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Abstract

Random walk on the chambers of hyperplanes arrangements is used to define a family of
card shuffling measures Hyy, for a finite Coxeter group W and real = # 0. By algebraic group
theory, there is a map ® from the semisimple orbits of the adjoint action of a finite group of Lie
type on its Lie algebra to the conjugacy classes of the Weyl group. Choosing such a semisimple
orbit uniformly at random thereby induces a probability measure on the conjugacy classes of
the Weyl group. For types A, B, and the identity conjugacy class of W for all types, it is proved
that for ¢ very good, this measure on conjugacy classes is equal to the measure arising from

Hyy ;. The possibility of refining ® to a map to elements of the Weyl group is discussed.

Key words: card shuffling, hyperplane arrangement, conjugacy class, adjoint action.

1 Introduction

In a mathematical study of ordinary riffle shuffles of cards, Bayer and Diaconis [1] introduced a
one-parameter class of probability measures (which we denote by Hg, ;) on the symmetric group.
When x = 2, these correspond to a model of shuffling due to Gilbert-Shannon-Reeds which seems
close to the way real people shuffle. Repeated shuffling & times (convolution on the symmetric
group) was shown in [1] to correspond to Hg or. Further, a closed formula was found for Hg, ..
This was used to prove that %logzn + ¢ shuffles are necessary and suffice to mix up n cards. The
paper [15] shows perhaps surprisingly that the use of random cuts does not speed the convergence
rate to randomness. In later work [9], a formula was given for the Hg, , measure of a conjugacy
class in S,. Letting a; be the number of i-cycles in a permutation in this conjugacy class, this
formula was shown to equal the chance that a random monic polynomial of degree n chosen over Fj
(with & = q) has a; irreducible factors of degree 7. This correspondence between polynomials and

card shuffling seemed mysterious. One of the aims of the present paper is to explain the mystery



and show how the results generalize to other Coxeter groups.

The first part of this paper defines signed measures Hyy,; for a finite Coxeter group W and real
x # 0. By a signed measure is meant an element of the group algebra of W whose coefficients sum
to one. The key tool in defining the measures Hyy, will be the theory of random walks on the
chambers of hyperplane arrangements, as initiated in [5] and developed in [6]. As noted in [12] (a
follow-up to this paper), the measures defined here generalize to any real hyperplane arrangement.
The point of Section 2 is to focus on the case of arrangements coming from finite Coxeter groups.
The paper [5] had a hyperplane definition for type A shuffling, but not using group theoretically
defined face weights.

For type A these measures (not expressed using hyperplane walks) were discovered by Bayer
and Diaconis [1] in their analysis of riffle shuffling. Their work was extended to type B in [2]. (It is
amusing to note as in [1] that for tarot cards, which often have up/down directions, type B shuffling
is a better model than type A shuffling). For types A and B these measures also arise in explicit
versions of the Poincaré-Birkhoff-Witt theorem [4] and in splittings of Hochschild homology [19].
Section 3.8 of [23] describes the type A measure in the language of Hopf algebras.

Section 3 connects the measures Hyy, with the finite groups of Lie type. As mentioned in
the abstract, there is a natural map ® from the semisimple orbits of the adjoint action of a finite
group of Lie type on its Lie algebra to the conjugacy classes of the Weyl group. Choosing such a
semisimple orbit uniformly at random gives a probability measure on the conjugacy classes of the
Weyl group. For g very good, we show that in some cases this measure on conjugacy classes is
equal to the measure arising from Hyy,. For instance in type A the semisimple orbits correspond

to monic degree n polynomials with vanishing coefficient of z" 1.

When the characteristic p is
a very good prime (i.e. p does not divide n), the chance that such a polynomial factors into a;

irreducibles of degree 7 is equal to the chance that a random monic degree n polynomial has a;



irreducible factors of degree .

A long term goal is to refine this map ® so that it associates to each semisimple orbit an
element of W. Furthermore choosing an orbit at random and applying the refined map should give
the measures Hyy 4. In Section 4 of this paper we indicate how to do this unnaturally for types A
and B. A refinement of ® which is both natural and general remains elusive, but as explained in
the second paragraph of Section 4, could have important applications in algebraic number theory.

To close the introduction, we mention follow-up work. The paper [14] which considers analogous
issues for semisimple conjugacy classes of the finite groups of Lie type. The combinatorics there
is significantly more intricate, involving the affine Weyl group and leading to new shuffles which
we call affine shuffles. These seem quite interesting; for instance the formula for type A affine
shuffles involves Ramanujan sums and depends on a permutation through both its number of cyclic
descents and major index. Remarkably, the results of [14] analogous to those here seem to need no
restriction on the characteristic, and the conjectured refinement of the map analogous to ® uses
the affine Weyl group and is more natural than the refinement considered here. Connections with
dynamical systems are also given. The paper [15] compares type A affine shuffles with shuffles
followed by cuts, giving strong evidence that when ged(n,q — 1) = 1 these two measures, though

different, are equidistributed on conjugacy classes.

2 Definition and Properties of Hy

To begin we review work of Bidigare, Hanlon, and Rockmore [5]. Let A = {H; : i € I} be a central
hyperplane arrangement (i.e. N;eyH; = 0) for a real vector space V. Let v be a vector in the
complement of A. Every H; partitions V into three pieces: H? = H;, the open half space HZ'" of

V' containing 7y, and the open half space H; of V not containing y. The faces of A are defined as



the non-empty intersections of the form

.
Nier H;*

where ¢; € {0,—,+}. Equivalently, A cuts V into regions called chambers and the faces are the
faces of these chambers viewed as polyhedra.

A random process (henceforth called the BHR walk) on chambers is then defined as follows.
Assign weights v(F') to the faces of A in such a way that vp > 0 for all F' and " pv(F) = 1. Pick
a starting chamber Cy. At step i, pick a face F; with chance of face F' equal to v(F') and define
C; to be the chamber adjacent to F; which is closest to C;_; (separated from C;_; by the fewest
number of hyperplanes.) Such a chamber always exists.

To give our definition of Hyy,, some additional notation is needed. Let L be the set of intersec-
tions of the hyperplanes in A, taking V' € L. Partially order L by reverse inclusion. (This lattice
is not the same as the face lattice). Recall that the Moebius function p is defined by u(X, X) =1
and Y x<z<y #(Z,Y) =0if X <Y and pu(X,Y) = 0 otherwise. The characteristic polynomial of

L is defined as

X(Lz) = Y p(V, X)),
XeL

Let IT be a base of the positive roots of W. For J C II, let Fixz(W ;) denote the fixed space of the
parabolic subgroup W in its action on V. Let L¥*®(Ws) denote the restricted poset {Y € L(A)|Y >
Fixz(Wy)}. Define Des(w) to be the simple positive roots which w maps to negative roots (also
known as the descent set of w) and let d(w) = |Des(w)|. Let Nyw (Wg) be the normalizer of Wi
in W and let A(K) be the subsets of II equivalent to K under the action of W.

Definition: For W a finite Coxeter group and x # 0, define Hyy ,(w) to be

(Wi | x(LF@WE) 1)
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To give a feeling for these measures and for later use, we recall formulas for types A and B
(obtained using descent algebras in the first reference given and arising from the above definition

in the second reference given).

o ([1),[5])

Physically, the inverse of this measure is obtained by cutting at card k with probability (2%),
then doing a uniformly chosen random interleaving of the piles. The papers [9] and [11]

investigate the cycle structure and inversion structure of a random permutation chosen from

Hs, ;.

e ([21[12])

(x+2n-1 —2d(w))(:r+2n—3—2d(w))---(:v—|—1—2d(w)).

z"n!

HBnyx ('LU) =

The inverse of this measure also has a physical description if z is odd, stated for x = 3 in
[2] and extended in [14]. One cuts multinomially into an odd number of piles, flips over the
even numbered piles, and then does a random interleaving. This is different from the type B
notion in [1], which cuts into two piles. However these two types of shuffles can be placed in
a unified setting, using the affine Weyl group [14]. In future work we hope to study physical

models of the shuffles Hyy, for other finite Coxeter groups, viewed as permutation groups.
Next we comment on some properties of the measures Hyy .

e ([12]) For types A, B,C, H3 and rank 2 groups (but not for all types as is explained in below),

the measures Hyy, convolve in the sense that

(Z HW,x(w)w> (Z HW,y(w)w> = Z Hy gy (w)w.

weW weWw weW



Thus n z-shuffles is the same as an z™ shuffle. Observe also that in the £ — oo limit the
measures Hyy; become the uniform distribution. The eigenvalues of an z-shuffle viewed as a

Markov chain are % 0 =0,---,n — 1 with various multiplicities.

The Coxeter complex of W has as faces the left cosets wW g and as chambers the elements

of W. Consider the BHR walks on the chambers of the Coxeter complex with face wieghts

Wl (LFEi), g
WE) = Ny W TNE)]

When these weights are non-negative, Hy,(w) can be interpreted as the probability of moving

from the identity chamber to w. Equations from page 282 of [21] imply that v(wWk) can

an(LFlw(WK),_l)

be rewritten as (—1) . As observed in [12], this leads to a notion of card
shuffling for any real hyperplane arrangement or oriented matroid. The Coxeter case gives

rise to the factorization

XLV gy = I (= bf)
1=1

from [21] where the b are integers called coexponents. From the results and tables in [21],
all bZK are less than or equal to the maximum exponent of W. From the table of bad primes
for crystallographic types on page 28 of [7], the bad primes are precisely the primes less than
the maximum exponent of W which are not equal to exponents of W. (Equivalently, a prime
is good if it divides no coefficient of any root expressed as a linear combination of simple
roots.) Thus Hy4(w) > 0 if W is crystallographic and ¢ is a good prime, because then every
face weight is non-negative. This may be regarded as evidence in favor of the the statement

in Problem 1 in Section 3.

Orlik and Solomon [21] have calculated and tabulated x(L¥*(Wx) 1) for all types. By the
previous remark, this gives a simple and unified method for computing the measure Hyy .

Applied to W of type Hs, one concludes that



LN i g(w) = 0

(@) (@) (@ =1) g ey

12023 if d(w) =
HHS#/’(ILU) = ¢
w2 E=8) it g(w) = 2

= D@=5)@=9) i g(w) = 3.

12023

\

This formula, together with the formulas for Hyy, for W of types A, B which appeared earlier

in this paper, suggest that Hyy, satisfies the following factorization and reciprocity properties:

1. Hw(w) splits into linear factors as a function of x.

2. Hy,(w) = Hw,_5(wwp) where wy is the longest element of W.

In fact neither of these properties holds. This is evident from the following formula for Hyy, ;

which is obtained by using tables of Orlik and Solomon as just described.

29 0 if ) = 0

(x+1)(x—la)i§§;30x+149) if Des(w) = {a1} or Des(w) = {as)

(z+1)(x=1)(224+3024+269) if Des(w) _ {063} or Des(w) — {044}

1440027
Hpyyo(w) = (x+11)(m;1)()(gx11)(m—11) if d(w) =2 and Des(w) # {as, s}
( )2 (z—1)2 .
ximgx‘ll if Des(w) = {as, s}

| oot a4

Incidentally this remark shows that Hpy, , does not convolve. For Hyy, _; places all mass on the
longest element wy, so the convolution property would imply that Hy, —z(w) = Hy, —o(wwy).
Since w and wwg have complementary descent sets, this equality does not hold for w with

Des(w) = {as,as}. The same argument disproves the convolution property in many cases.



Let id be the identity element of W and wy the longest element of W. Theorem 1 calculates

the values of the measure Hyy,; on these elements.

Theorem 1 Let my,---,m, be the exponents of W. Then

[1i1(z —my)

Huz(wo) o |[W]
o iz (@ +my)
Hwaid) = =L

PROOF: The first assertion is easier. In fact,

x(Lyw) Tl (e —mo)
oW T W]

HW,x (w0) =

The first equality is from the definition of Hyy;, and the second equality is a well known factorization
of the characteristic polynomial of L (e.g. [21]).

For the second assertion, additional concepts are needed. Let L be the lattice in V generated
by & and let

L={veV|<v,a>cZ foral a € d}

Let f = [L : L] be the index L in L. Let II = {a;} C ®* be a set of simple roots contained in
a set of positive roots and let § be the highest root in ®T. For convenience set oy = —f. Let
II = IIU {ap}. Define coefficients ¢, of 8 with respect to II by the equations > acii Ca = 0 and
Cop = 1. For S # IT a proper subset of II, define as in [24] p(S,z) to be the number of solutions y
in strictly positive integers to the equation

Z CalYa = L.

acll—S

In the equations which follow Wy ,---, Wk, with Kj,---, K; C II are representatives for the

l

parabolic subgroups of W under conjugation. In [21] it is proved that |[A(K)| is the number of

J C II such that W is conjugate to Wx. We also make use of the fact [25] that if z is relatively

10



prime to all ¢, then for any S C II,S # II, if p(S, x) is non-zero then Wy is conjugate to one of
Wk, -, Wk,. We denote conjugacy of parabolic subgroups by the symbol ~. One concludes that

for infinitely many (and hence all) non-zero z,

(Wi |x (LK) 1)
z"|Nw (Wk)|IA(K)|

Hye(id) = >

S W
=  @"[Nw(Wk,)|

7x)

LF’LQ? Wk,) .T)

1 FIWgk Ix(
B :rTfZ |Nw (W)

- mrfz Z

i=1 SCII,S#i1
W5NWK

- rfzpsm

scil
s;en

= :rT|W| H z + m;).

The fourth and sixth equalities are results of [24]. O

3 Semisimple Orbits of Lie Algebras

This section connects (in some cases) the signed measures Hyy, with semisimple orbits of the
adjoint action of finite groups of Lie type on their Lie algebras.

Let GG be a connected semisimple group defined over a finite field of ¢ elements. Suppose also
that G is simply connected. Let G be the Lie algebra of G. Let F' denote both a Frobenius
automorphism of G and the corresponding Frobenius automorphism of G. Suppose that G is F-
split (analogous results for non-split G are under investigation). Since the derived group of G is
simply connected (the derived group of a simply connected group is itself), a theorem of Springer

and Steinberg [26] implies that the centralizers of semisimple elements of G are connected. Let r

11



be the rank of G.

Now we define a map ¢ (studied in [20] in somewhat greater generality) from the F-rational
semisimple orbits ¢ of G to W, the Weyl group of G. Pick z € G N¢. Since the centralizers of
semisimple elements of G are connected, z is determined up to conjugacy in G and Cg(z), the
centralizer in G of x, is determined up to G' conjugacy. Let T be a maximally split maximal
torus in Cg(x). Then T is an F-stable maximal torus of G, determined up to G¥ conjugacy. By
Proposition 3.3.3 of [7], the G conjugacy classes of F-stable maximal tori of G' are in bijection
with conjugacy classes of W. Define ®(c) to be the corresponding conjugacy class of W.

For example, in type A,_; the semisimple orbits ¢ of sl(n,q) correspond to monic degree n
polynomials f(c) whose coefficient of 2"~ vanishes. Such a polynomial factors as []; f" where
the f; are irreducible over F,. Letting d; be the degree of f;, ®(c) is the conjugacy class of S,
corresponding to the partition (df"). This follows from Section 3 of [8].

As is standard in Lie theory (e.g. [10]), call a prime p very good if it divides no coefficient of
any root expressed as a linear combination of simple roots and is relatively prime to the index of
connection (the index of the coroot lattice in the weight lattice). For example in type A the very
good primes are those not dividing n.

Problem 1: When is the following statement true? “Let G be as above, and suppose that the
characteristic is a prime which is very good for G. Choose ¢ among the ¢" F-rational semisimple
orbits of G uniformly at random. Then for all conjugacy classes C of W,

Probability(®(c) = C) = Z Hyy4(w).”
wel

Recall from the end of Section 2 that under the conditions of Problem 1, Hyy4(w) > 0 for all
w € W. This may be taken as evidence that the statement in Problem 1 is correct. Theorems 2,

3, and 4 provide further evidence. In cases where the convolution property of W does not hold, we

12



have doubts as to whether the statement in Problem 1 is correct. Nevertheless, at present we have

no examples to the contrary (type Dy would be a natural first place to look).

Theorem 2 The statement in Problem 1 holds for G of all types (i.e. A— D, Eg¢_g, Fy,G2) when

C is the identity conjugacy class of W.

ProOOF: Corollary 3.4 of [10] (see also Proposition 5.9 of [20]) states that for ¢ very good, the

number of F-rational semisimple orbits ¢ of G which satisfy ®(c¢) = id is equal to

ﬁ q+m;
=1 1 + m;
where r is the rank of G and m; are the exponents of W. Since there are a total of ¢" F-rational

semisimple orbits of G, and because |W| = [[;_; (1 + m;),

i—1(q +my)

Probability(®(c) = id) =
Y(®(e) = id) = =L

The proposition now follows from Theorem 1. O

Theorem 3 The statement of Problem 1 holds for G of type A, for all conjugacy classes C' of the

symmetric group Sy,.

PROOF: Note that a monic, degree n polynomial f with coefficients in F, defines a partition of n,
and hence a conjugacy class of Sy, by its factorization into irreducibles. To be precise, if f factors
as [[; fi* where the f; are irreducible of degree d;, then (d;") is a partition of n. If the coefficient of

xTL

~lin f vanishes, then f represents an F-rational semisimple orbit c of sl(n, ¢), and the conjugacy
class of S,, corresponding to the partition (d;*) is equal to ®(c).
In [9] it is shown that if f is uniformly chosen among all monic, degree n polynomials with

coefficients in F, then the measure on the conjugacy classes of S, induced by the factorization of

f is equal to the measure induced by Hg, ;. Thus, to prove the theorem, it suffices to show that

13



the random partition associated to a uniformly chosen monic, degree n polynomial over Fy has
the same distribution as the random partition associated to a uniformly chosen monic, degree n
polynomial over F, with vanishing coefficient of 2"~!. Since the characteristic p is assumed to be
very good, p does not divide n. Thus for a suitable choice of k, the change of variables © — = + k
gives rise to a bijection between monic, degree n polynomials with coefficient of 2" ~! equal to b;
and monic, degree n polynomials with coefficient of "1 equal to by, for any b; and by. Since this

bijection preserves the partition associated to a polynomial, the theorem is proved. O

Theorem 4 will confirm the statement of Problem 1 for all G of type B. The proof will use
the following combinatorial objects introduced in [22]. As Lemma 1 will show, these objects have
interpretations in terms of polynomials. Let a Z-word of length m be a vector (aq,---,ap) € Z™.
For such a word define maz(a) = maz(|a;|);~,. The cyclic group Coyp, acts on Z-words of length
m by having a generator g act as g(a1,---,amn) = (a2, -+, am,—a1). Call a fixed-point free orbit
P of this action a primitive twisted necklace of size m. The group Z; x Cy, acts on Z-words of
length m by having the generator r of C,, act as a cyclic shift r(ay,---,an) = (a2, -, am,a1)
and having the generator v of Zy act by v(ay,--+,ay) = (—ay, -+, —ap). Call an orbit D of this
action a primitive blinking necklace of size m if its C,, action is free (though its Zs x C,, action
need not be). Let a signed ornament o be a set of primitive twisted necklaces and a multiset of
primitive blinking necklaces. Say that o has type (X, Z) = (A1, Agy ), (1, p2, - - +)) if it consists of
Am primitive blinking neclaces of size m and pu,, primitive twisted necklaces of size m. Also define
the size of o to be the sum of the sizes of the primitive twisted and blinking necklaces which make
up o, and define maxz (o) to be the maximum of maxz (D) and max(P) for the primitive twisted and

blinking necklaces which make up o.

Lemma 1 Primitive twisted necklaces P of size m and with max(P) < q2;1 correspond to irre-

14



ducible polynomials f(z) over Fy of degree 2m satisfying f(z) = f(—z). Primitive blinking necklaces
D of size m and with max(D) < q;—l correspond to products f(z)f(—z) with f(z), f(—z) a pair
of irreducible polynomial of degree m over Fy. Signed ornaments given as sets of such P’s and

multisets of such D’s correspond to polynomials of degree 2m over Fy satisfying f(z) = f(—z).

PROOF: For the first assertion, let Fy2m be the degree 2m extension of Fy;. Choose o in Fyem such
that {a? : 1 < i < 2m} is a basis over F,. (Such a basis is called a normal basis and is known
to exist). Let f(z) be an irreducible polynomial of degree 2m satisfying f(z) = f(—z). Let 8
be one of its roots in Fypm. Writing 8 = Szm cioﬂi, define a vector (c1,---,c¢y) associated to .
Since the automorphism of Fiom defined by o — a?" is its unique automorphism of order two,
it follows that 37 is assigned the vector (c2,---,¢m, —¢1). Thus the action of the Frobenius map
x — x4 corresponds to the action of Zy x Cy,, on the vector (c1,- -+, ¢y ), and irreducible polynomials
correspond to primitive orbits.

For the second assertion, choose « in Fym such that {oﬂi :1 < i < m} is a basis over Fj,.
Let f(z) be an irreducible polynomial of degree m. Let 8 be one of its roots in Fym. Writing
g=>" cioﬂi, define a vector (cy,---,¢p) associated to 8. The Cy, action on this vector is free
because f(z) is irreducible. The Z; action sends f(z) to f(—z).

For the final assertion, note that a polynomial f(z) satisfying f(z) = f(—z) can be factored

uniquely as a product

[T @i(x)ei(=2)]" 1T pj(2)*
{#5(2),0;(—2)} #j:0;(2)=¢;(—2)

where the ¢; are monic irreducible polynomials and s4, € {0,1}. O

Theorem 4 proves the statement of Problem 1 for type B.

Theorem 4 The statement of Problem 1 holds for G of type B, for all conjugacy classes C of the

hyperoctahedral group B,.

15



PROOF: Note that because 2 is a bad prime for type B, it can be assumed that the characteristic
is odd. Recall that the type of a signed ornament is parameterized by pairs of vectors (X, i£), where
A; is the number of primitive blinking necklaces of size ¢ and p; is the number of primitive twisted
necklaces of size 4. From the theory of wreath products the conjugacy classes of the hyperoctahedral
group B, are also parameterized by pairs of vectors (X, ), where \;(w) and p;(w) are the number
of positive and negative cycles of w € B, respectively.

The first step of the proof will be to show that the measure induced on pairs (X, fZ) by choosing
a random signed ornament o of size n satisfying maz (o) < % is equal to the measure induced on
pairs (X, ) by choosing w € B, according to the measure Hp, 4 and then looking at its conjugacy

class. From the definition of descents given in Section 2, it is easy to see that if one introduces the

following linear order A on the set of non-zero integers:
Fl<paF2<p - Fn<p o <p <y <) —2<y 1

then d(w), the number of descents of w € By, can be defined as |[{i: 1 <i <n:w(i) >y w(i+1)}.
Here w(n 4+ 1) = n + 1 by convention.

It is proved in [22] that there is a bijection between signed ornaments o of size n satisfying
maz (o) < q;—l and pairs (w, §) where w € By, and §= (s1,- -, s,) € N" satisifies % >8> >
sp > 0 and s; > s;41 when w(i) >5 w(i + 1) (i.e. when w has a descent at position ¢). Further,
he shows that the type of o is equal to the conjugacy class vector of w. It is easy to see that if w

has d(w) descents, then the number of § such that q;—l >8> >8, > 0ands; > s;11 when

w(i) <p w(i+ 1) is equal to

n 2nn!

(qz—l+n—d(w)> _ (g 1-2d(m) -+ (g + 20— 1 - 2d(r))

. . . . P —1
Lemma, 1 implies that there are ¢" signed ornaments f of size n satisfying maxz(f) < 45=. Thus

choosing a random signed ornament induces a measure on w € B,, with mass on w equal to

16



(g+1—=2d(m))-- (¢ +2n —1—2d(m))
q"|Bnl .

By the remarks in Section 2, this is exactly the mass on w under the measure Hp, ,. Since in
Reiner’s bijection the type of o is equal to the conjugacy class vector of w, we have proved that
the measure on conjugacy classes (X, ) of By, induced by choosing w according to Hp, 4 is equal
to the measure on conjugacy classes (X, i£) of By, induced by choosing a signed ornament uniformly
at random and taking its type.

The second step in the proof is to show that if f is chosen uniformly among the ¢™ semisimple
orbits of Spin(2n + 1,q) on its Lie algebra, then the chance that ®(f) is the conjugacy class
(X, i) of By, is equal to the chance that a signed ornament chosen randomly among the ¢" signed
ornaments o of size n satisfying maz (o) < 9;—1 has type (X, 7). It is well known that the semisimple
orbits of Spin(2n+ 1, q) on its Lie algebra correspond to monic, degree 2n polynomials f satisfying
f(z) = f(—=z). From Section 3 of [8], one sees that ®(f) can be described as follows. Factor f
uniquely into irreducibles as

II @ I e
{#;(2),05(=2)} $j:0;(2)=¢;(—2)

where the ¢; are monic irreducible polynomials and sy, € {0,1}. Then let A(f) = 3 gqe9()=i T¢

and 11;(f) = 3 gp:deq(¢)=2i S¢- The result now follows from Lemma 1. O

We remark that the statement of Problem 1 would be false if instead of choosing ¢ uniformly
among the ¢" F-rational semisimple orbits of G, ¢ were chosen uniformly among the ¢" semisimple
conjugacy classes of G. For a simple counterexample, take G = SL(3,5) and C the identity
conjugacy class of S3. There are only five monic polynomials f with coefficients in F5 which factor

into linear terms and satisfy f(0) = 1. The analog of the statement of Problem 1 would predict

17



that there are seven. For analogous, yet combinatorially more intricate developments for semisimple

conjugacy classes, see [14].

4 Refining the Map ¢ to the Weyl group

As noted in the introduction, one long-term goal is to find a canonical way to associate to an
F-rational semisimple orbit ¢ of G an element w of W. The conjugacy class of w should equal ®(c)
and choosing ¢ uniformly at random should induce the measure Hyy, on W.

To see why such a result may be interesting, at least in type A, consider a simple algebraic
extension of Q with minimal polynomial f(x). At unramified primes the Frobenius automorphism
is defined up to conjugacy in the Galois group. Viewed as a permutation of the roots of f(z), the
cycle structure of the Frobenius automorphism is given by the degrees of the irreducible factors of
the modulo p reduction of f(z). This is simply the map @ in type A. Some important constructions
in algebraic number theory (see [16] for a survey) create generating functions combining this data
over all primes. It is not impossible that a natural refinement of the Frobenius data will yield new
number theoretic constructions.

Next we indicate a somewhat unnatural way to refine the map @ in types A and B. For type
A, the refinement proceeds in two steps. Define a necklace on an alphabet to be a sequence of
cyclically arranged letters of the alphabet. A necklace is said to be primitive if it is not equal to
any of its non-trivial cyclic shifts. For example, the necklace (a a b b) is primitive, but the necklace
(a b a b) is not.

The first step is to associate to a monic degree n polynomial over F, a multiset of primitive
necklaces on a lexicographically ordered alphabet of ¢ — 1 symbols. One way to do this is using the
concept of a normal basis, that is to choose for each n an element a,, such that its conjugates agj

for j =0,---,n—1 are a basis of F},» over F,. Then a monic irreducible degree 7 polynomial gives a
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primitive necklace of size 7 formed by the coeflicients ¢; of any one of its roots written as Cjozf "

(It is natural to require that for i|n, the norm of «,, is «;.) This is the preferred method in the
case of semisimple adjoint orbits, because the involution sending f(z) to f(—z) takes negatives of
the necklace entries.

A second way to carry out this first step was noticed by Golomb [18]. For each n, pick an
element (3, generating the multiplicative group of the field extension Fyn of Fy,. A root of an
irreducible polynomial ¢ of degree ¢ can be written 7. Considering the mod ¢ expansion of = gives
a primitive necklace of size 7 on the symbols {0,1,---,¢ — 1}. This is the preferred construction in
the case of semisimple conjugacy classes, because the involution f(z) — %—) on polynomials
with non-zero constant term takes negatives of the necklace entries.

The next step in the construction is to associate to a multiset of primitive necklaces on {0, -- -, g—
1} a permutation with cycle structure equal to that of the necklace. A way to do this was found by
Gessel and Reutenauer [17]. To each entry of a necklace, first associate the infinite word obtained by
reading the necklace in the clockwise direction. Using the example from [17], consider the multiset

of necklaces

(12)(12)(2)(23)(23233).

Then the entry 2 on the necklace (2 3) would give the word 23232323 ---. One then orders lexico-
graphically the words obtained (after imposing an arbitrary order on equal necklaces), and replaces
each necklace entry by the lexicographic order of its associated word. The example would thus
yield the permutation

(13)(2 4)(5)(6 9)(7 11 8 12 10).

Arguing as in [9] (which doesn’t mention correspondences between polynomials and necklaces)
shows that choosing a multiset of primitive necklaces on the symbols {0,---,¢ — 1} of total size n

and applying the Gessel-Reutenauer map gives a permutation distributed according to Hg,, 4.
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For a By, analog, the bijection of Gessel should be replaced by the bijection of Reiner [22] used

in the proof of Theorem 4. The correspondence between signed ornaments and degree 2n monic

polynomials satistying f(z) = f(—=z) is given in the proof of Lemma 1.
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