second order derivative 0,,U, however, the corresponding PDE (3.5) in
the process space does not involve the second order derivative OxxU, which is never used
in this paper. It is not clear if this type of first order nature in terms of Ox helps in our
approach, in particular, our construction of the singular component ¢ is mainly to help for
the estimates related to the second order derivative Oxx (or Oxx ). We refer to Remark 6.10
below for some highly related comments, and we also refer to Footnotes 1 and 2 for the

conventions of orders.

6.2 Mean field control without common noise

When there is no common noise, recall Remark 3.3 (ii) and define the classical semisolutions

of (6.8)-(6.9) in the obvious manner. The following result is obvious.
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Proposition 6.9. Let Assumptions 6.1 and 6.2 hold. Assume there is no common noise,
and s € [t,T] — ﬁs(x.At,a,IP’(X,M,a*)) is uniformly continuous for h = b, o, f, uniformly
in (x,a,X,c.). Let U € CH([0,T] x Po(X)) and denote Uy(§) = U(t,P¢). Then U €
01,2(?[20’11])’ and U is a classical solution (resp. subsolution, supersolution) of (3.5)-(6.3)

if and only if U is a classical solution (resp. subsolution, supersolution) of (6.8)-(6.9).

Remark 6.10. In the state dependent setting without common noise, [14, 62, 63] proposed
different notions of viscosity solutions for HJB equations on the Wasserstein space and
established the comparison principle by doubling variable arguments, also without invoking

the Crandall-Ishii lemma. However, their mechanism is completely different from ours.

(i) Our HJB equation (3.5) is a second order equation due to the term OxxV', see Footnote

2. As in (4.5) we consider the following penalization in the doubling variable arguments:

¢(t7§’87§) = Ul(ta§) - UQ(‘S»Q) - TLEHg - 77|2] -

Here we consider the state dependent case for simplicity and &, denote random variables
instead of processes. Assume the above has optimal arguments (ty,&n, Sn, (o). By stan-
dard arguments one can easily show lim, oo nE[|&, — n,|?] = 0. Then naturally we would

construct test functions (omitting the other terms):

901(§) = TLEHf - Cn|2]7 (p?(C) = HEHC - én’2]

Ignoring the possible adaptedness issue, by (3.2) we have

Ox1(§) = 2n(€ — Cn), Ouxp1(§) =2n;  Oxp2(0) =2n(¢ — &), Ouxp2(¢) = 2n.

This implies that,

Oxp1(§,) +0xpa2(C,) =0, but Orxp1(§,) = Ouxp2(C,)- (6.10)

=N =N

Then we can have the desired cancellation for the first order derivatives Ox, for example,

SUpE b(n. )Ox1(€,) + (G )Ix2(C,)] = SUPE|(b(Enr @) ~ b(Co ) 20(6n — Go)|

—Nn =N

< CnE[|&, — nn|2] — 0.

However, there won’t be such type of cancellation for the second order derivatives Opx .
This is the same issue the second order derivatives Oy face for standard HJB equations,
and in that case the Crandall-Ishii lemma is used exactly to overcome this difficulty. We
alternatively introduced the singular component ¢, instead of the Crandall-1shii lemma, to

get around of this difficulty.
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(ii) The HJB equation (6.8)-(6.9) on the Wasserstein space has a special structure and the
corresponding second order term Oy, can be magically cancelled, as [14, 62, 63] observed,
even though we are talking about the same value function: V (t,£) = V (t,B¢) by Proposition
6.4 (ii). To see this, we use the setting in [63] and assume state dependence and d =1 for
simplicity. Introduce a smooth distance function on P2(R) by using the Fourier transform:
for some constant k and i = /—1:

| Fu-v(2)?

2
JV) =
p~(p,v) AR

dz, where F,_,(2) ::/e_iz’\(,u—u)(d)\).
R

Consider the following penalization in the doubling variable arguments:

1[}(& K, S, I/) = Ul(tv M) - 02(87 V) - np2(:u'7 V) -
and assume it has optimal arguments (tn, fin, Sn,Vn). Then we have li_}m np?(fin, vn) = 0,
n—oo
and we shall similarly construct test functions (again omitting the other terms):
B1(p) == np* (), Ba(v) = np®(pin, v).
By direct calculation, we have: denoting by Re the real part,

Re(izeiszu_yn(z)) Re |z\2 CEE (z))

aﬂ@l(/’hx) = 2”/]R 1+ |Z|k dZ, 81;1,301 n,T) = Qn/]R 1+ |Z‘k dZ,
Re(izeim]:yfun(z) Re |Z‘2 sz (2 ))
Oupa(v,x) = Qn/]R T dz, Opup2(v,x) 271/]R TS z.
This implies that, unlike (6.10) for the second equality,
O0uP1(fn, ) + 0up2(Vn, ) =0, and Oppd1(fin, T) + Ozup2(Vn, x) = 0. (6.11)

So one may expect the desired cancellation for the terms involving 0.,p, and in this sense
the HJB equation can be viewed as a first order equation (in a different sense than Footnote
1). However, we should note that the infinite dimensionality, in the sense that Oy, P(u,-) is
a function of x, will cause additional difficulty which is not present in the standard finite

dimensional HJB equations.

(iii) When there is common noise, the HJB equation (6.8)-(6.9) involves 9,,U. Note that

Re(|z‘26iz(x—§:)
Oupp1(p, x, &) = 2n/ dz = Opupa(v, x, T).

R 1+ |z[F
Then we encounter the same difficulty caused by Oy in the standard case. We remark

that [6] introduced a Crandall-Ishii lemma in this setting to overcome this difficulty.
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7 The comparison result: Doubling variable in space

Note that the space &), is not compact. To prove the comparison principle without com-
pactness, we shall use the following variation of the Ekeland-Borwein-Preiss variational
principle, see [12]. For this purpose, we first recall the definition of gauge-type functions.

Let (E,d) be a generic complete metric space.
Definition 7.1. A function T € C°(E?;[0,00)) is called a gauge-type function on (E,d) if

Y(z,z) =0 for allxz € E, and lim  d(x1,22) = 0.
T(Il,xg)%o

Lemma 7.2. Let ¢ : E — R be upper semicontinuous and bounded from above, and T a
gauge-type function on (E,d). For any e > 0 and xg € E satisfying (xo) > supp ¢ — ¢,
there exist & € E and {x;};>1 C E such that, denoting ¥ =1 — > 20, 270 (-, 2;) < 1h,

Y(&,2;) <27, foralli>0, and V(&)= stric%max U > 9(xg) > supy —e.
E

7.1 Smooth gauge-type functions

Recall Definition 5.1 (iii), for uniqueness of viscosity solutions it suffices to consider large
even integer p. For some estimates later, see Footnote 5 below, from now on we shall always
assume p > 6. Consider the following complete metric space (omitting the dependence of

Ao, dpy on p for notational simplicity):

AO = {0 = (tag-/\t) : (tag) € X?O,T}}a dO(Q»Q,) = |t - t/| + ||§-/\t - £~//\t’||l" (71)

The metric dy itself is of course a gauge-type function. However, for fixed #’, the mapping
0 — dg (Q, Q’) is not smooth in the sense of Definition 3.1. In order to construct smooth test

functions later, we need smooth gauge-type functions. For this purpose, we introduce

Ti(x) :=

(I ntlBo = [x¢[7)?
. 2p 1{|X-At‘oo7£0} + 3|Xt|p) (t,X) S [O,T] X X,
el (7.2)

TO(Q? Q/) = E[Ttvt’ (g-At - g-,/\t/)}a and TO(Q? Q,) = TO(Q) Q/) + ‘t - t/|2a 9, 0/ S AO'

We emphasize that the map T is defined on deterministic paths, rather than on processes,
consequently, their path derivatives should be understood in the sense of Dupire [34]. We
also recall from [68] the useful bounds of T and the triangle-like inequality

‘x./\t‘zo < Y(x) < 3[xaell, Telx+x) < 2P7HYTy(x) + To(x)], t €[0,T],x,x" € X. (7.3)
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Moreover, since p > 6, T is differentiable in ¢ and twice continuously differentiable in x

with
AY(x) =0, [0xYi(x)| < 3plxi|P~1, and |Oxx Ye(x)| < 3p(3p — 1)|x¢|P~2.  (7.4)
Combining this with Example 3.4, we have the following result.

Lemma 7.3. (i) Ty is a gauge-type function on (Ag,dp).
(ii) For any 0" = (¥',¢') € ?IEO’T), the mapping 0 € fﬁ,ﬂ — Yo(0,6) is in 01’2(Yﬁ/’ﬂ)

such that, for anyt>t', X € M%T] as in (3.1), and t € [, T), we have

dYo((t, X),0) = E[ath(X — ¢ )dX + %axxrt(x ) :d(X)t] . (7.5)

Remark 7.4. In the state dependent case Uy(§) = Ut(gt), we may consider a much simpler
smooth gauge-type function: To((t,ét), (t’,g,)) = [t =2+ ||& — &.||3. The related cal-
culations will be simplified significantly. However, our approach still requires the singular
component ¢ in the test functions, so the main arguments for the comparison principle will

remain the same. See also Remark 5.8 concerning ¢ in the case without volatility control.
We next extend the space (Ag, dp) by doubling the spatial variable:
A () := {/\ = (t,Ent, Cap) t €6, T) and €, ¢ € Xp}, for all £ € [0, 77,

di(A, X) = do((t,8), (t',€)) + do((t,€), (', (), (7.6)
Tl(Av A,) = TO((t7§)a (tlvél)) + TO((tvg)v (tlvgl))> Tl(A>A/) = Tl(Av A/) + |t - t,|2'

Similarly, we extend further the space by doubling the temporal and spatial variables:
Ao(£,8) == {e:= (0,0) : 0 = (t,En0) € X 11 = (5,Cns) € Xgpy}, 1,3 € (0,7,
da(L,t') = do(0,9') + do(n, '), (7.7)
Ta(e,t') == To(8,8') + YTo(n,n'), and Ta(z,t) := To(8,8") + To(n,n').

Clearly Y1 and Ty are gauge-type functions on (A(%),d;) and (A2(%,3), da), respectively.

In this and the next sections, we prove the comparison principle by using the doubling
variable arguments. In (A1 (%), d;) we double the spatial variable only, while in (As(Z, 8), d2)
we double both the spatial and temporal variables. From now on we consider the setting
in Theorem 5.6 and assume all the conditions there hold true. Recall Definition 5.1 (iii),
we may assume Uj(resp.,Usz) is a viscosity p-subsolution (resp., p-supersolution) of HJB
equation (3.5) for some even integer p satisfying:®

4

p> B (7.8)

5Since p is even and B < 1, this implies p > 6.
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Moreover, we assume without loss of generality that U; satisfies (5.6) and denote:

m:= sup [U; — Us(0).
0€X, 1

We shall assume to contrary that m > 0, and work toward a contradiction.

7.2 Doubling variable in space

For any n > 1 and € > 0, introduce the function ¢)™¢ defined for A\ = (¢,&,¢) € A1(0) by:

PEA) = PR, Q) = Un(t,€) — Ua(t,¢) — nE[Yy(€ — Q)] —n?E[|& — GIP] (7.9)
17 2 B(p —2)

[

By (7.8), one can verify straightforwardly that
p p Bp

P 7 < .
p—2 p—p 1t T5, 95

These will be crucial for the estimate (8.27) below.

(7.10)

Proposition 7.5. Let all the conditions in Theorem 5.6 hold true with the above convention
on p, including (7.8), and Uy satisfy (5.6). Assume to the contrary that m > 0. Then there
exists 0 < g, < 1 such that, for oll 0 < e < gy, the following hold.

(i) There exist e = (fnf,é”’s,fms) € A1(0) and U™ € CO(AL(i79)) s.t. U™ < ™€ and

“n 1
A = max UTEQ) > osup ) - - > L -

> 7.11
A€ (E) AEA1(0) n 2 (7.11)

3_\»—

(ii) Moreover, [p™° — W™<](A) = n’E( )+ 75t E) + 7y 7 (8, ), for some nonnegative func-
tions my° € CH([{™F,T)), ny°, my° € CH2(XT, jine 77)» such that: at A

0<m*<COn™, j=0,1,2 |9m"°| <

n,€ n,e _p=1 ne _p—2 (712)
atﬂ'j’ =0, ||ax7rj’ ’ﬁ <Cn », Haxxﬂ'j’ ”p% <Cn », j=1,2.
(iii) There exists C: > 0, which may depend on & but not on n, such that
|:|§/\tns|p + |CAtng|p ] < Ce, and (7.13)

~ B
nE[€75, . = (5 | B I - S| < one, foralln =1, (114)

N

(iv) Tg,m = limy, oo £ < T Consequently, there exists ng m,, which may depend on € but

not on n, such that " < T, ,, = %(Te,m +T) <T, for all n > ng .
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Proof. (i) As m > 0, there exists 6y = (to,£%) € Ag s.t. (Uy — Uz)(0y) > 2. Then

t 2
S 2 " (10, £€%) = (U1 = U) ) — (1= o JEIT )] > 5 — BBl L)

where the last inequality is due to (7.3). By setting &, := W’ we obtain the last
Atgloo
inequality in (7.11). Next, by (7.3) we have

1 1

= m [Tt(g) + Tt(C)] 2

E[Y4(¢) + Ti(€ = Q)] > o141

€l + 11CAell5]-

Notethatnzlzeandl—%2%,then

E[Tu(¢ ~ O] +¢(1- 5= )E[TQ] > ZE[TQ)+ Y6~ Q)]
> o I&nd + lCndl)-
Thus, since Uy, Us satisfy the estimates (5.7),
Q) < C[L+ € nille + IGillz) = gprr (€L + GnelZ)- (7.15)

This clearly implies supy, ) %™ < 00, and thus there exists NS = (105,605, ¢ %) € A1(0)
such that 1™ (\y%) > supy, () Y™ — 1. Now apply Lemma 7.2 on (A1 (y), d1), there exist
\E — (En,s’én,a’ () € Ay (tg’a) and )\?75 = (t?’s,fin’a, Cin’a) e\ (tg’8)7 t > 1, such that

e ¢"° 1" as i — oo, where the monotonicity of (t."°); is due to [68, Lemma 2.14];

o Ti(Ame, ) <

o
i>0,and ¥ := ¢”’€—Z 27T (A, A7) < ™ satisfies (7.11).
i=0
(ii) For notational convenience, in the rest of this proof we omit the superscript (ne)
e.g. A= AV )\ = AP = Y™, U = U™ By the definition of ¥ and (7.6), we have

[ — W)(A) = mo(t) + m1(t, §) + m2(t, ¢) with nonnegative maps mo(t) := Y o0 27t — £;)?,

217

:Z2‘iT0((t,§),(t,;,§i)), and ma(t, () : 22 To((t,€), (t:,¢,).  (7.16)

The regularity of W;L’E follow from Lemma 7.3, and it only remains to verify (7.12). First,

2
t (t 27 (A, \) < <=
To(t) + 1 (£,6) + ma(t,C) = Z L) anm—n
and Oymo(t) 22 t—tz <Z ( ) E
2i\n2i) = n
Next, by Lemmas 7.3 and the estimates (7.4) we have d;m; = 0, and
0xmi (Ol 2. <> 270k Ti(Ep¢ — (E)-ne)l 2, < CZQ NEs — e P e,

=0
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Then, it follows from the lower bound of T in (7.3) that
p—1

loxm(E &Il 2, < 022 N — (Eeallp 1<OZ2 NTi(Eni = (E)-ne)ll ™
=0
71 1

= 022 < (tz,fz )pp1<022 ( )p <Cn 7.

(&i)-at:)|, we may get H@Xﬁ(ﬂ@”ﬁ <

Similarly, as |Oxxm1(t § )| < 22 Z|6’xxT §At
=0

The estimates for mo can be proved similarly

C’n_pf'%2
(iii) First, by (7.11) we have
v 2 T =

(7.17)

\ —

mots g
5 >

.15) that

o3

Then, noting that || - ||2 < || - ||, it follows from (
—1 < Cl1+ € ngllp + IE ngllp] = oy (1€ aglE + IE 0glE].
- : : 9p+1 Atlp Atllp

This implies (7. 13) with C; = Ce »—1.
the optimality of A in (7.11), by (7.9) and (ii) we have

Next, as ¥(A ) (i §§)b
0< V(06 = Un.0) — nE[X3(€ — O] ~ B[l - G
+> 27 zE[ (&) oney) — Ty — (@)Ni)] (7.18)
1>0

Since T > 0, we have

nE[T (é @] anUé{ — fg\p] < Kj+ K3, where
Ky = }Ul(ié) — Ui (¢, é ZQ 'E[Y C/\t (&)-nts)]-
>0

Since U; satisfies (5.6), by (7.13) we have
K < CHé-/\f - CA~/\£‘|£~
Moreover, recall from (i) that T1(X, \;) < - (7.3) we have
C

- CMH,’Z

Ky < O 27E[ 156 =€) + Y46 = (6)n0)| < Ol

=0

Recall from (7.3) that YT;(x) > |x.a¢|5%. Then
nll€ ng = Cgllh + 0 — GllE < Cllépg — Cnilly + CliEne = Cpillh + poe

32



__B_
Note that Cz? < %n:cp + Cn »=B. Then, for n large we have
~ ~ ~ 2 __B_
nll& i = Cazllp +11& — Gl < Cno o5,
This implies (7.14) immediately.

(iv) First, for n > & by (7.17) we have 1h()) > m— L1 > m  Then, by the second

m’ n

inequality in (5.7) and since Uy (T, -) < Us(T),-), we derive from (7.9), (7.13), (7.14) that

R . . A B
< 2p0. (T = £) + Cll€ g = Cilly < 2pc. (T — ) + Cen™ 777,

The required result follows from taking lim in the last inequality. |

N—r00

8 The comparison result: a crucial estimate

To prove the comparison principle, we need another proposition. Recall the notations ¢,,,

C: and n.,, defined in Proposition 7.5.

Proposition 8.1. Let all the conditions in Proposition 7.5 hold true. Assume further that
U, is a viscosity supersolution of EUQ(t,g) < —c¢y for some ¢1 > 0. (8.1)

Then there exist constants C > 0 and ¢ > 0, independent of n,e, m, c1, such that

]. I R P —Aa
a <e(C— ﬁ)H(j\;E , TCe+Cen 1 foralle < epm, N> N . (8.2)

We note that 9™ in (7.9) doubles the spatial variable only. The rather lengthy proof

of this proposition requires additional doubling variables in time and space.

8.1 Doubling variable in time

Let e, e m, A=\ = (f”’a,fn’e, CA’”) be as in Proposition 7.5, and set:

1. - ~ ~ A N N N
5 = M€ = 5[671,6 + Cn,a], = gne — (tn,e,gn,e% 77 — ﬁn,a — (tn,s’ C’n,E)7

n,e

for 0 < € < &y, and n > ng,y,, where we omit the superscripts when the contexts are

clear. For each N > 1 and ¢ = (0,7) € Aa(t), with 6 = (¢,£) and = (s,(), define

W) = Ui(O) = Us(n) — [#1(6,8) + 93(n,8)] — 75 *(t) = Nls — 12
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— sup jf’é(ﬁ,a)— inf j+ (. a), (8.3)

a€A; 7 €A 1
where, recalling the notations in (4.10) and (5.3), the penalties 4,0? and Ji are given by
P1(60,8) = To(8,0) + 2" 'nYo(8, (£, 8)) + 7% (0);
PB(m.8) := To(n 7) + 27~ n o, (£,8)) + (1 - 57 E[L(Q) + 755 () (3.4)
TOM6,0) i 2B [[TR(E)F] 4 Fr, 0 7o tiaa o _ prlia
We emphasize that the term jﬁ’é(n, @) in (8.3) also relies on 6, and not on 7.

Proposition 8.2. Let all the conditions in Proposition 7.5 hold true. Then for any 0 <
€ <&€m, M > Nem, the following hold.

(i) There exist N = (8N, 7N) = ((fN,fN),(éN,ZN)) € Ao(t, ) (omitting ™) and vl e
CY(Ao(t, 1)) such that OY_ <. and

1 .
L) = max N0 = (s eN) - ) V), (8.5)
’ LEA (L)) LEAS(i,D) N
(ii) Moreover, [wé\; — oy ) = W?’E’N(G) + ﬂ'naN( n), for some nonnegative functions

nsN e Ch2(Xh [tN T]) nEN € 012( s NT]) such that: for j =1,2 and at iV,
C C
n,e,N n,e,N
.77 < . .
T 10xm ey < . plallﬁxXW Iz, < = (8.6)

(iii) supnNE[Hf v llp + 1¢; SN||§} < C., for some C., which may depend on €.

OST‘_;@,E,N |8t n6N|<

Proof. Recall the connection between ¥™¢ and 772"’5 in Proposition 7.5 (ii) and that

~

§—a=4a—C(=21[¢~(]. Then, by (8.3), (7.9), (4.10), and (7.2) we have

Unle (0,1) = U(X) = 4 (8,7) — 0™ (A) + 75 () + 71 (0) + 757 (1)
= ”TO(é ) + [ — Gl }
[ Yo(@ (1,)) + Yo (i, (F,8))] — 27" E[|6 — 4P +1G — P
= nE[T;(€ - 7)] - 22 'nE [T(%) ( 5)} (8.7)

where the last equality is due to the fact that Ty(%) = T4(—%) = & Y(x), which can be ver-
ified straightforwardly from (7.2). Then one can prove all the statements following the same
arguments as in Proposition 7.5. In particular, we have 7" (8) := 3°°°, 27" (0, éN) and
Ty N(ﬂ) =30 27 Yo(n, ﬁfv), for some appropriate ;¥ = (N, 7N). Note that the 7r” N

here includes the time difference, while the 77?’& in (7.16) does not. [ |

The convergence of iV is more involved and will be conducted in two cases.
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8.2  Proof of Proposition 8.1: Case 1.

In this subsection we prove the proposition in the case that:
there is a subsequence, still denoted as (6%, 7")y, satisfying sV < V. (8.8)

Surprisingly in this case we do not need to invoke the viscosity subsolution property of Uy .
The viscosity supersolution property of U, alone induces the desired estimate.
Lemma 8.3. In the setting of Proposition 8.2, if ¥ <V, then

N c P .
N 5/\5”

— gl 1N =P+ |8 — £+ NEY - SV
_1 _1
< pc. (Cn,eN 2) + Cn,aN 4, (8'9)

where C; s defined in Proposition 7.5, and C., is a constant depending on n,e only.

Consequently, under (8.8), there exists Ny, such that

§N§7EN§T/ _TE,m+T

em = 5 <T, forall n>nem, N> Np.. (8.10)

Proof. Clearly, (8.10) is a direct consequence of the claimed estimate (8.9), which we now
focus on. Fix (n,e,N) such that ¥ < V. We omit further the subscripts/superscripts

(n,e) in ™= Wme, wna, ng, 77?’5, W;L’E’N. Note that 3V <V implies

T (CNen) = Tan (€), To(8", (1,8 1)) = To(@", 1Y), o™, C 1) = ma(0™)(8.11)
where we used (7.2) and (7.16). Since UV < ¢V by (8.5) and (7.11) we have
0> UNE) — V() > w(}) - N (@) > w(i €Y, ) - eV ().
Thus, it follows from the definitions of ¢, ¥V in (7.9) and (8.3), as well as Proposition 7.5
(ii) and (8.11) that
0 2 (&)~ [mo) +m(@") + m@™)] - V(@)
= [oa5¥, &) — v, QLN)} + [To(é 6) + To (i, )}

6 s x - A A
o7 (@ = SME[Toxn (V)] + 27| To(@", (F.2)) + Yo", (£.0))]
—nYo(6",4™) —niE[|EN — CP] + N|sY — V)2 (8.12)
9a N . 0.4, <N
+ sup J_°(6 + inf J.°(0, ).
aEA[t 7] ( ) CYG.A[{’T] + ( )

Recall (4.10). Note that, by (7.2) and (7.3), as well as the fact 2~ 1[|z|P + |y|P] > |z — y/?,

N

27 0@, (£.2) + Yo", (£.8)] = To(@",7").

35



sup JO46N a)+ inf JPAGN,a) > inf [jf’é(éN,a)—i—Jﬁ’é(ﬁN,a)] (8.13)
a€A; 1) Q€A 1 Q€A 7

> inf {anU A?N(QXN) —jsN(éN)’p] + AgN - At%}

OAEA[I&T]

Plug these into (8.12) and note that ¥ — §V > 0, we have

NIV VP 4 [To(@",0) + To(i", 1) | < oY )~ 1o CY) (819)

G — CXP] -t [WR[ZREY) - T CVP] + B - P

[£,T)

Recall (5.3), (8.4), and denote, for any «,
N N
b0 dr + / o%dB,.

N

A% = 6% - &5] - [ZR € - I = |

sN

ya
2

By (7.13) we have E[|A%[P] < C-(#Y — V)2, and then, by Proposition 8.2 (iii),

E[IE8 — &) - B[ 1230 (") — 22 (V)P

= E[16% — G — 1% — i — A%P] < CelaRly < G - ™),

N|=

Moreover, since —Us satisfies (5.7), it is clear that
Us(i, " ) = Va3V, V) < po (Y = 8Y); O — | < cu(iN — 5Y).
Then by (8.14) we have
NN — V12 4 [To(6",8) + To(i™,1)] < po. (Y = 8Y) + Co (@Y —5N)2. (8.15)

As pr(8) < 14 Crd, without loss of generality, the above implies that 0 < ¥ — 5V <
Cn,aN_%- Then (8.9) follows by plugging this into the right side of (8.15). [ ]

Proof of Proposition 8.1 under (8.8). Fix ¢ < e, n > nepm, N > N, such that
5N <N, As before we omit the subscripts/supscripts (n,¢). Introduce

3 () = ¢(n,8) + Nls =PV - x) (n); @)’ (n) = inf |2 B[IZ2(OP] + Fr).

[£,T]

Here, in terms of the notation in (4.10) and (4.11), we are setting (7,€) = (¢,¢&) = (£,€),
(I;a,&a,fa) = (b9, 0% f9) and k = 2P"In9. Then one can easily check that ¢y €
C+(?[§N7T]). By (8.10) we have 5 < T, and by Proposition 7.5 (ii) and Proposition
8.2 (ii) we see that @) € 01’2(?[51\17:,1]). Then it follows from Proposition 8.2 (i) that
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(=), —¢¥) € 5y Uz(7™). Thus, by the viscosity p-supersolution property of Us, and

recalling (5.3), we have

a < ey (HN) + lim  sup 5/ s, X" a)

- 6—0 aeA[éN,T]

—HS(C v —Ox 08 (7 )7_8xX§0éV(ﬁN)7QS>}dS'

NS

Note that ¢ = ¢ < 5. This allows us to apply Proposition 4.3 (i) and obtain

§N+(5 ‘N 7,'71\7’0{ . §N+6 . ﬁN ) é&
¢y (s, X" T)ds < inf " [Chljs (a, &)+ f2 }ds

=N &E-A[gN,T]

IN

N46 ~ R
/ [qufg (o, ) + ffﬂa] ds, (8.16)

=N
where we denoted
I, &) = 57 = 604, sup |20 (X7 |p=t
63 GA[t T)

o2 sup |8 (X)|B72, (8.17)

CM/EA[&T]

Ifu’ (X?La) — Ige,aef,é,o/ (X'”’a).

Hloze

Observe that it is crucial to have infs in the right side of the first line of (8.16), which
helps to replace & with « in the second line. Then, by (3.5) we have

1 N8
o < K etm sw g [N+ K ()4 K 6) + K (s)ds, (819
S

6—0 OéE.A[gN,T] N

where
K = 0w (i), KN (s) i=E[bT - axed (i),
1 .
K3 (s) = gE[(00 )T s dxxpd (™)), (8.19)

KéV(S) = qu]gN(ava), Kiv(s) = E[fsé,a . fsﬁN’a]'

We now estimate the KZN separately. We shall send N — oo, along the subsequence
such that 3V < ¢V, by applying the convergence in Proposition 8.2 (i) and Lemma 8.3
repeatedly. We shall also apply the estimates (7.4), Proposition 7.5 (ii), (iii), Proposition
8.2 (ii), (iii), as well as Assumption 2.1 repeatedly. At below we let o(1) denote generic

terms which will vanish when N — oo. The convergence rate may depend on n, e, but is
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uniform in «, d,s. Note that, by (8.4), (7.2), and (7.5),

0uel(n,8) = [T ()] +2(s — D),

Ox0h(n,8) = OxTs(C — Cpg) + 2P B Yo(C — ag) + e[l — Ja T4(C) + dxma(n),

2T '(8.20)
axX‘Pg(ﬁa é) = axsz(C - é./\i) + 2p_1n8xsz(C - é./\f)
s
+e[l — ﬁ]axsz(C) + Oxxm2(1).
First, thanks to the crucial assumption 5V <V,
K = owpl(n",4) +2N( ) + 0md (™)
< 9™, 8) +o(1) = — BT (7)) + 25 1)+ o(1)
9 IS -
= _— N < s I p . .
BT+ o(1) < B[ li] + 0(1) 521

1

Next, denote ||C||2, := (]EOHC/\HQ ])2
KN(s) = E[ng’a [ox el (™) + 8X7rév(ﬁN)H = E[ng,a : 8Xs0§(ﬁN)} +o(1)
< CE[(1+1¢Noxloo + 16V )

(100 ax (EY = C) |+ IO o (EV = 0)| + 10T ax (EV)] + [ (7)) | (1)
) %)

= CE[(1+ Cpgloe + 1€lla7) (nI0<04(E = )] + €[00 + [0xma(@)])| + (1)
< O<E[1+ [ lt] + Cen(E[IG — &P])T + Ce (B [Joxma(@)[71]) 7 +o(1)
< CeE[1+ ¢ 4%] + C€n1_<q+%)p;1 yon T o+ o(1), (8.22)

where the last inequality thanks to (7.14) and (7.12). Similarly,
K3 (5) < CE[ (1 + Il + ICIZ;)
(R0 T4(C = )| + elDac T + |axx7rz<ﬁ>\)} o(1)

CeE[1+]§,Ag\€o} +an(E[|g‘t ft]p]) Z +C( [|0xma(R)|7-2 2])177%2 +o(1)
< CeE[1+ 18, 2] + Con' = (775)F o

IN

A

+o(1). (8.23)

To estimate K2, we first recall (4.10) and note that

.o s o N ~ s 7V s AN s 0.o s 0.0
Is’a (X"] ’a) = CgN —a; + b? “dt + O'? ’ dBt — bt’ dt — O't7 dBt
3N 3N i i
Then, for s € [V, 35" + 4], we have

E[|Z0 (X7 )] < CE[IEN —afP] + Ce(s — D)

38



= CE[|&— &) + C6% +0(1) < Con 7579 4+ .05 + o(1).

Moreover, by (7.14) we also have

E[p7" = b0+ [od™ " — alop]

. ~ ~ ~ _1__B8
< CEUCJ/\\[sN - 5-/\5‘];0] = CEUC-/\{ - 5-/\{’@0] + 0(1) <Ccn s + 0(1)7

~ 2
7N o o x 2
|fie — fep < CE[|CN v — €0

L ]6 <Con PTrE +o(1).

[e.9]

Plug these into (8.17), we have

(8.24)

Plug the estimates (8.21)-(8.24) into (8.18), we obtain

S :
et £ —opBlCAilR] + CE[1+1C %]

IA
™
Q

|
|-
=
~
%
g™
_l_
Q
™
+
2
3
4
+
QS
=

(8.25)

where

(8.26)
~-—<+ )p_2 1 =2y

G=1\q — -1, == - —.
! p—pB) D p p—p p

Recall (7.10), we have

_ p B B \p=2 .
q1><p—2 p—6+p—ﬂ) b=

(8.27)

Then ¢ > 0. Sending N — oo in (8.25), we obtain (8.2) immediately, in the case (8.8). W
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8.3 Proof of Proposition 8.1: Case 2

We now turn to the case that
N <3N for all large N. (8.28)

In this case, we need to modify (8.3) by adding another penalization. Fix 0 < € < g,
1 > Ne o, and N large enough such that (8.28) holds. Consider the settings of Propositions
7.5 and 8.2. Again we omit the subscripts/superscripts (n,e) when the contexts are clear.
For each M, recall (8.4) and define:

VML) = UL(0) — Ua(n) — [90(8,8) + 93 (n,8)] — ™5 (8) = Nls tf?
~M|(s — ) — (3N — V)] - L (j_‘*é(e, o)+ T4, a)). (8.29)

Proposition 8.4. In the setting of Proposition 8.2, for any 0 < e < &5, 1 2> Ng p, and N
large enough such that tN < 3N, the following hold.

(i) There exist 1M = (GN-M yN-My — ((iN’M,éN’M), (SN’M,éN’M)) € Ao (tV, 5N) (omitting
" again ) and UMM € CO(Ay (VM $NM)) such that UMM < yNM gnd

1
gNM(GNMY — max oM ( sup le’M—*) MM @EN). (8.30)

PN, M yN,M - 3 N
Ag (TN M 3N, M) Ao(IN-M 3N,M) N

() Moreover [pNM g NM () = W{V’M(Q) + WéV’M(ﬂ), for some nonnegative functions

Me ot Q(X[tzv M T})’ WéV’M € Cl’z(yﬁN,M’T]), such that: for j = 1,2 and at iNM,

0 < aVM < ¢ |87rNM|

C N.M C
y Iz, < —

< —=slloxm; M| 2, < O] . (831)
\/> Npp1 NT2

(iii) supnNME[Hf AN, Mo+ HCASNMH”} < C, for some C., which may depend on ¢.

(iv) M‘(éN’M—iN’M) = (§N—EN)‘ < Cppe, for some Cy, o which may depend on n, e, but not

on N, M; Consequently, there exists My := My n large enough such that My < §NMN

A% or e N " (), ana adbodrevia mg € notations jurther at L =L , we nave
For the My in (i d abbreviating the notati ther that 1V = (N-Mn h
s PN 712 sIN 712
E[1E3;n — & nillo + 1% — Eaalte] + 1Y — 2+ 137 — 4
\ N e |2 _ B
+N|tN—sN\2+MN)(3N—tN)—(s:N—tN) < Co.N"T5

for some C,, ., which may depend on n,e, but not on N. Consequently, there exists N, .
such that tV < 3N < T for all N > Npe.
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Proof. (i)-(iii) follow similar arguments as in Proposition 7.5. We now fix (n,e, N, M)

and as in the previous proofs, we omit the subscripts/superscripts (n,e), but keep N, M.

(iv) First, since UMM < VM and UV < V| we have
1/}N,M@N,M) > ‘I,N,M@N,M) > ¢N,M(£N) > ¢N(£N) > \I/N@N) > \IJN@N,M)’ (832)

where the second inequality is due to (8.30), the third one is by comparing (8.3) and (8.29)
directly, and the last one is due to (8.5). Then, by (8.3), (8.29), and Proposition 8.2 (ii),

0 > \PN(LN7M)_wN,M(LN7M)

—  inf (jf’é(éN’M,a) + JPAHNM a)) M| (N Ny (N N2

OéeA[{YT]
| sup JPNONM )+ it FPAGYM,a) + w (GN) ) (M)].
OCE.A[&T] OéE.A[tA’T]

This, together with (iii) and (8.6), implies the estimate in Item (iv) immediately.

(v) Recall again that iV = VM~ By (8.32), (8.5), and then (7.11), we have
X ) . N 3NN
PN EN) > N () > () > BN E ),

where ¥ = U™, Since ¥ < 3V, similarly to (8.11) we have

N N N N \N N \N N \N \N
T:gN (EJXtN) = TiN (é.N)a TO(QNv (SNvé./\iN)) = TO(QNag )7 71-1(5]\[7§./\{51\7) = 7T1(Q )

Then, by comparing (7.9) and (8.29), and recalling Proposition 7.5 (ii) and (8.4), we have

0 > P@V,E 0 )~ mY) —m N, E ) - mY) - M EN)
= [, 800 — @] + [To(8",9) + To(2". )]
+27 0 Yo(@", (£,8)) + To(iY, (£,8))] — nYo(@" i) — neE[|€} — P
o (V) = mo(3V) + N3N — V12 4 My |3V — V) — 3V — i)
+ it (70" 0) + TGN, )

CMEA[f’T]

Y

(01N, €050) = Tr@)] + [To(8"8) + To (@™, )] — B[ — CX P
—|—7T0(£N) —Wo(éN) +N|S’N _iN|2 "‘MN‘(éN _iN) - (§N —fN)|2
+ ot [E[Z @) - TP + [ - B,

QEA[,&T] s

where the last inequality is due to estimates similar to (8.13). Then,
N N . _ \N =« _ R
NN — N2 4 MN!(éN — V) — (Y - tN)‘Q +Yo(0.0) + To(n™, )
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N N v AN
< |U1(SN7§,/\£N) - Ul(tN7 )

— it [nE[IZn ) — I CP - I - SN + (B — B3]
ST

< Chold™ — V|3,

where the last inequality is due to (7.12) and similar arguments as for (8.15). In particular,
N a7 B s _ 2
N3N — V2 < O, .3 — V]2, and thus |3V — V| < C,, . N 7-3. Plugging this into the

right side of the last inequality provides the required estimate in Item (v). |

Proof of Proposition 8.1 in Case (8.28). Fix 0 < ¢ < g, n > ngpm, N > Ny,
and recall the My := M, .y in Proposition 8.4 (iv) and (v). As before we omit the
subscripts /supscripts (n,¢), and abbreviate iV := ™M~ In particular, by otherwise con-

sidering a larger N, ., we have tV < 3V < T. Introduce:

V(O = ©0,8) +mo(t) + Nt — 3N+ M|t — IV = 3V 4+ 57 4 VM (),
Yoy = it (200,00 +ma), mi(e) =T, )

O‘EA[f,T]
() = ©h(n,8) + N|s — iV + My|s — 8 =V 4 iV 4 )M (),
) = it (Im.a)+ (), ma(a) = IO, ).

O‘EA[t",T]

One can easily see that (¢, ¢l) € S U (QN) and (—@d, —¢d) € $;U2(QN). Then, by the

p-viscosity properties of U; and Us, we have

AR
c1 < KY +lim inf 5f (K (5, a,t) + K (6, a,t)]dt
60 a€AGN 1 N

N +5 (8.33)
i s 5 [ K6 as) + K (5.0,9)]ds
6_>OO‘E'A[§N,T] 3N
where
<N .
Ko =001 (0 ) + Ovph ()5
IN o N 1 )N o N
Y (0,0,8) == EJH - oxel (07) + 5001 1 dexel (@)
KN (6,0,1) = N (1, X0y 4 g™, (8.34)

N o \ ]. N o R
R S P
KN, a,8) = ¢§(87XﬁN,a) _ fsny,a‘

We next estimate KZN separately. Similarly to the previous subsection, we shall send

N — oo, under (8.28), by applying the convergence in Proposition 8.4 (ii), (v) repeatedly.
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We shall also apply the estimates (7.4), Proposition 7.5 (ii), (iii), Proposition 8.2 (ii), (iii),
Proposition 8.4 (v), as well as Assumption 2.1 repeatedly. At below again we let o(1) denote
generic terms which will vanish when N — oco. The convergence rate may depend on n, ¢,
but is uniform in «, d, ¢, s. Recall (8.20), and we have similar expressions for the derivatives
of ©9(6,4).

First, noting the obvious but crucial cancellations, we have

Ky = ag{(0".8) + o) + oM (0) + Dpd (Y 8) + md MY ()Y
=:—%£W®)MJWN—®+@N £)] + drmo(IN) + o(1)

_ —%E [ ()] + Brmo(F) + o(1)
— 5 E[IC pglB] 4+ Cn 2 4 0(1), (8.35)

IN

Next, similarly to (8.22) and (8.23), we have

KNG, a,t) <Cen™ T+ 0(1); K9 (0,a,5) < CeE[1+ (i8] + Cen™@ + 0(1).  (8.36)

Moreover, note that, in terms of the notations in Proposition 4.3, for ¢4 we have t' = v
and t = 3V. Since tV < 3V, we may apply Proposition 4.3 (i) again to estimate Kiv: for

any « and recalling (8.17),

sN+5 N5 N . Nts
/ KYN(,a,8)ds < _ inf (ORI (o, @) + fO%]ds —/ far%ds

5N dEA[t’T] 5N

3N 46 N . N
< [, lenn () + ge - g1 e)ds

sN

Then it follows from the same arguments as in (8.24) that $ [iy o KN(5,a,s)ds < C.n~9+
Cn62 71+ 0(1), and thus

sup / KN, a,5)ds < Cn~ 9+ C, 53 + o(1). (8.37)
A€ALN 5

Finally we estimate K. Recall the notations K2’ in (8.34), X0V in (5.3), and the
setting in (4.10)-(4.11). Note that for ¢ we have t' = 3V > #¥ = t, then we can only
apply Proposition 4.3 (ii) here. That is, there exists o’ € A[iN,T}v which may depend on
e but not on (ng “ ag ) ¢>inv, and thus is independent of «, such that

AN /\tN’

N6 N6 - 5ol N
‘/ K@%&aJﬁhso/ [Omnf(a¢ﬁ)—jya-+ﬁ dt 4 62,
t

IN iN
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and thus

tN 4§ tN 4§ R . .
inf / K (6, a,t)dt g/ [quIfN(a‘s,a‘s) _ et g e g 4 62,
1Jt

Ole.A[iN,T N tN

Then again by (8.24) we have

1 [ivee ; >
e / KN (5,0, t)dt < Cn=T 4+ 6+ Cob=1 + o(1). (8.38)
] 0 JiN

Ole.A[iNyT

Plug (8.35), (8.36), (8.37), and (8.38) into (8.33), we obtain
1 “ ~
aq <eglC— ﬁ]EHC,Ng\’;@} +Ce+Cn™ %4 0(1).

Send N — oo, we obtain (8.2) immediately, in the case (8.28). This, together with the

proof in Subsection 8.2, completes the proof of Proposition 8.1. |

Remark 8.5. We remark that the arguments in this subsection do not work when 3N <
tV, and thus we cannot eliminate Subsection 8.2. Indeed, in this case we can only apply
Proposition 4.3 (ii), instead of (i), to estimate ¢12V and K. That is, there exists al,

independent of o, s.t.

$N 46 $N46 N s N
/ KN (5, ,8)ds < / [CnaT} (a,®) + fO° — f1 “ds + 6.

3N 3N

sN46 N .
Howewver, for the term féN K,' (4, a, s)ds, we need to take supremum over c:

N5 N5 N - N
sup KYN(5,a,8)ds < sup / [CnIT (a,a®) + f0o° — f172]ds + 6°.

aEA[éN,T] 3N aEA[éN,T] N

Recall (8.17), the right side of the above won’t be small anymore, and then we won’t be able

to derive the desired contradiction.

9 The comparison result: Proof of Theorem 5.6

(i) We first prove the case that U; satisfies (5.6). Fix &y € (0, 5) for the C in (8.2).

We proceed in three steps.

Step 1. We first assume (8.1) holds true and 7' < dg. Assume by contradiction that m > 0.

Then, since C' < ﬁ < 55, by (8.2) we have

c1 <Ce+Cn~9 forn> Ne.m.-
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By first sending n — oo and then € — 0, we obtain the desired contradiction: ¢; < 0.

Step 2. We next assume (8.1) holds true but 7" can be arbitrarily large. Consider a partition
0="1y < --- < Ty =T such that T;,1 — T; < &g for all i. By Step 1 we should have
Ui(t,§) < Us(t,§) for all (t,€) € ??Tk—lka]‘ In particular, Uy (Tk—1,-) < Ua(Tk—1,-). Now
consider the equation on [Ty _2,T)_1], by Step 1 again we obtain Uy (t,§) < Ua(t,§) for all
(t,¢) € ??Tk—%Tk-—l}' Repeat the arguments backwardly in time, we prove the result on the
whole interval [0, 7.

(1+71)?
1+¢

Step 3. In the general case, let ¢; > 0 be an arbitrary number. Set Us' := Uz +
It is clear that —Ujs* also satisfies (5.7) and, providing Us is smooth,

(1+T)2

QUSH = Uy — =L
e TEER T )2

c1 <OUs —c1, OxUs' =0xUs, 0OxxUs' = 0xxUs.

Then one can easily see that UQC ! is a viscosity supersolution of £U2c ! < —¢;. Since Uy (T, -) <
Us(T,-) < U*(T,-), then by Step 2 we have Ui (t,-) < Uj'(t,-) for all t € [0,T]. Now since
c1 > 0 is arbitrary, we see that Uy (t,-) < Us(t,-) for all ¢t € [0,T].

(ii) We next prove the case that U, satisfies (5.6). The proof is almost the same as
in (i), with the following modifications. First, (7.9) is modified by changing the last term:
t

UmE(A) = Ui(6,6) — Ua(t,¢) — nE[Te(€ - O] — n [l — ] — £(1 - 5 JE[X(©)].

This is used to derive the counterpart of (7.18), based on W(}) > W(f g § ):
0 < Ua(t,§) = Ua(t, ) — nE[X;(€ = O] - n'E[IE; - GI]
+ 302 EE — (C)ne) — Tl — (6]

>0

Then the estimates (5.6) for Uz will lead to (7.14).
Next, we modify (8.4) by moving the e-term from gpg(ﬂ, a) to @?(Q, a):

P1(0,8) = To(8,0)) + 27" 0o (6, (1,8)) + (1~ 5= JE(E)] + 1 (6);

P1(m,4) == Yo (1, 7)) + 22" 'nYo(n, (£, 8)) + 75 ().

This ensures that the calculation in (8.7) remains true. Moreover, in this case the derivatives

of gog is simplified slightly. Then (8.2) will become: for all € < &, and n > ng ,,

0, under (8.11);

01§C<€+C’5n_‘7+{ der (8.28)
,  under (8.28).

= )€l

This leads to the desired contradiction as in Case 1. [ |
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10 Appendix

In this Appendix we prove some technical results. We first prove the DPP (2.7), following

the arguments in [26].

Proof of the DPP (2.7). Denote the right side of (2.7):

re t+6 re
() = nt {Vies (X604 [ (X6 0 )ds .

We first prove that V;(§) > T1;(§). For every fixed o € A 77, by the definition of V/,

T
Vis(XH69) = inf XHOX%al (ygs 4 g(XIHOXEaly |
sty = e [ g al)ds + g(X )
By the uniqueness of equation (2.2), we have the flow property X ta — XX EYa Hence,

by choosing o’ = «a,
t+6 T
Vis(X559) + fo(X55 a,)ds < / F(X5 a,)ds + g(X55%) = Ji(€, ).
t t

Taking the infimum in Ay 7, we obtain that V;(£) > I1;(§).
Next, we prove V;(§) < II;(€). For every ¢ > 0, let a® € Ap ) be such that

t+6
() > Virs(X62) 4 [ (X4 ad)ds — . (10.1)
t
By the definition of Vj,s(X5), there exists o/® € A(i157) such that

T e e of e
Vigs(XP60T) > [ (XX 0/ s 4 g(XITOXTET ey (10.2)
t+96

Notice that o := a®1j ;1) + &' Ly57) € A7), and that XX — x160" qoain

by the uniqueness of equation (2.2). Hence, by (10.1) and (10.2), we get

T
I(8) = /fs(Xt’g’O‘" La")ds + g(XP0) = 26 2 Vi(€) - 2e.
t

Letting ¢ — 0, we have V;(§) < II;(§). [ |

We next prove Lemma 3.2 concerning the uniqueness of the path derivatives for ¢ €
1,2 P
cH4(x [£,T])'
Proof of Lemma 3.2. We first prove the Lemma in the case that t € [f, T, ¢ € Mﬁ Ak
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First, let X € M%T] be such that X.; = ¢ and Bs = 0,7 =0, s > ¢, in (3.1). Then

Xops = Xoae = &g for all s > ¢, and thus by (3.2) we obtain,

t+6
presl€,) = i€, )+ / Dupsl€, )ds, 0<6<T 1.
t

Since 0y is continuous, we obtain a representation of dy;p which implies its uniqueness:

. orrs(€ ) — ()
Dpr(€.) = i 5 '
Next, replace the above X with 85 = B, s € [t, T] for some arbitrary 3; € LP(F;R9).
By (3.2) we have, for any 0 < § <T —t,

o) =)+ [ oupu0as 48 [ oxen(as ]

By the uniqueness of 0;¢ and the continuity of 0yp, dx ¢, we see that

E[aXCPt(é) . ﬁt] _ %1_{% |:90t+5(X)6_ Sot(X) _ 8t@t(§)]

is unique. Since f; is arbitrary, we see that dxp¢(€) is unique, P-a.s. Similarly, by consider-

ing X with 3, = 0 but 75 = v, s € [t,T], we obtain the uniqueness of E[dxx¢:(§) : v/ |-
Since dxx ¢ is symmetric and ~; is arbitrary, we see that dxx¢:(§) is unique, a.s.

?%T], clearly there exist a sequence £ € M%T]
nl;rgo 1€ — & atllp = 0. By the above arguments 0y, dx ¢, Oy x ¢ are unique at (¢,£™). Then

Finally, for arbitrary (¢,€) € such that

it follows from their continuity that they are unique at (¢,§) as well. |

The next result concerns the absolute continuity of the singular part ¢ of test functions.

Proof of Proposition 4.3. For any o € A[ﬂT], by the standard It6 formula we have:

E[|Z 50" = |z

i 2 7 p 2 2
B[ [ bz eop @) (6. - 5+ Bz aop2h, - o2

p(p - 2) « - « ~
+ P T (P Z (X0 (s — 5[ ds] |
40 . B , )

<GE[ [ [ZeOP s - Bl ZROOP - a5Plds). (o)

t

Then, recalling (4.9) with I', and (4.13), and noting that x(«) does not depend on ¢,

) ) tHo
bi45(X) — ¢t(£)) < kaES;l[I;T] ‘EHItJrJ(X)‘ — |78 (X)) ]‘ + aESEET] [/t /s \ds}
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t+48 ~
<Cpu sup E[ [ [Z2OOP+ |3+ bl + (217 + 6517 + 1)as]
C!E.A[g’T] t

146 3
<Cpu [ B[P+ G+ 1A+ bl + TP+ 1] ds
t

This implies that ¢;(X) is absolutely continuous in .

We next prove (i). Note that A = {a®ia: a € Agqp,& € Ay}, where the
concatenation is defined as: o ®¢ & := ol + @l 7). Recall the r(a) in (4.13) and note
that, since t > ', we have k(a @ &) = k(«). Thus

Sus(X) = 0X) = it it [RE(TECOP]) + B+ w(e)

: e’ p a
_aeﬂém [kIEHIt (X)|°] + F + m(a)}

t+6
< inf  sup {kE[Za@tQ P_|70(Xx p} + fads}.
aE.AtT]aEA[tT ‘ o X )’ ‘ a )’ t °

We remark that the above involves a only on [¢,t). By (10.3) we prove (4.14) immediately.
It remains to prove (ii). For any § > 0, by (4.13) there exists o s.t.

$(X) > kE[|Z¢ (X)) + F2° + k(o) — 62
It is clear that the above property, and hence a®, does not involve (Bs,7vs)s>t- Then,

Pr+5(X) — ¢t( )
< [RE[|Ze5(X) 7] + Fels + n(a®)| = [RE[IZ2" (X)) + B2 + k(a?)] + 82

afl p t+o rafl 2
_kIE[\ o (X)|P - |z (X)th/t Fods + 62,

By (10.3) again we can easily prove (4.15). [ |

In order to prove Proposition 5.4, establishing the consistency between viscosity solutions

and classical solutions, we need the following slight generalization of [26, Lemma F.2].

Lemma 10.1. Let t € [0,T] and F : Ap — R be continuous. Then,
lim inf F = inf F 10.4
slgl ocslrelAs (QS) Oc:IElAt (at) ( )
Proof. Since A; C A, for s > ¢, we immediately have lim inf F(a,) < inf F(o).
st as€As €A
Assume by contradiction that (10.4) does not hold. Then there exist ¢ > 0 and N € N such
that B, # 0 for all n > N, where, denoting t,, :=t + %
B, = {atn € A, : Fay,) < inf Foy) — 5}.

ot G.Az
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Note that A, , C A, and thus B, 11 C B,. Moreover, by the continuity of F' we see that
B, is closed. Since A is complete, by Cantor’s intersection theorem, there exists & € Ap
such that & € (> y Bn C (,>n At,. Note that (), 5y Az, is the set of Fii-measurable
A-valued random variables. Since the augmented filtration of F is right continuous, there
exists @ € A; such that & = &, P-a.s., see e.g. [67, Proposition 1.2.1]. Then F(&) =
F(&) <inf,,ca, F(a;) — . This is a desired contradiction. [ |

Proof of Proposition 5.4. We shall only prove the equivalence of subsolution properties.
The supersolution case follows essentially the same argument.

First, if U is a Viscosity subsolution, then U is a viscosity p-subsolution for some p > 2.
Note that Cl2( 0,17) C Cl’z(fﬁ)ﬂ). For any (t,§) € f:fo’T), it is clear that (U,0) €
,3*’; U(t, &), then it is straightforward to derive from (5.4) the classical subsolution property
of U at (t,£). Moreover, by the arguments in Remark 5.3 (ii), we obtain the classical
subsolution property at all (¢,&) € ?[2077«).

On the other hand, assume U is a classical subsolution. For every p > 2 (namely with
po = 2 in Definition 5.1 (iii)), fix (¢,£) € X 1) and (g, ¢) € FFU(L,€). For any a € Ap gy,
recall (5.3) and denote X := X*&, By the It6 formula (3.2) and (5.1) we have: for ¥d > 0,

0 > [[U=(p+0)],,(X) - [U=(p+0)],6)]
t+3
LN SER USRS SRS
t
1 S a i wa
50 (U = )(X7) 5 (00T )56 = §,(X™) ] ds
By the smoothness of U — ¢ and the regularity of b, o, f, including Assumption 3.7, we have

t+0
/t [&Ut(é) + Hy(€, 8XUt(§)7axXUt(§),gs)}ds

t+5 . —
< /t [&@t(é) + Hy(€,, Ox00(8), Oxxpr(§), o) + %(KO‘)} ds + o(d),

where 0(9) is uniform in «. Then

t+5
w3 5 [0+ mi oxti©. Uit ) s

1 t+48 .
<t 5[ 009 + g 0509, Bxen(©, ) + 60 (X)) ds + (1),

aGA[t’T]

Note that, by Assumption 3.7, we have Hy(§,0xUi(§), OxxUi(§),-) is continuous. Send
0 — 0, by Lemma 10.1 we obtain

t+0 . _
'CUt(ﬁ) < 8t§0t(£) + 1111’1 inf 1/t [Hs(é/\ta 8X90t(§) xX@t(f) s) + ¢5(Ka)] ds.

5—0 (XGA[, T)
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Then (5.4) follows from the classical subsolution property of U. |

We next prove Proposition 6.4, which establishes the basic properties of the value func-
tion in the mean control setting.
Proof of Proposition 6.4. (i) We shall prove only Vi(§) > Vi(¢'). It suffices to prove
jt(§ Q) > Vt(g’ ) for an arbitrarily fixed o € Ay 7. By standard approximation arguments,

we may assume without loss of generality that, for some t =tg < --- <t, =T

Zaz /\t 7 0 i)l[ti,t¢+1)(s)7 (105)

where a; : Q2 x X — A is Fy measurable in w and uniformly continuous in x. Moreover,
since Fy is rich enough, we can generate Fyp-measurable random variables {Uj};>¢ which
are i.i.d. with distribution Uniform([0,1]) and are independent of (¢,&’, «), and hence are
independent of X6, Denote X& := X464 X'6 .— X160 for arbitrary @.

First, since PSNIJ’? = P&’MIFP’ P-a.s., then IP’(&MWBO) =P ., poy).- By using Up, one can

/\t7

easily construct oy € Ay, such that P(ato Entg:BO) = P 0y. This clearly implies that

/
at() :54/\107

P(ato xa Repeat the arguments by using the U;, we may construct

/\tl’BO) - IED(O‘to’X 3

2 BO)"

of =30 ;. L, ti00) € Ap, such that P, xo poy = Py x'o’ poy- Then clearly Ji(& a) =
Ji(€,a') > Vi(¢'). By the arbitrariness of o we have V;(§) > V;(¢'). Similarly V;(£') > V,(€),
then equality holds and hence (6.4) is well defined.

Moreover, by (2.8) and Proposition 6.3 we obtain part of (6.6) immediately:

V()] < C(14+ Wi (nes00) ) Vi) = V()| < CWS (pnes i) (10.6)

(ii) We proceed in several steps. For (¢,&) € I[ZO,T] and a € Ay 7], denote

T
X=X ¥ =Ep [Q(XQ,IP’XQ‘]:%) +/ fs(Xaﬂ&P(Xa,as)IFS)dS}'
t

Step 1. We first assume & € X5 (FY). Then Pe 170 = Pe.,,, and thus the claimed result
follows directly from (6.4).

Moreover, assume a € Ap 7y takes the form (10.5). For each x° € CO([0, T]; R%) with
x8 = 0, where dg is the dimension of BY, denote

Zaz /\t ) X ®; B )/\ti)]‘[ti,ti+1) S -A[t,T]v and jt,(§7@7 XO) = Vt(éagxo);

where (x° ®; BY), := Xgl[o,t)(s) + [Xg + BS - B?]l[tff](s)‘
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We note that this is in the spirit of the regular conditional probability distribution, but we
avoid it by considering the special form (10.5). Since ¢ € X5-(FY), we can easily show that

Ve =J/(&a BY, Pas. (10.7)

In particular, this implies that Y, > Vt(é), P-a.s.
Step 2. We next consider the case { =)' | &1p,, where & € XQL(IF?) and {E;}1<i<n C
F? form a partition of Q. Note that Pejro = Yo Pe1p,, P-as. Then

V/(€) == E[Vi(Pg 7)) ZVt (P¢, )P

We first prove V;(§) > V/(§). For any a € Ap g taking the form (10.5), by (10.7) we have

K6 a) — e B[ 3401, > B[ S e 1] = V).
=1 =1

Now by standard approximation arguments, we have J;(§, ) > V{/(§) for all & € Ap 7y, and
thus Vi(§) > V/(§).

To see the opposite inequality, fix an arbitrary € > 0. For each i = 1,--- , n, there exists
o taking the form (10.5) (with different n there) such that Ytt’&’ai < Vi(P¢,) +e. Construct
af := 3" ailp,. One can easily see that Y5 =S Yf’ﬁ"’ailEi. Then

V(O S (gad) = B[] —E[Y ¥4 1)

; i=1
< [ij&,wlﬂzwﬁﬂf

Since € > 0 is arbitrary, we obtain V;(§) > V/(§), and hence the equality.

Step 3. By the regularity of V in (2.8) and that of V in (10.6), and by standard
approximation arguments, similarly to (10.5) we may assume without loss of generality
that & takes the following form: for some 0 =ty < --- < t, =t,

tit1 — t— .
- ftz 1 €t7 [tivti-i-l]a Z:]-y"' ,’I’l—l,
751+1 _t

58 = 51/505 te [thtl]; fs

St —t
where fti:hi<w,(Btll,--- BL), (B, ,Bg)),

and h; : QxR¥ — R?is Fy measurable in w and uniformly continuous in y € R%. Fix e > 0,
and let {O%}1<j<n. be a partition of {y € R%" : |y| < 1} such that each O5 has diameter
less than e. Fix an arbitrary y; € O for each j, and denote O;’Z :={Proj;(y) : y € Oj},
where Proj;(y) € R% denotes the first i components of y € R%. Define

t—

1—
E=b telntl &= le £l te i tuali= L 0
tiv1 —ti +1— i
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where ftf = Zlgtf,zl{(B’?l"” 73%)60?1'}’ gtf’l = hi ((“)7 (Btl1/\t¢’ T aBtln/\ti)? PT‘O]Z(y;:)) :
]:

Note that ﬁéf’l is independent of F?, and, on {(B?l, e aBtOi) ¢ UjOJE-’i}, 5;5 = 0, which is
also independent of F_. Then one can easily see that ¢° takes the form as in Step 2, and
thus it follows from Step 2 that V;(£°) = V/(£°). Send € — 0, by the desired regularities we
obtain V;(§) = Vt’(é)

(iii) follows from (ii) and DPP (2.7) for V. Finally, for 0 <t <t 4+ < T, p € Po(X),
and & € X5H(F% ¢, 1), by (iii) we have, again denoting X® := X5

Vi) = Vigs(ppe) = inf E[‘ZE-}—&(PXG\F&(;) — Viys(Pxa,)

ac A 1
t+6

+ ']Es(Xa,OéS,P(Xa,asﬂfg)dS].
t

Apply (10.6) on 17t+5(IP’Xa|Ft(J+6) - Vt+5(}P’X_aM), we can easily obtain

Vi) = Vigs(pne)| < C(1+ W (a1, 50))5%

This, together with (10.6) again, implies (6.6) immediately. [ |

We now turn to the proof of Proposition 6.5 on the functional It6 formula in the mean
field control setting. For that purpose we first introduce briefly the path derivatives and
specify the space C’; 22([0,T] x X x Py(X)), which actually serves as the technical conditions
for the proposition. We refer to [21, 66] for more details. We first need to extend U to
the cadldg space. Let D denote the space of d-dimensional cadldg paths on [0, 7], equipped
with the uniform norm, and Py(D) the space of square integrable probability measures
on D, equipped with the 2-Wasserstein distance. Given an adapted function U : [0,T] x
X x Po(X) = R, let U : [0,7] x D x Py(D) — R be an extension. The path derivatives
of U are functions 9,U : [0,T] x D x Po(D) — R, 8, U : [0,T] x D x Po(D) — R? and
9,U - [0,T] x D x Pa(D) x R* — R? determined by:

A R A N -
8tUt(X7 M) = ;1_13% g [Ut+5(X~/\t, M-At) - Ut(x~/\t7 /L/\t) ;

Up(x + Axdp gy, ) — Us(x, 1) = 0xUs(x, p) - Az + o(|Az]), VAz € R%
Un(%, Peinay, ) — Unlx, Pe) = E[auf]t(X» Pe, &) - me| +o(||mell2), Ve € LP(Fy; RY).

In particular, it can be proved that the Lions’ derivative @f] takes the above specific

structure. We can then define the higher order derivatives in the same manner. In
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particular, ajMUt(X,,U,,ZE) is the standard (finite-dimensional) derivative of 8MU with re-
spect to Z, and 8uuﬁ 0 [0,7] x D x Po(D) x RT x RY — S involves two additional
variables (7,Z) € R? x R%. Let C;’Q’z([O,T} x D x Py(D)) denote the space of adapted
and continuous functions U : [0,7] x D x Po(D) x RY — R such that the derivatives
oU, 0, U, 8HU,6XXU, 8X,J7, 85#(7, 8W(7 exist, and are continuous and bounded.

We then define the path derivatives of U by restricting those of U to the continuous
paths, for example, 9,U is defined by restricting (3#(7 on [0,T] x X x P2(X) x R Tt can be
shown that the path derivatives of U are independent of the choice of the extension U and
thus are intrinsic to U. Moreover, we say U € 02’2’2([0,T] x X x P2(X)) if there exists an
extension U € 05’2’2([0,T] x D x Pao(D)).

Proof of Proposition 6.5. We shall only prove (6.7) in the integral form on [0, 7] for
an arbitrary extension U € C; 22(10,T] x D x Pa(D)
U="U at below. Set 0 =ty < --- < t, = T with t; := %T. For j = 1,2, denote

). For notational simplicity we denote

X = Z TN C: )+ X7 Il (1), pti=Po (Xx2m)-1
Xy,nzl X_]/\'rtl + lXt tl+11[tz+17T]’ Iun,i,l —Po (X27n,i,l)—1’ le [0, 1],

fXJ

tig1”

X]

tit1

where X7

A Note that X% = X%} + X/

Listit 1 [t Then,

i+1,T7]

UT(Xl’nnun) UO Xln n Z |: z+l Xl’nvun) - Uti(Xl’nvun):|
=0

|:|:Ut7,+1( AtaMAt) Uti(Xl’naMn)]"‘[Uti+1(X1’n7#n) Ut1+1( /\tlaﬂ/\tl)]]

tit 1.n — ! n,i n,i
/ XD )+ 3 /0 1) + 12 (0)]dl,
ti i=0

|
—_

n

s
Il
o

3
—

1=0

where, denoting by (X2, thl tir ,) and (X2mil Xt%- s ,) conditionally independent copies
of (X2l X,%’tiﬂ)7 conditional on FY,

Iirm(l) — 8xUti+1 (Xl,n,i,l“un,i,l) . thi,ti+17
I;L’Z(l) = E]—'ti_'—l [aﬂUt%Fl (Xl,ﬂ,i,l, 'un,i,l7 X?,’I’L,ﬁl) . Xi7ti+1:| .

Let o(2) denote a generic term whose L2-norm vanishes faster than 1 when n — co. By

the desired regularities, one can easily check that

I?i(l) = aUtH—l( 1/\Z>M~n/\ti)'X1-

titit1
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+[axUtHl(Xl,n,i,l,Mn,i,l) _ 8xUti+1(Xl,n,i,07ﬂn,i,0)] . x!

titit1
— .U ln n x! : 9. U, Xl,n,i,l’ n,i,l’ X1
- X ti+1< /\t“/’[//\t) titit1 + 0 XX ti+1( y b ) titit1
+E}‘ti+1 [8XMUti+1(X1’n’i’llv /‘n’“,’ XQ’n’i’l/)thmiH”dl, ’ thivtiﬂ
tit1
= [ O ) X 10U (X ) (KD, (K ,,)
IE OnuUs, (X0 i X2 ¢ (X? XL, )7 1
+ ]'—ti+1|: XL ti+1( At Fnt; ) ( t; tlﬂ)( ti,tiﬂ) ] +O(n)
tit1 ti+1
= / OU (XY ) - dX) + l/ DU (X, ) ot (o) T dt
t; t;
Bt 1 o2y, =20, _LO\T 1
+l E]-—tiJrl [axuUt(X ’:U'uX ) : O-t7 (U ' ) ]dt—i—o(ﬁ);
t;
7‘ 27 v
I;lz(l) = E-Ft i1 |:8 Utz+1( /\t ’Iu’ NAt; ’X'/\Z;) ' Xt%;,ti_;'_l
(0,0, (XLmid il Z2mily g g7, (Xm0 ni0 g2ni0)]. Xt%‘,tiﬂ}
! 2, 5
= Egz, i1 [8 Utz+1( /\? ) :un/\t vX-/\?i) 'Xi,ti+1:|
l
/0 Er, it+1 [[8XMUtz+1(X1 il Iun” x2mil )Xtutz+1

+8MMUti+1 (Xl,n,z,l Mn Sl X2 n,i,l’ X2 n,i,l’ )X

tut'H—l
1ndll  nal 2,n,3,l’
+ajNUti+1 (X y b ) X )Xti,ti+1j|

'Xt't

1sbi+1

}dl’
bt 1 2 2
= Er, [/t DU (XY, p, X )-dXt]
bt 1 92y, <20, 1,0NT
+EzF,,, [0k Up (X', 11, X7) : 677 (010)
t;
o ~ 1
F0, U (XY, 1, X2, X2) - 67° (620 T + 02, U (XY, 1, X2) 1 62(62) T | + o(=).
Then, noting that [ ldl = 1,
UT(leN) - UO(XlaM) = UT(XLnnU‘n) - UO(XLna/'Ln) + 0(1)
T 1
:/ (00X )t + OU(X? ) - dX] + S0Un(X ) o} (o) |t
0
T
o 1 o Gy 220,
- / Ex, |OuU(X " 1, X2) 1 57°(0M0) T + S0,U0(X* X2, X% 67°(520)
0
1 -
+ 50U (X! 1, X) 53(52)T} dt + o(1).

By sending n — oo, this is exactly (6.7).
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