ELEMENTARY SUBALGEBRAS OF LIE ALGEBRAS

JON F. CARLSON*, ERIC M. FRIEDLANDER**, AND JULIA PEVTSOVA***

ABSTRACT. We initiate the investigation of the projective varieties E(r, g) of
elementary subalgebras of dimension r of a (p-restricted) Lie algebra g for
various 7 > 1. These varieties E(r,g) are the natural ambient varieties for
generalized support varieties for restricted representations of g. We identify
these varieties in special cases, revealing their interesting and varied geometric
structures. We also introduce invariants for a finite dimensional u(g)-module
M, the local (r, j)-radical rank and local (r, j)-socle rank, functions which are
lower /upper semicontinuous on E(r,g). Examples are given of u(g)-modules
for which some of these rank functions are constant.

0. INTRODUCTION

We say that a Lie subalgebra € C g of a p-restricted Lie algebra g over a field
k of characteristic p is elementary if it is abelian with trivial p-restriction. Thus,
if € has dimension 7, then € ~ g@" where g, is the one dimensional Lie algebra
of the additive group G,. This paper is dedicated to the study of the projective
variety E(r, g) of elementary subalgebras of g for some positive integer r and its
relationship to the representation theory of g.

We have been led to the investigation of E(r,g) through considerations of co-
homology and modular representations of finite group schemes. Recall that the
structure of a restricted representation of g on a k-vector space is equivalent to the
structure of a module for the restricted enveloping algebra u(g) of g (a cocommu-
tative Hopf algebra over k of dimension pdim(g)). A key precursor of this present
work is the identification of the spectrum of the cohomology algebra H*(u(g), k)
with the p-nilpotent cone N,(g) achieved in [19], [28], [1], [42]. The projectiviza-
tion of N,(g) equals E(1,g). More generally, E(r,g) is the orbit space under the
evident GL,-action on the variety of r-tuples of commuting, linearly independent,
p-nilpotent elements of g. Our interest in E(r, g) and its close connections with the
representation theory of g can be traced back through the work of many authors to
the fundamental papers of Daniel Quillen who established the important geometric
role that elementary abelian p-subgroups play in the cohomology theory of finite
groups [37].

It is interesting to observe that the theory of cohomological support varieties
for restricted g-representations (i.e., u(g)-modules) as considered first in [20] has
evolved into the more geometric study of m-points as introduced by the second and
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third authors in [21]. This latter work closed a historical loop, relating cohomo-
logical considerations to earlier work on cyclic shifted subgroups as investigated by
Everett Dade [15] and the first author [9].

For » > 1 and g the Lie algebra of a connected reductive group G, E(r,g) is
closely related to the spectrum of cohomology of the r-th Frobenius kernel G, of
G (see [41] for classical simple groups G; [32], [39] for more general types). Work
of Alexander Premet concerning the variety of commuting, nilpotent pairs in g [36]
gives considerable information about E(2,g). Much less is known for larger r’s,
although work in progress indicates the usefulness of considering the representation
theory of g when investigating the topology of E(r, g).

We consider numerous examples of restricted Lie algebras g in Section 1, and
give some explicit computations of E(r, g). Influenced by the role of maximal ele-
mentary abelian p-subgroups in the study of the cohomology of finite groups, we
are especially interested in examples of E(r, g) considered in Section 2 for which r
is maximal among the dimensions of elementary subalgebras of g. For simple Lie
algebras over a field of characteristic 0, Anatoly Malcev determined this maximal
dimension [31] which is itself an interesting invariant of g. Our computations verify
that the Grassmann variety of n planes in a 2n-dimensional k-vector space maps
bijectively (via a finite, radicial morphism) to E(n?, gl,,,); similar results apply to

(n+1)n
2

the computation of E(n(n + 1),gl,,,,) and E ( ,5Ps, |- As we point out in

Section 2, these maps turn out to be isomorphisms of varieties. The reader inter-
ested in the description of E(r, g) for other types of simple Lie algebras g can find
them in a forthcoming paper [35]. We also provide some computations for restricted
Lie algebras not arising from reductive groups.

We offer several explicit motivations for considering E(r, g) in addition to the fact
that these projective varieties are of intrinsic interest. Some of these motivations
are pursued in Sections 3 and 4 where (restricted) representations of g come to the
fore. We point to the forthcoming paper [13], which utilizes the discussion of this
current work in an investigation of coherent sheaves and algebraic vector bundles
on E(r, g).

e The varieties E(r, g) are the natural ambient varieties in which to define gen-
eralized support varieties for restricted representations of g (as in [22]).

e Coherent sheaves on E(r, g) are naturally associated to arbitrary (restricted)
representations of g (see [13]).

e For certain representations of g including those of constant Jordan type, the
associated coherent sheaves are algebraic vector bundles on E(r, g) (see [13]).

e Determination of the (Zariski) topology of E(r, g) is an interesting challenge
which can be informed by the representation theory of g.

The isomorphism type of the restriction e*M of a u(g)-module M to an elemen-
tary subalgebra e of dimension 1 is given by its Jordan type, which is a partition
of the dimension of M. On the other hand, the classification of indecomposable
modules of an elementary subalgebra of dimension r > 1 is a wild problem (except
in the special case in which r = 2 = p), so that the isomorphism types of ¢*M for
e € E(r, g) do not form convenient invariants of a u(g)-module M. Following the ap-
proach undertaken in [12], we consider the dimensions of the radicals and socles of
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such restrictions, dim Rad’ (¢* M) and dim Soc? (e* M), for € € E(r, g) and any j with
1<j<(p—1)r. As we establish in Section 3, these dimensions give upper/lower
semi-continuous functions on E(r, g). In particular, they lead to “generalized rank
varieties” refining those introduced in [23]. We achieve some computations of these
generalized rank varieties E(r,g)p for two families of u(g)-modules M: the L
modules which play an important role in the theory of support varieties (see, for
example, [4, 5.9]) and induced modules.

One outgrowth of the authors’ interpretation of cohomological support varieties
in terms of m-points (as in [21]) is the identification of the interesting classes of
modules of constant Jordan type and constant j-rank for 1 < j < p (see [11]).
As already seen in [12], this has a natural analogue in the context of elementary
subalgebras of dimension r > 1. In Section 4, we give examples of u(g)-modules
of constant (r,j)-radical rank and of constant (r,j)-socle rank. This represents a
continuation of investigations initiated by the authors in [11], [23] (see also [2], [6],
[5], [7], [10], [14], [18], and others).

Although we postpone consideration of Lie algebras over fields of characteristic
0, we remark that much of the formalism of Sections 1 and 3, and many of the
examples in Sections 2 are valid (and often easier) in characteristic 0. On the other
hand, some of our results and examples, particularly in Section 4, require that k
have positive characteristic.

In a sequel to this work (see [13]) we show that u(g)-modules of constant (r, j)-
radical rank and of constant (r, j)-socle rank determine vector bundles on E(r, g).
Of particular interest are those u(g)-modules not equipped with large groups of
symmetries. We anticipate that the investigation of such modules may provide
algebraic vector bundles with interesting properties.

Throughout, k£ is an algebraically closed field of characteristic p > 0. All Lie
algebras g considered in this paper are assumed to be finite dimensional over k and
p-restricted; a Lie subalgebra h C g is assumed to be closed under p-restriction.
Without explicit mention to the contrary, all u(g)-modules are finite dimensional.

We thank Steve Mitchell and Monty McGovern for useful discussions pertaining
to the material in Section 2. We also thank the referee for many useful comments
and suggestions.

1. THE SUBVARIETY E(r,g) OF Grass(r, g)

We begin by formulating the definition of E(r,g) of the variety of elementary
subalgebras of g and establishing the existence of a natural closed embedding of
E(r,g) into the projective variety Grass(r,g) of r-planes of the underlying vector
space of g. Once these preliminaries are complete, we introduce various examples
which reappear frequently, here and in [13].

Let V be an n-dimensional vector space and r < m a positive integer. We
consider the projective variety Grass(r,V) of r-planes of V. We choose a basis
for V, {v1,...,v,}; a change of basis has the effect of changing the Pliicker em-
bedding (1.1.2) by a linear automorphism of P(A"(V)). We represent a choice
of basis {uq,...,u,} for an r-plane U C V by an n x r-matrix (a;;), where
u; = Z?:lai,jvi. Let Mp ., C M, , denote the open subvariety of the affine
space M, , ~ A™ consisting of n x r matrices of (maximal) rank r and set

p: My . — Grass(r,V) equal to the map sending a rank r matrix (a; ;) to the

n,r

r-plane spanned by {>0 | a; 10, ..., > iy Qi i}
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We summarize a few useful, well known facts about Grass(r, V'). Note that there
is a natural (left) action of GL, on M, , via multiplication by the inverse on the
right.

Proposition 1.1. For any subset ¥ C {1,...,n} of cardinality r, set Us C
Grass(r, V) to be the subset of those r-planes U C V with a representing n X r
matriz Ay whose r X r minor indexed by ¥ (denoted by ps(Ay)) is non-zero. Then
we have the following:

(1) p:M; . — Grass(r,V) is a principal GL,-torsor, locally trivial in the
Zariski topology;

(2) Sending an r-plane U € Uy to the unique n X r-matric A% whose Y-
submatriz (i.e., the r x r-submatriz whose rows are those of AL indexed

by elements of X) is the identity determines a section of p over Us:
(1.1.1) sy Us = M7 s
(3) The Pliicker embedding
(1.1.2) p: Grass(r,V) = P(A"(V)), U w [px(Av)]

sending U € Uy, to the (77’) -tuple of rxr-minors of Af is a closed immersion
of algebraic varieties;

(4) Us, C Grass(r,V) is a Zariski open subset, the complement of the zero locus
of px, and is isomorphic to A",

Elementary subalgebras as defined below play the central role in what follows.

Definition 1.2. An elementary subalgebra e C g of dimension r is a Lie subalgebra
of dimension r which is commutative and has p-restriction equal to 0. We define

E(r,g) = {e Cg: € elementary subalgebra of dimension 7}

We denote by N, (g) C g the closed subvariety of p-nilpotent elements of g (that
is, N, (g) = {z € g|=lP) = 0}), by C(Np(g)) C (Np(g))*" the variety of r-tuples of
p-nilpotent, pairwise commuting elements of g, and by C,(N,(g))° C C,(N,(g)) the
open subvariety of linearly independent r-tuples of p-nilpotent, pairwise commuting
elements of g.

Notation 1.3. For an algebraic group G with Lie algebra g = Lie G, we consistently
use the adjoint action of G on E(r, g). Explicitly, for an r-dimensional elementary
subalgebra ¢ C g, and for g € G, we denote by g - € € E(r,g) the r-dimensional
elementary subalgebra defined as follows:

G-e:={Ad(g)z|z € €}

Consequently, we use G - € to denote the orbit of € € E(r, g) under this action.

Proposition 1.4. Let g be a Lie algebra of dimension n, let r be a positive integer,
1 <r < n, and let Grass(r,g) be the projective variety of r-planes of g, where we
view g as a vector space. There exists a natural cartesian square

(1.4.1) Cr(Np(9))*——— My, .

l ip

E(r, g)——— Grass(r, g)
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whose vertical maps are GL.-torsors locally trivial for the Zariski topology and
whose horizontal maps are closed immersions. In particular, E(r,g) has a nat-
ural structure of a projective algebraic variety, as a reduced closed subscheme of
Grass(r,g).

If G is a linear algebraic group with g = Lie(G), then E(r,g) — Grass(r,g) is
a G-stable embedding with respect to the adjoint action of G.

Proof. The horizontal maps of (1.4.1) are the evident inclusions, the left vertical
map is the restriction of p. Clearly, (1.4.1) is cartesian; in particular, C,(N,(g))° C
M, ,. is stable under the action of GL,.

To prove that E(r,g) C Grass(r,g) is closed, it suffices to verify for each 3 that
(E(r,g) N Us) C Usx is a closed embedding. The restriction of (1.4.1) above Usx
takes the form

(142)  CNy(@)° N p~ (Us) —= p'(Us) = Us TLT
E(r,g) N Uy ———— Uy, ———="Uy,

Consequently, to prove that E(r,g) C Grass(r, g) is closed and that C,.(N,(g))° —
E(r,g) is a GL,-torsor which is locally trivial for the Zariski topology it suffices to
prove that C,.(Ny(g))° C My, . is closed.

It is clear that C.(N,(g)) C M, , is a closed subvariety since it is defined by
the vanishing of the Lie bracket and the p-operator (—)[?! both of which can be
expressed as polynomial equations on the matrix coefficients. Hence, C,(N,(g))° =
Cr(Np(g)) N M, . is closed in My ..

If g = Lie(G), then the (diagonal) adjoint action of G on n x r-matrices g®" sends
a matrix whose columns pair-wise commute and which satisfies the condition that
(—)[p] vanishes on these columns to another matrix satisfying the same conditions
(since Ad : G — Aut(g) preserves both the Lie bracket and the p'"-power). Thus,
E(r,g) is G-stable. O

Remark 1.5. Let V be a k-vector space of dimension n, and let V# = Homy(V, k)
denote its linear dual. Consider V = Spec S*(V#) ~ G, the vector group on
the (based) vector space V. Then Lie(V) ~ g™ and we have an isomorphism of
algebras
uw(LieV) ~ u(g®™) ~ kfty,... . t.]/(#), ... 7).

Let E = (Z/p)*™ be an elementary abelian p-group of rank n and choose an em-
bedding of V' into the radical Rad(kE) of the group algebra of E such that the
composition with the projection to Rad(kFE)/Rad?(kE) is an isomorphism. This
choice determines an isomorphism

u(Lie(V)) == kE .
With this identification, the investigations of [12] are special cases of considerations
of this paper.
Example 1.6. For any (finite dimensional, p-restricted) Lie algebra,
E(1,9) ~ Projk[Ny(g)]

as shown in [42], where k[N, (g)] is the (graded) coordinate algebra of the p-null
cone of g. If G is reductive with g = Lie(G) and if p is good for G, then N,(g) is
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irreducible and equals the G-orbit G-u of the nilpotent radical of a specific parabolic
subalgebra p C g (see [34, 6.3.1]).

Example 1.7. Let G be a connected reductive algebraic group, let g = Lie G, and
assume that p > h, the Coxeter number of GG, and that the derived subgroup of
G is simply connected. The assumption on p implies that N,(g) = N (g), the null
cone of g. Finally, we exclude the case when G is of type A; to ensure that E(2, g)
is non-empty.

As shown by A. Premet in [36], C2(N(g)) is equidimensional with irreducible
components enumerated by the distinguished nilpotent orbits of g; in particular,
Ca(N(gl,,)) is irreducible. This easily implies that E(2,g) is an equidimensional
variety, irreducible in the special case g = gl,,. Since dimE(2, g) = dim C2(N,(g)) —
dim GLs, dimE(2, g) = dim[G, G] — 4. In particular, E(2, gl,,) has dimension n? —5
for p > n.

Example 1.8. Assume that p > 2. Let us C gl; denote the Lie subalgebra of
strictly upper triangular matrices and take r = 2. Then a 2-dimensional elementary
Lie subalgebra € C u3 is spanned by Ej 3 and another element X € uz not a scalar
multiple of F 3. We can further normalize the basis of € by subtracting a multiple of
Ey 3 from X, so that X = a; 2Fq 2 + a2,3F> 3. Thus, 2-dimensional elementary Lie
subalgebras € C u are parametrized by points (aj 2, as,3) € P!, so that E(2,u3) ~ P'.

In this case, ug is the Lie algebra of the unipotent radical of the Borel subgroup
B3 C GL3 of upper triangular matrices. The adjoint action of GL3 on gl; induces
the action of B3 on E(2, u3) since Bs stabilizes us. With respect to this action of Bs,
E(2,u3) is the union of an open dense orbit consisting of regular nilpotent elements
of the form a1 2F1 2 + as3Fs 3, with a1 2 # 0 # as3; and two closed orbits. The
open orbit is isomorphic to the 1-dimensional torus G,, C P! and the two closed
orbits are single points {0}, {co}.

We thank the referee for the following observation.

Proposition 1.9. Let G be a semisimple algebraic group, and g = Lie G be the
Lie algebra of G. Let r be the Lie rank of g. Assume p > h, where h the Cozeter
number of G. Let €.y € E(r,g) be an elementary subalgebra containing a regular
element of g. Then G - €reg C E(r, g) is an open orbit.

Proof. Let X be a regular nilpotent element. Recall that the nilpotent part of
the centralizer of X in g is generated by (X, X? ..., X"). Hence, there exists an
elementary algebra €,y of dimension r contaning X. Let Z be the complement
of the regular nilpotent orbit in N,(g) = N(g) (that is, Z is the closure of the
subregular orbit). Observe that any r-tuple of nilpotent commuting matrices of
g containing a regular nilpotent element has to be conjugate to (X, X?,...,X")
under the action of G x GL,. This implies that the diagram (1.4.1) extends as
follows:
CT<Z>OC—> CT(NIJ(Q))OC—> M;)L,r

| | lp

E(r,g) — G- €re4© E(r, g)C Grass(r, g).

Since C,(Z)° is a closed GL,-stable subset of C,(N,(g))°, we conclude that G - €4
is open in E(r, g). a
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Example 1.10. We consider the algebraic group G = GL,, and some r, 1 <71 < n.
Let 4, ,,—» C gl,, denote the Lie subalgebra of n x n matrices (a; ;) with a;; = 0
unless 1 < ¢ <7, r+1<j <n. Then u,,_, C gl, is an elementary subalgebra
of dimension r(n — r). The argument given in [33, §5] applies in our situation to
show that u, ,_, is a maximal elementary subalgebra (that is, not contained in any
other elementary subalgebra).

Let X C E(r(n—r),gl,) denote the GL,-orbit of u,,_, (as defined in No-
tation 1.3). Let P, be the standard parabolic subgroup of GL,, defined by the
equations a; ; = 0 for i > r,j < n —r. Since P, is the stabilizer of u, ,_, under
the adjoint action of GL,, X = G - u, ,—, ~ GL,, /P, ~ Grass(r,n). Since X is
projective, it is a closed GL,-stable subvariety of E(r(n — ), gl,,)-

We next give examples of p-restricted Lie algebras which are not the Lie algebras
of algebraic groups.

Example 1.11. Let ¢ : gl,;, — k be a semi-linear map (so that ¢(av) = aPp(v)),
and consider the extension of p-restricted Lie algebras, split as an extension of Lie
algebras (see [19, 3.11)):

(1.11.1) 0=k —gly, = gly, =0, (b,2)P = (¢(z),zP)).

Then E(n2 + 1, gl,,,) can be identified with the subvariety of Grass(n, 2n) consisting
of those elementary subalgebras ¢ C gl,,, of dimension n? such that the restriction
of ¢ to € is 0 (or, equivalently, such that € is contained in the kernel of ¢).

Example 1.12. (1). Consider the general linear group GL, and let V' be the
defining representation. Let V be the vector group associated to V' as in Remark 1.5.
We set

(1.12.1) Gt

VxGLy, g1 2 LieGry

Any subspace ¢ C V of dimension r < n can be considered as an elementary
subalgebra of g1 ,. Moreover, the Gy ,-orbit of € € E(r, g1,,) can be identified with
Grass(r, V).

(2). More generally, let H be an algebraic group, W be a rational representation
of H, and W be the vector group associated to W. Let G = W x H, and let
h = Lie H. A subspace ¢ C W of dimension r < dim W can be viewed as an
elementary subalgebra of g. Moreover, the G-orbit of € € E(r, g) can be identified
with the H-orbit of € in Grass(r, W).

We conclude this section by giving a straightforward way to obtain additional
computations from known computations of E(r, g). The proof is immediate.

Proposition 1.13. Let g1,92,...,8s be finite dimensional p-restricted Lie algebras
andletg =g1D---Dgs. Then there is a natural morphism of projective varieties

(1131) E(rlagl) Xowee XE(T’S,QS)HE(T,Q), T':ZTZ',

sending (€1 C g1,...,€s C gs) to €1 D - Des C g. Moreover, if r; is the maximum
of the dimensions of the elementary subalgebras of g; for each i,1 < i <'s, then this
morphism is bijective.

Corollary 1.14. In the special case of Proposition 1.13 in which each g; ~ slo,
ri=---=rs=1, (1.13.1) specializes to

(PHY*" ~ E(r,sl§").
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Proof. This follows from the fact that E(1,sly) = Proj k[N (slz)] ~ P! (see, for
example, [22]). O

2. ELEMENTARY SUBALGEBRAS OF MAXIMAL DIMENSION

The study of maximal abelian subalgebras in complex semi-simple Lie algebras
has a long history, dating back at least to the work of Schur in the general linear case
at the turn of last century [38]. The dimensions of maximal abelian subalgebras of
a complex simple Lie algebra are known thanks to the classical work of Malcev [31].
Malcev’s arguments apply to the positive characteristic case with little modification
showing that the maximal dimensions he determined also give maximal dimensions
of elementary subalgebras of simple Lie algebras of types A, B, C, D, E, F, G at
least for p good. In this paper, we reproduce this calculation for types A and C.

As pointed out to us by S. Mitchell, our investigation of Lie algebras over fields
of positive characteristic is closely related to the study Barry [3] who considered
the analogous problem of identifying maximal elementary abelian subgroups of
Chevalley groups. Subsequent work by Milgram and Priddy [33] in the case of the
general linear groups guided some of our calculations.

The reader finds below consideration of E(r, g) for several families of p-restricted
Lie algebras g and r the maximal dimension of an elementary subalgebra of g.

Heisenberg Lie algebras (Proposition 2.2)

The general linear Lie algebra gl,, (Theorems 2.7 and 2.8).
The symplectic Lie algebra sp,,,. (Theorem 2.12).

The Lie algebra of a maximal parabolic of gl,, (Theorem 2.13).
The Lie algebras of Example 1.12(1) (Corollary 2.14).

In what follows, we consider a connected reductive algebraic group G over k.
We choose a Borel subgroup B = U - T C G, thereby fixing a basis of simple
roots A C ® and the subset of positive roots ®*. For a simple root & € A, we
denote by P,, p., the corresponding standard maximal parabolic subgroup and its
Lie algebra. We write

Bed Udt

where xg is the root vector corresponding to the root 5 and ®; is the root sub-
system generated by the subset A\{a}. We follow the convention in [8, ch.6] in
the numbering of simple roots. For g = Lie(G) we denote by h C g the Cartan
algebra given by h = Lie(T) and write g = n~ @ h @ n, the standard triangular
decomposition.

We begin by recalling the explicit nature of the Heisenberg Lie algebras which
not only constitutes our first example but also reappear in the inductive analysis
of other examples.

Definition 2.1. A (p-)restricted Lie algebra g is a Heisenberg restricted Lie algebra
if the center 3 of g is one dimensional, g/3 is an elementary Lie algebra and if the
p-power operation vanishes on g.

The requirement that the p-restriction map vanish on a Heisenberg algebra means
that only example in the case that p = 2 is the trivial example: g = 3. More
generally, if p = 2 then any restricted Lie algebra with vanishing restriction map is
an elementary algebra.
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Let g be a Heisenberg restricted Lie algebra. Then g admits a basis
(2.1.1) {x1,.  Tn-1,Y1,- - Yn—1,Yn}

such that y, generates the one dimensional center 3 of g and

(w0, 25] = i, y5] = 0, [wi,y5] = bijyn 1<, <n—1
Let W = g/3, let ¢ : g — W be the projection map, and let ¢ : W — g be
a k-linear right splitting of ¢. For z,y € W, let (x,y) be the coefficient of y,
in [o(x),0(y)] € 3 = ky,. So defined, (—, —) gives W a symplectic vector space
structure.

We recall that a subspace L of a symplectic vector space W is said to be La-
grangian if L is an isotropic subspace (i.e., if the pairing of any two elements of L
is 0) of maximal dimension. We denote by LG(n, W) the Lagrangian Grassman-
nian of W, the homogeneous space parameterizing the Lagrangian subspaces of W.
Note that, if L is a Lagrangian subspace of W = g/3, for g and 3 as in the previous
paragraph, then the inverse image ¢~1(L) C g is an elementary Lie algebra.

Proposition 2.2. Let g be a Heisenberg restricted Lie algebra of dimension 2n —1.
Equip W = g/3 with the symplectic form as above.

(1) The maximal dimension of an elementary subalgebra of g is n.
(2) E(n,g) ~ LG(n—1,W).

Proof. Let ¢ : g — W = g/3 be the projection map. Observe that if a subal-
gebra ¢ of g is elementary then ¢(¢) is an isotropic linear subspace of W. Since
dim ¢(€) + dim ¢(e)t = dim W (where ¢(e)* denotes the orthogonal complement
with respect to the symplectic form) and ¢(e) C ¢(e)* since ¢(e) is isotropic, we
get that dim¢(e) < (dimW)/2 = n — 1, and, consequently, dime < n. More-
over, the equality holds if and only if ¢/3 is a Lagrangian subspace of W. Hence,
E(n,g) ~LG(n —1,W). O

Example 2.3. We give various Lie-theoretic contexts in which the Heisenberg Lie
algebras arise. In every case, assume that p > 2.

(1) Let g = sl,41, and let p;y C g be the standard parabolic subalgebra de-
fined by the subset J = {as,...,a,_1} of simple roots, that is, p; =
hb® &  kxa, where ®; is the root subsystem of ® generated by the

acd Udt
subset of simple roots J. Then the unipotent radical uy; = P kz,
acdT\ok
of p; is a Heisenberg restricted Lie algebra of dimension 2n — 1. In ma-
trix terms, this is the subalgebra of strictly upper triangular matrices with
non-zero entries in the top row or the rightmost column.

(2) Let g = spy,. Let p = po, be the maximal parabolic subalgebra corre-
sponding to the simple root «;. Let v, = 27 + ... + 20,1 + a, be the
highest long root, and let further

(2.3.1) Bi=ar+az+...+ &, Ynoi=""n— i
Then u,,, the nilpotent radical of p,, is a Heisenberg Lie algebra, and the
basis {@g,,..., T8, 1, Ty, _1s--->T,, T, } satisfies the conditions required
in (2.1.1).

(3) Type E7. Let p = p,,. Then the nilpotent radical of p is a Heisenberg Lie
algebra. .
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Remark 2.4. The referee has pointed out that all of the above examples fit into a
general pattern. Let G be a simple algebraic group. Suppose that « is the positive
root of maximum height. If 8 is any other positive root, then (8, ") is one of 0, 1
or 2, and has value 2 if and only if # = a. Then the direct sum of the root subspaces
of g = Lie(G) spanned by zg with (8, a") > 0 is a Heisenberg restricted Lie algebra
provided p > 2.

The following well known property of parabolic subgroups is used frequently.

Lemma 2.5. Let G be a simple algebraic group and P be a standard parabolic
subgroup of G. Let p = Lie(P) and u be the nilpotent radical of p. Unless G is of
type Ay and p = 2, we have [u,p] =u.

Proof. Since u is a Lie ideal in p, we have [u,p] C u. For the opposite inclusion, it
suffices to show that for any simple root « such that z, € u, we have z, € [h,u].
Except for the situation excluded in the statement of the lemma, we can always
find a simple root § such that the entry («, 3) of the Cartan matrix of g is non-zero.
Hence, [hg, z4] is a non-zero multiple of z,, and we conclude that u € [h, u]. O

In the examples that follow, the closed subvariety E(r,g) C Grass(r,g) is a
single orbit or a disjoint union of two orbits for G. Such an orbit G - € can be
described set-theoretically via the orbit map © : G — E(r,g), g — g - €. In order
to use this observation to identify E(r,g) as a homogenous space G/ Stabg(e) (or
a disjoint union of two homogeneous spaces), we need to know that the orbit map
is separable. The following remark addresses this issue.

Remark 2.6. Let G be an algebraic group and X be a G-variety, both defined
over an algebraically closed field k. For x € X, the orbit map 7, : G —- G-z C
X determines a homeomorphism 7, : G/G, — G -z where G, is the (reduced)
stabilizer of x. This is an isomorphism of varieties if the map =, is separable
(equivalently, if the tangent map dm, at the identity is surjective). In [13, 3.7]
we show that when p > 2h — 2 where h is the Coxeter number of a semi-simple
algebraic group G, the orbit map G — G - € C Grass(r, g) under the adjoint action
of G on Grass(r, g) is separable. This implies that the homeomorphisms of (2.7)(3),
(2.8)(3) and (2.9) are isomorphisms of varieties at least when p > 2n — 2; and that
the homeomorphism of Theorem 2.12 is an isomorphism at least for p > 4n — 2.

We point out that in a forthcoming paper [35], the authors show that the orbit
map G — G - € C Grass(r,g) is always separable in types A, B, C, D removing
the restriction on p. Hence, the maps in (2.7)(3), (2.8)(3) and (2.9) are, in fact,
isomorphisms for any p.

We consider the special linear Lie algebra sl,, = Lie(SL,) in two parallel theo-
rems, one for n even and the other for n odd. We denote by u,, = Lie(U) the
nilpotent radical of the Borel subalgebra b = Lie(B). We also use the notation
Prn—r, Prn—r, and u, ,_, for the maximal parabolic corresponding to the simple
root «.., its Lie algebra, and its nilpotent radical.

The first parts of both Theorem 2.7 and Theorem 2.8 are well-known in the
context of maximal elementary abelian subgroups in GL, (F,) (see, for example,
[24] or [33]). We use the approach of [33] to compute conjugacy classes.

Theorem 2.7. Assume p > 2, and m > 1.

(1) The mazimal dimension of an elementary abelian subalgebra of sla,, is m?.
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(2) Any elementary abelian subalgebra of dimension m? is conjugate to U, m,
the nilpotent radical of the standard mazimal parabolic Py, p,.

(3) There is a finite, radicial morphism Grass(m,2m) — E(m?,sly,,) , induc-
ing a homeomorphism on Zariski spaces; this morphism is an isomorphism
if p>d4m —2.

Proof. We prove the following statement by induction: any elementary subalgebra
of sly,, has dimension at most m? and any subalgebra of such dimension inside the
nilpotent radical us,, (the subalgebra of strictly upper triangular 2m x 2m-matrices)
must coincide with u,, ,,. This implies claims (1) and (2) of the theorem.

The statement is clear for m = 1. Assume it is proved for m — 1. Let € be an
elementary subalgebra of sls,,. Since € consists of nilpotent matrices, it can be con-
jugated into upper-triangular form by Engel’s theorem. Let J = {ag,...,@2m_2}
and let u; be the nilpotent radical of the standard parabolic P; determined by J.
Since [z, uy] C uy, this is a Lie ideal in ugyy,.

We consider extension

0 Uy Uz Uy /U 2 Ugpy g — 0.

Pictorially, the Lie algebras can be represented as follows, where 1 is in the po-
sitions marked by * in the first array and us,, o is isomorphic to the Lie algebra
with the positions marked by * in the second.

0 * * ... *|=x 0 0 010

0 00 -+ 0f=* 0 0 = * |0

0O 00 --- 0]=x 0 0 O * |0

* * 10

uy: *; Uom—2 - 0
0 0 0 -+ 0= 00 0 0 -+ %10

0 0 0 --- 0= o000 --- 010

0O 00 --- 010 o0 0G0 --- 0]0

By induction, the dimension of the projection of € onto ug,, o is at most (m — 1),
and this dimension is attained if and only if the image of ¢ under the projection

0 18 , where A is
an (m — 1) x (m — 1) matrix. Since uy is a Heisenberg Lie algebra of dimension
4m — 3 (see Example 2.3(1)), Proposition 2.2 implies that the maximal elementary
subalgebra of u; has dimension 2m — 1. Hence, dime < (m — 1)2 +2m — 1 = m?.

Now let’s assume that € has the maximal dimension m? and is upper-triangular.
Our goal is to show that € = u,, ,,,. The argument in the previous paragraph implies
that every element in € C sl,, has the form

is the subalgebra of us,,_o of all block matrices of the form (0

Vo Vi1 *
Wi
(2.7.1) wa
0

o o o o
o O o

A
0
0

for some v;, (w;)T € k™~
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0 vy Vvi =«
0 0 0 w . . .
Let 00 o0 7 | be an element in eNu ;. Taking a bracket of this element
W3
0 0 0 O

with a general element in € of the form as in (2.7.1), we get

0 0 vhHA *

00 0 Aw),

0 0 O 0

0 0 O 0

The assumption that € has maximal dimension m? implies that for any m—1xm—1
matrix A, there is an element in € of the form (2.7.1). Since € is abelian, we conclude
that viA = 0, Awj, = 0 for any A € M,,_1. Hence, v, = 0, wj = 0 which
implies that e Nu; C u,, . Moreover, for the dimension to be maximal, we need
dimeNuy = 2m — 1. Hence, for any vy, (wy)? € k™71, the matrix

0 0 vi O
00 0 wy
00 0 O
00 0 O

is in e.
It remains to show that for an arbitrary element of €, necessarily of the form
(2.7.1), we must have vo = 0,wa = 0. We prove this by contradiction. Suppose

0 Vo V31 * 0 0 0 1
0 0 A wy . . . 0 0 0O
0 0 0 wo € e with v # 0. Subtracting a multiple of 000 0l
0 0 0 0 0 0 0 0
0 Vo Vi1 0
which is necessarily in €, we get that M = 0 0 A w belongs to €. Since
0 0 0 ws
0 0 0 O
va # 0, we can find a vector (wq)T € k™~ such that v5 - (w1)? # 0. As observed
0 0 O 0
T
above, we have M’ = 8 8 8 (WS) in e. Therefore, [M, M’'] has a non-
0 00 0
trivial entry v - (wq)7 in the (1,2m) spot which contradicts commutativity of e.

Hence, vo = 0. Similarly, wo = 0. This finishes the proof of the claim.

To show (3), let P denote the stabilizer of Uy, under the adjoint action of
SLo,, so that SLo,, /ﬁ >~ SLoy, Wm.m- By (2) and the fact that P, ,,, normalizes
its unipotent radical U, , and, hence, stabilizes u, y,, the orbit map SLa,, —
SLom Wmm = E(m?2,sla,,) factors as SLay — SLam /Pmm — SLom /1g Since
P, is maximal among (reduced) algebraic subgroups of SLg,,, we conclude that

Piea = Py - Consequently, we conclude that
Grass(m, 2m) = SLay, /Pmm — SLap, /P =E(m?,sly,,)

is a torsor for the infinitesimal group scheme P / Pp,.m and thus is finite and radicial.
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The second assertion of (3) (that the map Grass(m,2m) — E(m?,sly,) is an
isomorphism for p > 4m —2), is verified in [13, 3.7] as explained in Remark 2.6. O

Theorem 2.8. Assume m > 1, p > 2.

(1) The mazimal dimension of an elementary abelian subalgebra of sloy, 11 is
m(m+1).

(2) There are two distinct conjugacy classes of such elementary subalgebras,
represented by Wm m41 and Upm 1 m.

(3) There is a finite radicial morphism

Grass(m, 2m + 1) U Grass(m, 2m + 1) —> E(m(m + 1), sla;11)

inducing a homeomorphism on Zariski spaces; this morphism is an isomor-
phism for p > 4m.

Proof. Let uz be the Heisenberg Lie algebra of strictly upper-triangular 3 x 3 ma-
trices. By Proposition 2.2, E(2,u3) ~ LG(1,2) ~ P!, and the maximal dimension
is 2. In the following complete list of maximal elementary subalgebras of us, we
separate the algebras u; o and uy; for easy referencing later in the proof.

0 a b
® o= 0 0 O |a, bek,,
0 0 0
0 0 b
® Uy = 0 0 a |a, bek,,
0 0 O
0 a b
e a one-parameter family 0 0 za] |a,bek p for a fixed x € k*.
0 0 O

We prove the following statements by induction: For any m > 1, an elementary
subalgebra of sla,,+1 has dimension at most m(m + 1). Any subalgebra of such
dimension inside 9,1 must coincide either with u, ;1 OF U419, This implies
(1) and (2).

Base case: m = 2. Any elementary subalgebra can be conjugated to the upper-
triangular form. So it suffices to prove the statement for an elementary subalgebra
€ of us, the Lie algebra of strictly upper triangular 5 x 5 matrices. As in the proof
of Theorem 2.7, we consider a short exact sequence of Lie algebras

pr
0 uy Us Uus 0

where J = {ag,a3} (and, hence, u; C us is the subalgebra of upper triangular
matrices with zeros everywhere except for the top row and the rightmost column).
Since dim(pr(e)) < 2 by the remark above, and dim(e Nuy) < 4 by Proposi-
tion 2.2(1), we get that dime < 6. For the equality to be attained, we need pr(e) to
be one of the two dimensional elementary subalgebras listed above. If pr(e) = ugz
then arguing exactly as in the proof for the even dimensional case, we conclude
that € = ug o C us. Similarly, if pr(e) = uj 2, then € = up 3. We now assume that

0 a b

pr(e)={[0 0 =za| |a,be€k}.
0 0 O
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0 a2 a3z * % 0 % % % %
0 0 0 0 =« 0 0 a b =x
Let A =10 0 0 0 a35|€enuy,andlet A=]0 0 0 za *| €¢
0 0 0 0 aygs 00 0 0 =
0 0 0 0 O 00 0 0 O
Then
0 0 aaiz Taaiz + ba12 *
0 0 0 0 7(1(13571)@45
[AAl=10 0 0 0 —zaays
0 0 0 0 0
0 0 0 0 0

Since € is abelian, and since the values of a,b run through all elements of k, we
conclude that a3 = a13 = ags = ag5 = 0. Therefore, dimeNu; < 3 and dime < 5.
Hence, the maximum is not attained in this case. This finishes the proof in the
base case m = 2.

We omit the induction step since it is very similar to the even dimensional case
proved in Theorem 2.7.

To prove (2), we observe that t,, y4+1 and Uy, 41, are not conjugate under the
adjoint action of SLg,,+1 since their nullspaces in the standard representation of
§lo,, 41 have different dimensions.

Finally, statement (3) follows from (1) and (2) as in the end of the proof of
Theorem 2.7. ([l

We make the immediate observation that the results of Theorems 2.7 and 2.8
apply equally well to gl,,.
Corollary 2.9. Assume p > 2.

(1) The mazimal dimension of an elementary abelian subalgebra of gl,, is L"TQJ

(2) For any m > 1, there is a finite radicial morphism
Grass(m, 2m) — E(m?, gl,,,)

inducing a homeomorphism on Zariski spaces; this morphism is an isomor-
phism for p > 4m — 2.
(3) For any m > 2, there is a finite radicial morphism

Grass(m, 2m + 1) U Grass(m, 2m + 1) — E(m(m + 1), gly,, 1)

inducing a homeomorphism on Zariski spaces; this morphism is an isomor-
phism for p > 4m.

Remark 2.10. In the case n = 3, excluded above, the variety E(2, gl3) is irreducible
(see Example 3.20).

To make analogous calculations in the symplectic case, we need the following
technical observation.

Lemma 2.11. Let € be an elementary subalgebra of the symplectic Lie algebra sps,, .
There exists an element g € Spy,, such that geg~! belongs to the nilpotent radical
of the standard Borel subalgebra of sp,,, .

Proof. Let V be a 2m-dimensional symplectic space with a basis {z1, ..., ZTm,Ym,--- Y1}
such that the symplectic form with respect to this basis has the standard matrix
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S = (_OI é) A complete isotropic flag is a nested sequence of subspaces of the

form:
ocVicVecC...CVp=VicCcVi c...cVi-cVv

such that dim V; = 4. The condition that V; C V;J- implies that each Vj is isotropic.
The standard Borel subalgebra b of sp,,,, (such as in [17, 12.5]) is characterized as
the stabilizer of the standard complete isotropic flag in V', meaning the flag with V;
spanned by {z1,...,2;} (so that V.- is spanned by {z1,...,Zn,Uns---»Yn—i—1})-
Thus, each V;, as given, has the property that bV; C V;. Any two complete isotropic
flags are conjugate by an element of Sp,,,. Therefore if we show that the subalgebra
€ stabilizes a complete isotropic flag, then some conjugate of € is contained in a
standard Borel subalgebra of sp,,,,, as asserted.

Constructing a complete isotropic flag that is invariant under € is a straightfor-
ward inductive exercise. We begin with ¢ = 0. Assume for some ¢ an isotropic
e-invariant subspace V; C Vf‘ has been constructed. Choose V;;1 to be any sub-
space such that V; C V; 41 and V;41/V; is an e-invariant subspace of dimension one
in Vﬁ /Vi. Since € is an elementary Lie algebra, its restricted enveloping algebra
u(e) is a local ring and, hence, V;y1/V; always has such a 1-dimensional invari-
ant subspace. Note that V;;; is isotropic because it is contained in Vil and V;
is isotropic. Continuing this process to step n constructs an e-invariant complete
isotropic flag. O

Theorem 2.12. Let g = spy,, and assume that p # 2. Then

(1) For any elementary subalgebra € of g, dime < nlntl)

2
(2) Any elementary subalgebra € of mazimal dimension ”(n;rl) s conjugate to

U, under the adjoint action of Sp,.
(3) The orbit map Spy, — SPa, ‘U, determines a finite radicial morphism

Span / Pa., %E(w,sp%) . For p > 4n — 2, this morphism is an

isomorphism.

Proof. We prove by induction that the statement of the theorem holds for a Lie
algebra g = Lie G of any reductive group of type C,,. The statement is trivial for
n =1

Assume the statement is proven for n — 1. Let G be a reductive group of type
C,, and let g = Lie G. Recall that we follow the convention of [8] for numbering of
simple roots, so that the Dynkin diagram for g looks as follows:

(2.12.1) o o o . 0 —— o <o
1 2 3 n—2 n—1 n
Let po, = lo; © uq, be the maximal parabolic subalgebra corresponding to the

simple root «; with the Levi factor [,, and the nilpotent radical u,,. To obtain
the Dynkin diagram for [,, we simply remove the first node from (2.12.1). Hence,
lo, is a reductive Lie algebra of type C),_1, and we can apply inductive hypothesis
to it.

Let u, Dbe the nilpotent radical of the standard Borel subalgebra of [, , and
ug be the nilpotent radical of the Borel subalgebra of g. We have a short exact
sequence

pr
0 Uq, g Uy 0.

@1
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Let € be an elementary subalgebra of g. Since e consists of nilpotent matrices,
it can be conjugated into the standard Borel subalgebra of g by Lemma 2.11.
Furthermore, since every element of € is p-nilpotent, such a conjugate necessarily
belongs to the nilpotent radical ugy. Hence, we may assume that e C uy. By the
induction hypothesis, dim pr(e) < % Since u,, is a Heisenberg Lie algebra of
dimension 2n—1 (see Example 2.3(2)), Proposition 2.2 implies that dimu,, Ne < n.
Hence, dime < n + w This proves (1).

To prove (2), we observe that the induction hypothesis implies that for an ele-
mentary subalgebra € to attain the maximal dimension, we must have that

prlee—ug,

Is surjective onto uy, Nug,,, the nilpotent radical of the parabolic of [,, correspond-
ing to .

n—1 n
Let {xg,, 2, } be a basis of u,, asdefined in (2.3.1). Let . = )~ bjxg,+>_ ¢z, €
1 1

Uy, Ne. We want to show that x € u,,, or, equivalently, that b; =0for 1 <i <n-—1..
Assume, to the contrary, that b; # 0 for some ¢, 1 <i<n—1. Let u =, 1—0; =
ag+...+ai+2041 +. ..+ 20,1 +a,. Then x, € w, Nug, Cpr(e). Therefore,
there exists y = 2’ +x,, € € for some &’ € u,,. Note that [z, 2'] C [ua,,Uqa,] = k2,
and that u 4+ +y; is never a root, and p + §; is not a root unless j = i. Hence,

[33, y] = [33,1‘/] + [xvxlt] = CZny, + b; [1‘[3“1‘“] = CXy, + bicﬂiﬂx"}’n—l # 0.

Here, cg,, is the structure constant from the equation [zg,,z,] = cg,uTs,4+u =
€B,uT~,_,- This structure constant is not zero because the only elements in the
B; string through p are p and p + B; (See [40], Theorem 1(d)). Thus, we have a
contradiction with the commutativity of e. Hence, b; =0 for all 4, 1 < ¢ <n —1,
and, therefore, u,, Ne C u,,. Moreover, since we assume that dim e is maximal,
n
we must have dimu,, Ne = n, and, therefore, u,, Ne= @ kz-,.
i=1
Now let z + a be any element in € where x € u,, and a € u;,, Nu,, . We need

n
to show that = € u,,,, that is, x € @ kx,,. Let = > b;xg, + > ¢;x,, and assume
i=1
to the contrary that b; # 0 for some i. Note that [z,,,u, Nug,] = 0 for any j,
1 < j < n, since both x,, and any a € uy,, Nug, are linear combinations of root
vectors for roots that have coefficient by «, equal to 1. Hence, [z + a,yn—i] =
bi[za;, Yn—i] # 0. Again, we have contradiction. Therefore, e C u,, . This proves
(2).
To establish (3), we first note that P, is the (reduced) stabilizer of u,, under
the adjoint action of Sp,,. Arguing as in the end of the proof of Theorem 2.7, we
conclude that the orbit map Sp,,, — Sps,, ‘U, induces a finite radicial morphism

Sp2n /Pan = Sp?n Uay, -

Since the Coxeter number of Sp,,, is 2n, the final statement that the above map is
an isomorphism for p > 4n — 2 follows from [13, 3.7] as discussed in Remark 2.6. O

In the last calculation of this section we show that any Grassmannian Grass(a, b)
can be realized as E(r, g) or one of the to connected components of E(r, g) if we let
g be a maximal parabolic subgroup of type A.
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Theorem 2.13. Assume that p > 2, and that n > 4. Let m = L%J, and suppose
that r < m. Let p,,—, be the standard maximal parabolic subalgebra of sl, cor-
responding to the simple root c... Then the maximal dimension of an elementary

subalgebra of py p_r is {%ZJ . The corresponding variety of elementary subalgebras is

homeomorphic to Grass(m,n —r) if n is even and Grass(m,n—r)L Grass(m,n —r)

if n is odd.

Proof. We consider the case of n = 2m + 1 odd. The even case is similar.
Theorem 2.8 implies immediately that dime < m(m + 1) = VTQJ for any ele-

mentary subalgebra € C P, n_,. Since Uy, m41 is a subalgebra of p, ,_,, we have
equality in the maximal case.

To compute the variety, we first show that any elementary subalgebra of maximal
dimension is conjugate to either i, ;41 O Uy41,, under the adjoint action of
Py Let € C pr,—r be an elementary subalgebra of maximal dimension..

By Theorem 2.8, € is conjugate to Uy, m41 OF Upyy1,m under the adjoint action of
SLamt1. Assume that € = gu,, 11,9 " for some g € SLay, 41 (the case of wpy, mi1
is strictly analogous). We proceed to show that there exists g € P, ,_, such that
€= /g\uerl,m./g\_l'

Let W(SLam+1) =~ Nsv,,.sy (1)/CsLs,,.. (T) be the Weyl group, Bap,11 be the
Borel subgroup of SLo,,+1, and U1 be the unipotent radical of Ba,,1 . For
an element w € W (SLg;41), we denote by w a fixed coset representative of w in
NSLQm,+1 (T) .

Using the Bruhat decomposition, we can write ¢ = gywgs where g1 € Uspyqi1,
g2 € Bapt1, and w € W(SLay,41). Since both u,41., and P, ,_, are stable
under the conjugation by Usy,4+1 and Ban,+1, it suffices to prove the statement for
g = w, where w is a Weyl group element. We make the standard identifications
W(SL2m+1) = S2m+17 W(Lr,n—r) = Sr X Sn—r and W(Lm+l,m) ~ Om+1 X Sm,
where L; ; is the Levi factor of the standard parabolic P; ;.

We further decompose

SQm-i—l = W(SLQm—H) = |_| (ST X Sn—r)5(5m+1 X Sm)
SESV,-XSr,Lfr,-\Szr,,,,+1/(S-,,H,lXSm)

into double cosets. Now let w be an element of W such that € = ﬁumﬂ,mﬁ’l S
Prn—r. To prove that € is conjugate to U, 41, by an element of P, ,_,, it suffices
to show that w belong to the identity double coset. Indeed, if that is the case,
then we can write w = wyws with w; € S, X Sy, wa € Sp41 X Sy Since wy
acts trivially on W,;,41,m, we get that € = Q'Eum+17mzﬁ’1 = ﬁlum+17m@f1 which is
satisfactory since w; € P ,,—,.

To establish that w is in the identity double coset, we first prove the following
claim:

Claim. Suppose Wiy, 41,mW 1 C Prn—r. Then for any ¢, 1 <i <,
w (i) <m+ 1.

Proof of the Claim. We prove the claim by contradiction. Let E,; denote the
matrix with 1 at the entry (¢,5) and 0 everywhere else. Suppose there exists 4,
1 <4 <7, such that w™'(i) = j > m+ 1. Since the permutation w is bijective, and



18 JON F. CARLSON, ERIC M. FRIEDLANDER, AND JULIA PEVTSOVA

r <m+ 1, we can find an index ¢ such that

1<f<m+1
w(l) >r+1.

The conditions on ¢ now imply that

Elj € Um+1,m,
WE ;0™ = Eyywj) = Bwwi € Pra—r

a contradiction. This finishes the proof of the claim.

The Claim implies that for any i, 1 < i < r, the transposition (i,w~1(i)) is
in Sp41 xid C Sopmg1. Therefore, multiplying w by such transposition on the
right preserves both the double coset representative of w and the property that
€ = Wiy i1,mw ', Hence, w is in the same double coset as a permutation which
acts trivially on the first r entries. But such permutations are in the identity double
coset and, hence, so is w. This finishes the proof of the claim that 1,41, can be
conjugated to € with an element in P, ,,_,.

The above discussion implies that

]E(m(m + 1)apr,n7r) = Pr,nfr : um+1,m u Pr,nfr : um,m+1~
The (reduced) stabilizer of Wy,11 m 0 Prp—y I8 Prppt1i—rm = Pms1,m N Prp—r.
Hence, the orbit map P, ,—r — Py p_r - Wpnt1,m induces a homeomorphism

Grass(m, n — T) = Pr,nfr/Pr,erlfr,m ‘N> Pr,nfr : um+1,m7
and similarly for the other component. (]
Theorem 2.13 has the following immediate corollary.

Corollary 2.14. Let g1.9m C glo,, 1 be as defined in Example 1.12(1). The maz-
imal dimension of an elementary subalgebra of g1 2m is m(m + 1). For m > 2,
E(m(m + 1), g1,2m) is homeomorphic to Grass(m,2m) U Grass(m — 1,2m).

3. RADICALS, SOCLES, AND GEOMETRIC INVARIANTS FOR u(g)—MODULES

As throughout this paper, g denotes a finite dimensional p-restricted Lie algebra
over k. We recall that g is the Lie algebra Lie(g) of a uniquely defined infinitesimal
group scheme g of height 1 (see, for example, [16]). In [42], a rank variety V(G)
was constructed for any finite dimensional representation M of the infinitesimal
group scheme G. The variety V(G)s is a closed subset of V(G), the variety of
(infinitesimal) 1-parameter subgroups of G. As shown in [42], these rank varieties
can be identified with cohomological support varieties defined in terms of the action
of H*(G, k) on Extg, (M, M).

For infinitesimal group schemes G of height 1 (i.e., of the form g for some finite
dimensional p-restricted Lie algebra), we consider more complete invariants of rep-
resentations of G which one can think of as more sophisticated variants of “higher
rank varieties.” Our investigations follow that of our earlier paper [12] in which
we considered representations of elementary abelian p-groups. Because the group
algebra k(Z/p*") is isomorphic to the restricted enveloping algebra u(g®") of the
Lie algebra g&" (commutative, with trivial p-restriction), that investigation is in
fact a very special case of what follows.
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We use our earlier work for elementary abelian p-groups as a guide for the study
of u(g)-modules for an arbitrary g. In particular, rather than considering isomor-
phism types of a given module upon restriction to elementary subalgebras of a
given rank r, we consider dimensions of the radicals (respectively, socles) of such
restrictions. A key result is Theorem 3.13 which verifies that these dimensions are
lower (resp., upper) semi-continuous. As seen in Theorem 3.17, this implies that the
non-maximal radical and socle varieties associated to a u(g)-module M are closed.

The following is a natural extension of the usual support variety in the case
r =1 (see [20]) and of the variety Grass(r, V) of [12, 1.4] for g = g@". If e C g is
an elementary subalgebra and M a u(g)-module, then we shall denote by €*M the
restriction of M to u(e) C u(g).

Definition 3.1. For any u(g)-module M and any positive integer r, we define
E(r,g9)m = {e € E(r,g);¢" M is not projective}.
In particular,
E(l,0)m = Projk[V(g)m] C Projk[V(g)] = E(1,g)

is the projectivization of the closed subvariety of V(g) = N, (g) consisting of those
one dimensional Lie subalgebras (with trivial p-restriction) restricted to which M
is not projective.

The following proposition tells us that the geometric invariant M — E(r, g)
can be computed in terms of the more familiar (projectivized) support variety

E(1,9)pm = Proj(V(g)nm).

Proposition 3.2. For any u(g)-module M and positive integer r,
(32.1) E(r,g)n = {e€E(r,g); enV(g)m # 0}

where the intersection e NV (g)pr is as subvarieties of g.

Proof. By definition, € € E(r, g)as if and only if €* M is not free which is the case if
and only if V(€)exar # 0. Since € C g induces an isomorphism

V(©)erary —= V(O NV(g)m
(see [20]), this is equivalent to e NV (g)ns # 0. O

Proposition 3.3. For any u(g)-module M and for any r > 1,
E(T, g)M C E(rv g)

is a closed subvariety.
Moreover, if G is an algebraic group with g = Lie(G) and if M is a rational
G-module, then E(r,g)p C E(r,g) is G-stable.

Proof. Let Proje C E(1,g) be the projectivization of the linear subvariety € C g.
Let Xpr = {e € Grass(r,g) | Proje NE(1,9)p # 0}. Then Xp; C Grass(r,g) is a
closed subvariety (see [25, ex. 6.14]). Since E(r,g)a = E(r,g) N Xar by Prop. 3.2,
we conclude that E(r, g)as is a closed subvariety of E(r, g).

For g = Lie(G), M a rational G-module, and z € G, denote by M* the module
M twisted by z. For ¢ € E(r,g), denote by € the image of ¢ under the ad-
joint action of x on E(r,g). The adjoint action by 2! induces an isomorphism
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a1 u(e®) ——u(e) , and the pull-back of M along this isomorphism equals

(e*)*(M*). Since M ~ M?* as u(g)-modules, we conclude that E(r,g)n is G-
stable. O

Proposition 3.2 implies the following result concerning the realization of subsets
of E(r,g) as subsets of the form X = E(r,g)p. We remind the reader of the
definition of the module L¢ associated to a cohomology class ¢ € H"(u(g), k): L¢
is the kernel of the map ¢ : Q"(k) — k determined by ¢, where Q" (k) is the n**
Heller shift of the trivial module k (see [4] or Example 4.7).

Corollary 3.4. A subset X C E(r,g) has the form X = E(r,g)a for some u(g)-
module M if and only if there exists a closed subset Z C E(1,g) such that

(3.4.1) X = {e€E(r,g); ProjenZ # 0}.

Moreover, such an M can be chosen to be a tensor product of modules L with each
¢ of even cohomological degree.

Proof. We recall that any closed, conical subvariety of V(g) (i.e., any closed sub-
variety of E(1,g)) can be realized as the (affine) support of a tensor product of
modules L¢ (see [20]) and that the support of any finite dimensional u(g)-module
is a closed, conical subvariety of V(g). Thus, the proposition follows immediately
from Proposition 3.2. a (]

Example 3.5. As one specific example of Corollary 3.4, we take some even degree
cohomology class 0 # ¢ € H*™(u(g),k) and M = L;. We identify V(g) with the
spectrum of H® (u(g), k) (for p > 2), so that ¢ is a (homogeneous) algebraic function
on V(g). Thus V(g)r, = Z(¢) C V(g) (see [42, Theorem 7.5]), the zero locus of
the function (. Then,

E(r,g)r, = {e €E(r,9); eNZ(¢) # {0}}.

On the other hand, if ¢ € H*™ " (u(g), k) has odd degree and p > 2, then
V(g)L, = V(g), so that E(r,g)r. = E(r,g).

Remark 3.6. As pointed out in [12, 1.10] in the special case g = g&2 and r = 2,
not every closed subset X C E(r, g) has the form (3.4.1).

Example 3.7. We consider another computation of E(r, g)as. Let G be a reductive
group and assume that p is good for G. Let A be a dominant weight and consider
the induced module M = H(\) = Indg A. By a result of Nakano, Parshall, and
Vella [34, 6.2.1], V(g)uo(n) = G - us, where u; is the nilpotent radical of a suitably
chosen parabolic subgroup Py C G. Then,

E(r,g)mony = G-{e € E(r,g9); enu; # {0}}.

We now proceed to consider invariants of u(g)-modules associated to E(r,g)
which for » > 1 are not determined by the case r = 1. As before, for a given M
and a given r > 1, we consider the restrictions e*(M) for € € E(r, g).

Definition 3.8. Let g be a p-restricted Lie algebra and M a finite dimensional
u(g)-module. For any r > 1, any ¢ € E(r,g), and any j,1 < j < (p — 1)r, we
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consider _
Rad’(e"(M)) = Y Imful'---ulr: M — M}
Jit+ir=j
and '
Soc? (e*(M)) = ﬂ Ker{ul' ---ul" : M — M},
Jitetir=y
where {ug,...,u,} is a basis for e.

For each r > 1 and each j,1 < j < (p—1)r, we define the local (r, j)-radical rank
of M and the local (r,j)-socle rank of M to be the (non-negative) integer valued
functions )

e € E(r,g) — dimRad’(e"(M))
and

e € E(r,g) ~ dimSoc’(e*(M))
respectively.

Remark 3.9. If M is a u(g)-module, we denote by M# = Homy (M, k) the dual of
M whose u(g)-module structure arises from that on M using the antipode of u(g).
Thus, if X € gand f € M#, then (X o f)(m) = —f(Xom). Ifi : L C M is a
u(g)-submodule, then we denote by L+ C M# the submodule defined as the kernel
of i# : M# — L#. We remind the reader that

(3.9.1) Soc? (e*(M™#)) ~ (Rad(e*M))*
(as shown in [12, 2.2]).

The following elementary observation enables us to conclude in [13] that the
constructions of §4 determine vector bundles on G-orbits of E(r, Lie G).

Proposition 3.10. If g = Lie(G) and M is a rational G-module, then the local
(r,7)-radical rank of M and the local (v, j)-socle rank of M are constant on G-orbits

of E(r,9).

Proof. Let g € G, and let € € E(r,g). We denote by €9 € E(r,g) the image of €
under the adjoint action of G on E(r,g), and let g - (=) : M — M be the action of
G on M. Observe that

defines an isomorphism of rational G-modules, where the action of z € G on
m € MY is given by the action of grg~' on m (with respect to the G-module
structure on M). Thus, the proposition follows from the observation that the pull-
back of €9*(M9) equals €*(M) under the isomorphism given by conjugation by g:

u(e) ——u(e9) . O

The following discussion leads to Theorem 3.13 which establishes the lower and
upper semi-continuity of local (r, j)-radical rank and local (r, j)-socle rank respec-
tively.

Notation 3.11. We fix a basis {z1,...,2,} of g and use it to identify M, , ~ g®"
(as vector spaces). Let ¥ C {1,...,n} be an r-subset. Recall the section sy : Us —
M, ,. of (1.1.1) that sends an r-plane € € Uy, to the n x r matrix AZ with the r x 7
submatrix corresponding to ¥ being the identity and the columns generating the
plane e. Extend the map sy, to sy : Us — M, , and consider the induced map on
coordinate algebras:
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*

(3.11.1) k[M,,.,] = k[T}..] —= k[Us |
We define
T7, = s5(Tis)
It follows from the definition that TZZ‘; = 0n-1(s),s fori € ¥, where o : {1,...,7} = X

is the function with a(1) < --- < a(r), and that T} for i ¢ X are algebraically

independent generators of k[Us].
Let Vs = E(r,g) NUs. We define the set {Y;”,} of algebraic generators of k[Vs]

as images of {7} under the map of coordinate algebras induced by the closed
immersion Vs C Us:

k[Us]) —=k[Vs], T2~ Y

It again follows that YZ = 0a-1(i),s, for i € ¥ and a as above. For each e € Vy C Uy,
(implicitly assumed to be a k-rational point), we have

Yiu(€) = Tii(e) = s5(Tin)(€) = Tis(s5(e))-
Hence,
(3.11.2) A? = [V ().

Definition 3.12. For a u(g)-module M, and for a given s,1 < s < r, we define the
endomorphism of k[Vx]-modules

(3.12.1) Oy =) 2, 0Y : M k[Vs] » M ®k[Vs],

via
m®1 Hlem@)Yzi
i
We refer the reader to [26, II1.12] for the definition of an upper/lower semi-
continuous function on a topological space.

Theorem 3.13. Let M be a u(g)-module, v a positive integer, and j an integer
satisfying 1 < j < (p—1)r. Then the local (v, j)-radical rank of M is a lower semi-
continuous function and the local (1, j)-socle rank of M is an upper semicontinuous
function on E(r,g).

Proof. Tt suffices to show that the local (r,j)-radical rank of M is lower semi-
continuous when restricted along each of the open immersions Vs, C E(r,g). For
€ € Vs with residue field K, the specialization of ©F at e defines a linear operator

Ze)=Y", Yf;(e)xz on Mg:

m»—)@E Z

Since the columns of [Y;%}(€)] generate € by (3.11.2), we get that

(3.13.1) Rad(e Zlm{eE - Mg — Mg}
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and
(3132)  Rad/(e'M) = > Im{OF(e)"...0F(e)’ : Mg — Mg} =
Jitetie=j
m{ @ OF()"...0% ) : Mg - My}
Jretir=j

where r(j) is the number of ways to write j as the sum of non-negative integers
j1+ -+ -+ jr. Hence, the usual argument for lower semicontinuity of the dimension
of images of a homomorphism of finitely generated free modules applied to the
k[Vs)-linear map
@B ©Y)...(OF) (M ek[Ve)® V) - M@ k[V].

rteetdr =3
enables us to conclude that the function
(3.13.3) e € E(r,g) — dimRad’(¢*M) is lower semi-continuous.

The upper semi-continuity of socle ranks now follows by Remark 3.9. (]

Remark 3.14. To get some understanding of the operators ©F(¢) occurring in the
proof of Theorem 3.13, we work out the very special case in which g = g, & g,
r =1 (so that E(r,g) = P!), and j = 1. We fix a basis {x1, 22} for g which induces
the identification g ~ A%. The two possibilities for ¥ C {1,2} are {1},{2}. Let
k[T, T3] be the coordinate ring for A? (corresponding to the fixed basis {z1,zo}.
Let ¥ = {1}. We have Vi3 = Upy = {[a : b]|a # 0} ~ A’ and the section
sy - Vi — A? given explicitly as [a : b] — (1,b/a). The corresponding map of
coordinate algebras as in (3.11.1) is given by

K[A%] = k[T, To] — k[V{1y] ~ k[A']
T1 — 1,T2 — 8?1} (Tg)
Then for a u(g)-module M, € = (a,b) € P* with a # 0, and m € M, we have

(3.14.1) ottt = 114+ ® 8?1}(T2) M® k[V{l}] - M® k[V{l}];
b b
ol (e) =z, + S0z, M x1(m) + a:ﬂg(m).

We extend the formulation of “generalized support varieties” introduced in [23]
for r = 1 and in [12] for elementary abelian p-groups (or, equivalently, for g = g&")
to any r and an arbitrary p-restricted Lie algebra g.

Definition 3.15. For any finite dimensional u(g)-module M, any positive integer
r,and any j, 1 < j < (p— 1)r, we define

Rad'(r,g)m = {e € E(r,g) : dim(Rad’(¢*M)) < nIlEfme )dim Rad’(¢"*M)}
e’ €E(r,g

Sod(r,g)m = {e € E(r,g) : dim(Soc! (e*M)) > r%%n )dim Soc! (€M)}
e’ cE(r,g

These notions are somewhat similar to the support varieties. For example, we
have the following.

Lemma 3.16. Suppose that E(r,g)y # E(r,g). Then Rad!(r,g)m ~ E(r,g)m =~
Soc!(r, g)m-
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Proof. The hypothesis implies that there exists an elementary subalgebra e such
that €*M is a free u(e)-module. Let n = dim(M)/p”. Then we have an isomophism
of u(e)-modules, u(e)™ ~ ¢*M. If on the other hand, ¢ is an elementary subalgebra
that does not act freely on M, then any homomoprhism u(¢)” —— ¢*M must
fail to be surjective, as otherwise it would be an isomorphism. It follows that
the dimension of ¢*M/Rad(¢*M) is larger than n, by Nakayama’s Lemma. So
dim(Rad(c¢*M)) is less than dim(Rad(e*M)). The proof that Soc/(r, g)m = E(r, g)m
is a dual argument. O

Theorem 3.17. Let M be a finite dimensional g-module, and let r,j be positive
integers such that 1 < j < (p—1)r. Then Rad!(r, g)nm, Soc) (r, g)u are proper closed
subvarieties in E(r, g).

Proof. Follows immediately from Theorem 3.13. (]
One approach to our first application, requires the following elementary fact.

Lemma 3.18. Let k[z1,...,x,] be a polynomial ring, let xill ...xin be a monomial
of degree i and assume that p = char k > i. There exist linear polynomials without
constant term Ag, ..., Ay on the variables x1,...,x,, and scalars ag,...,a,m € k
such that

i omt = aghy + ... am A,

Proof. Tt suffices to prove the statement for n = 2, thanks to an easy induction
argument (with respect to n). Hence, we assume that we have only two variables,
x and y.

Let \; = jx +y for j = 0,...,%, so that we have 7 + 1 equalities of the form

(jz+y)' = )\; for j =0,...,i. Treating monomials on x,y as variables, we interpret
this as a system of ¢ + 1 equations on ¢ + 1 variables with the matrix

0 0 . 0 .. 01

L ) T

2t 211y .. 207 (;) o201

it d()

By canceling the coefficient (;) in the (j + 1)-st column (which is non-trivial since
p > i) we reduce the determinant of this matrix to a non-trivial Vandermonde
determinan t. Hence, the matrix is invertible. We conclude the monomials z7y*~7

can be expressed as linear combinations of the free terms A}, ..., AL O

Determination of the closed subvarieties Radi(r, g)u, Soc!(r, g)m of E(r, g) ap-
pears to be highly non-trivial. The reader will find a few computer-aided calcula-
tions in [12] for g = g®". The following proposition presents some information for
E(n—1,gl,).

Proposition 3.19. Assume thatp > n. Let X € gl,, be a regular nilpotent element,
and let € € E(n —1,gl,) be an n — 1-plane with basis {X,X?,..., X"~} Then
GL,, -€ is an open GL,,-orbit for E(n — 1,gl,).

Proof. Let V be the defining n-dimensional representation of gl,. Let ¢ be any el-
ementary Lie subalgebra of gl,, of dimension n—1. If € contains a regular nilpotent
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element Y, then ¢ has basis {Y,Y? ..., Y"1} since the centralizer of a regular
nilpotent element in gl,, is generated as a linear space by the powers of that nilpo-
tent element. Hence, in this case € is conjugate to the fixed plane e. Moreover,
Rad" '(*V) = Im{Y"!: V — V}, and, hence, dim Rad" ! (¢*V) = 1.

Suppose € does not contain a regular nilpotent element. Then for any matrix
Y € ¢, we have Y™ ! = 0. Lemma 3.18 implies that any monomial of degree
n — 1 on elements of ¢ is trivial. Therefore, Rad"~*(¢*V) = 0. We conclude that
GL,, -¢ is the complement to Rad™~!(n — 1, gl,)v in E(n —1,gl,). Theorem 3.13
now implies that GL,, -€ is open. O

Example 3.20. In this example we describe the geometry of E(2, gl;) making an
extensive use of the GL3-action. Further calculations involving more geometry are
currently being investigated.

Assume that p > 3. Fix a regular nilpotent element X € gl;. Let ¢; = (X, X?)
be the 2-plane in gly with the basis X, X2, and let

C1=GL3g- ¢ C E(?,glg)

be the orbit of €; in E(2,gl;). By Proposition 1.9 or by Proposition 3.19 this is
an open subset of E(2, gl;). Since E(2, gl;) is irreducible (see Example 1.7), C} is
dense. We have dim C; = dim C; = dimE(2, gl;) = 4.

The closure of C contains two more (closed) GL3 stable subvarieties, each one
of dimension 2. They are the GL3 saturations in E(2, gl3) of the elementary subal-
gebras u; o (spanned by E; 2 and E 3), and ug; (spanned by Eq 3 and Ey 3). Since
the stabilizer of uy o (resp. ug 1) is the standard parabolic Py o (resp. Pa1), the
corresponding orbit is readily identified with GL3 /P 2 ~ Grass(2,3) = P? (resp.,
GL3 /P21 ~ P?) (see Remark 2.6).

Proposition 3.21. Let u be a p-restricted Lie algebra with trivial p-restriction
map. Then the locus of elementary subalgebras e € E(r,u) such that € is mazimal
(that is, not properly contained in any other elementary subalgebra of u) is an open
subset of E(r,u).

Proof. If no maximal elementary subalgebras are contained in E(r,u), then the
statement is clear. Hence, we may assume that there is at least one maximal
elementary subalgebra e € E(r,u).

Regard u as acting on itself by the adjoint representation. Note that we neces-
sarily have € C Soc(e*(uaq)). Moreover, our hypothesis that z[P! = 0 for any z € u
implies that this inclusion is an equality if and only if € is a maximal elementary
subalgebra. Hence,

dim Soc(e*(uaq)) > dime = r
with equality if and only if € is maximal. We conclude that the locus of elementary
subalgebras € € E(r,u) such that e is nonmaximal equals the nonminimal socle
variety Soc!(r,u),,,. The statement now follows from Theorem 3.17. O

4. MODULES OF CONSTANT (7, j)-RADICAL RANK AND/OR CONSTANT
(r,7)-SOCLE RANK

In previous work with coauthors, we have considered the interesting class of
modules of constant Jordan type (see, for example, [11]). In the terminology of
this paper, these are u(g)-modules M with the property that the isomorphism type
of €*M is independent of ¢ € E(1,g). In the special case g = g@", further classes
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of special modules were considered by replacing this condition on the isomorphism
type of €*M for ¢ € E(1,g%") by the “radical” or “socle” type of ¢*M for € €
E(r,g2").

In this section, we consider u(g)-modules of constant (r, j)-radical rank and con-
stant r-radical type (and similarly for socles). As already seen in [12] in the special
case g = g™, the variation of radical and socle behavior for r > 1 can be quite
different. Moreover, having constant r-radical type does not imply the constant
behavior for a different r.

As we investigate in [13], a u(g)-module of constant (r, j)-radical rank or constant
(r,j)-socle rank determines a vector bundle on E(r,g), thereby providing good
motivation for studying such modules. While a great many examples of such u(g)-
modules, some well known, can be constructed from rational G-modules, there are
numerous others which do not arise in this way. Some examples are given in 4.9,
4.10 and 4.11. Although identifying the associated vector bundles is hard, some
such vector bundles might prove to be of geometric importance.

Definition 4.1. Fix integers » > 0 and 5,1 < j < (p — 1)r. A u(g)-module M
is said to have constant (r,j)-radical rank (respectively, (r,j)-socle rank) if the
dimension of Rad’ (¢* M) (respectively, Soc’ (e*M)) is independent of € € E(r, g).

We say that M has constant r-radical type (respectively, r-socle type) if M has
constant (r, j)-radical rank (respectively, (r, j)-socle rank) for all j.

Remark 4.2. For r > 1, the condition that the r-radical type of M is constant
does not imply that the isomorphism type of €* M is independent of € € E(r, g). The
condition that dim Rad’(e*(M)) = dim Rad’(¢’* M) for all j is much weaker than
the condition that e*M ~ ¢* M. Indeed, examples are given in [12] (for g = g&") of
modules M whose r-radical type is constant but whose r-socle type is not constant.
In particular, the isomorphism type of e*M for such M varies with ¢ € E(r, g).

Proposition 4.3. A u(g)-module M has constant (r, j)-radical rank (respectively,
(r,7)-socle rank) if and only if Rad’ (r,g)pr = 0 (resp., Soc? (r,g)nr = 0.)

Proof. This follows from the fact that there is a non-maximal radical rank if and
only if the radical rank is not constant, a non-minimal socle rank if and only if the
socle rank is not constant. (I

Proposition 4.4. Let G be an affine algebraic group, and let g = Lie(G). If
E(r,g) consists of a single G-orbit, then any finite dimensional rational G-module
has constant r-radical type and constant r-socle type.

Proof. This follows immediately from Proposition 3.10. O

Remark 4.5. We point out that examples arising from Proposition 4.4 have much
stronger properties than constant radical or socle rank: they have the same isomor-
phism type restricted to any elementary subalgebra of dimension r. On the other
hand, using L¢-modules, we give examples in Propositions 4.10, 4.11 of modules
which have constant radical types but do not arise from a single G-orbit and don’t
even have G-structure.

Example 4.6. If P is a finite dimensional projective u(g)-module, then ¢*P is a
projective (and thus free) u(e)-module for any elementary subalgebra ¢ C g. Thus,
the r-radical type and r-socle type of P are constant.
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Example 4.7. Let g be a p-restricted Lie algebra. Recall that Q°(k) for s > 0 is
the kernel of P,_1 4 Ps_5 , where d is the differential in the minimal projective

resolution P, —k of k as a u(g)-module; if s < 0, then Q°(k) is the cokernel

of T2 4 [=5=1 where d is the differential in the minimal injective resolution

k=1"1—T* of k as a u(g)-module. Then for any s € Z, the s-th Heller shift
0°(k) has constant r-radical type and constant r-socle type for each r > 0.

Namely, for any e € E(r, g), €*(2°(k)) is the direct sum of the s-th Heller shift
of the trivial module &k and a free u(e)-module (whose rank is independent of the
choice of € € E(r, g)).

The following example is one of many we can realize using Proposition 4.4.

Example 4.8. Let g = gl,,, and r = n%. If M is any finite dimensional rational

GLg,-module, then it has constant r-radical type and constant r-socle type by
Corollary 2.9.

In Example 4.8, the dimension r of elementary subalgebras ¢ C g is maximal.
We next consider an example of non-maximal elementary subalgebras.

Example 4.9. Choose r > 0 such that no elementary subalgebra of dimension r
~n

in g is maximal. Let ¢ € H (u(g), k) for n < 0 be an element in negative Tate

cohomology. Consider the associated short exact sequence

(4.9.1) 0 k E Q=1(k) —= 0.

Then E has constant r-radical rank and constant r-socle rank for every j, 1 < j <
(p—1)r.

Namely, we observe that the restriction of the exact sequence (4.9.1) to e splits
for every e € E(r,g). This splitting is a consequence of [12, 3.8] (stated for an
elementary abelian p-group and equally applicable to any elementary subalgebra
f C g which strictly contains €). The assertion is now proved with an appeal to
Example 4.7.

We next proceed to consider modules L¢, adapting to the context of p-restricted
Lie algebras the results of [12, §5].

Proposition 4.10. (see [12, 5.5]) Suppose that we have a non-zero cohomology
class ¢ € H™(u(g), k) satisfying the condition that

Z(¢) € Nplo) C o

does not contain a linear subspace of dimension r for some r > 1. Then the u(g)-
module L¢ has constant r-radical type.

Proof. Consider € € E(r, g). The hypothesis implies that € is not contained in Z(().
Hence, ¢ |.€ H™(u(e), k) is not nilpotent. Recall that H* (u(e), k) ~ H*(Z/p*", k) is
a tensor product of a symmetric and an exterior algebras on r generators. Therefore,
a non-nilpotent element is not a zero divisor. Proposition 5.3 of [12] applied to €
implies that

(4.10.1) Rad(L¢y,) = Rad(Q" (")),

where Q"(e*k) is the n-th Heller shift of the trivial u(e)-module. We note that
the statement and proof of [12, Lemma 5.4] generalizes immediately to the map
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u(e) —u(g) yielding the statement that dimRad(e*(L;)) — dimRad(L¢y,) =

dim Rad(e*(Q"(k))) — dimRad(Q™(e*k)) is independent of € whenever ¢ |.# 0.
Combined with (4.10.1), this allows us to conclude that

dim Rad(e*(L¢)) = dim Rad(e* (2" (k))).

Since €*(L¢) is a submodule of €*(Q"(k)) this further implies that equality of
radicals

Rad’(e*(L¢)) = Rad’ (e* (" (k)))

for all j > 0. Since Q" (k) has constant r-radical type by Example 4.7, we conclude
that the same holds for L¢.
O

Utilizing another result of [12], we obtain a large class of u(g)-modules of constant
radical type.

Proposition 4.11. Let d be a positive integer, sufficiently large compared to r and
dimg. There exists some 0 # ¢ € H**(u(g), k) such that L; has constant r-radical

type.

Proof. The embedding V' (g) ~ SpecH® (u(g),k) — g (for p > 2) is given by the
natural map S*(g#[2]) — H*(u(g), k) determined by the Hochschild construction

g% — H?(u(g), k) (see, for example, [19]). (Here, g#[2] is the vector space dual to
the underlying vector space of g, placed in cohomological degree 2.) As computed
in [12, 5.7], the set of all homogeneous polynomials F' of degree d in S*(g#[2]) such
that the zero locus Z(F') C Proj(g) does not contain a linear hyperplane isomorphic
to P"! is dense in the space of all polynomials of degree d for d sufficiently large.
Let ¢ be the restriction to Projk[V(g)] of such an F in S*(g#[2]); since such an
F can be chosen from a dense subset of homogeneous polynomials of degree d, we
may find such an F whose associated restriction ¢ is non-zero. Now, we may apply
Proposition 4.10 to conclude that L; has constant r-radical type. O

Remark 4.12. A bound on d can be deduced from the proof of [12, 5.7]: d must

satisfy the inequality: (ﬁﬁ;l) > (r+1)(n—r —1) where n = dimg.

The following closure property for modules of constant radical and socle types
is an extension of a similar property for modules of constant Jordan type.

Proposition 4.13. Suppose E(r,g) is connected. Let M be a u(g)-module of con-
stant (r, j )-radical rank (respectively, constant (r,j )-socle rank) for some r,j. Then
any u(g)-summand M’ of M also has constant (r,j)-radical rank (resp., constant
(r,7)-socle rank).

Proof. Write M = M’ @& M", and set m equal to the (r,j)-radical rank of M.
Since the local (r, j)-radical types of M’, M" are both lower semicontinuous by
Theorem 3.13 and since the sum of these local radical types is a constant function,
we conclude that both M’, M" have constant (r, j)-radical rank.

The argument for (r, j)-socle rank is essentially the same. [
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