INFINITESIMAL 1-PARAMETER
SUBGROUPS AND COHOMOLOGY

ANDREI SUSLIN*, ERIC M. FRIEDLANDER**, AND CHRISTOPHER P. BENDEL

This is the first of two papers in which we determine the spectrum of the coho-
mology algebra of infinitesimal group schemes over a field k of characteristic p > 0.
Whereas [SFB] is concerned with detection of cohomology classes, the present paper
introduces the graded algebra k[V,.(G)] of functions on the scheme of infinitesimal
1-parameter subgroups of height < r on an affine group scheme G and demon-
strates that this algebra is essentially a retract of H(G, k) provided that G is an
infinitesimal group scheme of height < r.

This work is a continuation of [F-S] in which the existence of certain universal
extension classes was established, thereby enabling the proof of finite generation of
H*(G, k) for any finite group scheme G over k. The role of the scheme of infini-
tesimal 1-parameter subgroups of G' was foreshadowed in [F-P] where H*(G(1), k)
was shown to be isomorphic to the coordinate algebra of the scheme of p-nilpotent
elements of g = Lie(G) for G a smooth reductive group, G(1) the first Frobenius
kernel of G, and p = char(k) sufficiently large. Indeed, p-nilpotent elements of g
correspond precisely to infinitesimal 1-parameter subgroups of G';). Much of our
effort in this present paper involves the analysis of the restriction of the universal
extension classes to infinitesimal 1-parameter subgroups.

In section 1, we construct the affine scheme V,.(G) of homomorphisms from G,
to G which we call the scheme of infinitesimal 1-parameter subgroups of height < r
in GG. In the special case r = 1, this is the scheme of p-nilpotent elements of the
p-restricted Lie algebra Lie(G); for various classical groups G, V,.(G) is the scheme
of r-tuples of p-nilpotent, pairwise commuting elements of Lie(G). More generally,
an embedding G C GL,, determines a closed embedding of V,.(G) into the scheme
of r-tuples of p-nilpotent, pairwise commuting elements of gl,, = Lie(GL,). The
relationship between k[V,.(G)], the coordinate algebra of V,.(G), and H*(G, k) is
introduced in Theorem 1.14: a natural homomorphism of graded k-algebras

v H® (G, k) — k[V.(G)]

is constructed, a map which we show in [SFB] to induce a bijective map on associ-
ated schemes.

The universal classes e, € H 2pr_1(GLn,gl§f)) constructed in [F-S] determine
characteristic classes e,.(G, V') for any affine group scheme G provided with a finite

1991 Mathematics Subject Classification. Primary 14115, 20G10, 20C20; Secondary 17B50.
Key words and phrases. Infinitesimal group schemes, 1-parameter subgroups.

*Partially supported by the I.S.F. grant 0100 and the N.S.F. grant DMS - 9510242
**Partially supported by the N.S.F. and the Humboldt Foundation

Typeset by ApMS-TEX



2 ANDREI SUSLIN*, ERIC M. FRIEDLANDER**, AND CHRISTOPHER P. BENDEL

dimensional representation V. Our central computation is the determination in
Theorem 4.9 of the characteristic classes associated to 1-parameter subgroups of
GL,. Since we apply this computation to the universal 1-parameter subgroup

expa : Gary ®r, A — GLyr) ®r, A

where A is the coordinate algebra of V,.(GL,), we consider characteristic classes
of group schemes over a commutative (unital) ring. Section 2 presents a (straight-
forward) extension of the theory of strict polynomial functors (used in [F-S] to
construct the universal classes e,) from the context of vector spaces over a field
to projective modules over a commutative ring. In particular, we formulate the
concept and basic properties of base change of such functors.

Since a homomorphism expy : Gy ®@r, A — GL,, @, A specified by the r-tuple
a = (ag,...,a,_1) is a product of homomorphisms exp,, o F* : Gory ®F, A —
Gary ®r, A = GL,, ®F, A (where I denotes the Frobenius map), we find it useful
to introduce a coproduct structure on certain Ext-groups in the category of strict
polynomial functors. This is done in section 3 by investigating Ext-algebras in the
category P(2) of strict polynomial bifunctors. The complete determination of the
Hopf algebra Exti (1, 1() is achieved in section 4.
(r

The universal classes e, _l), 1 <4 < r, determine a natural map

¢: 5 (P gl#12p"]) — H(GLy, k)

1<i<r

where the symmetric algebra can be viewed as the algebra of regular functions
(suitably graded with appropriate Frobenius twists) on the affine scheme glﬁf)”.
The explicit form of the characteristic classes e,.(j)((Gq(ry)a, Va) given in Theorem
4.9 enables us to verify a very pleasing description of 1 o ¢. Indeed, Theorem 5.2

asserts that the composition of the maps of schemes
Vi(G) = Spec(H (G, k) = gl

determined by ¢ and v is merely the r-th Frobenius twist of the natural embedding
V. (G) C glx".

Finally, section 6 determines the homology algebra of the infinite general lin-
ear group over a finite field with coefficients in the adjoint representation. This
multiplicative structure is easily deduced from our determination of the coproduct
structure introduced in section 3 together with computations of [F-S].

The second author gratefully acknowledges the hospitality of the University of
Heidelberg during the preparation of this paper.

§1. THE SCHEME V,.(G).

As we establish in this section, the set of 1-parameter subgroups G,y — G of
height r into an affine group scheme G admits the structure of the set of rational
points of an affine k-scheme V,.(G) whose coordinate algebra has the natural struc-
ture of a graded, connected k-algebra. Moreover, whenever G = GL,, or a classical
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group, then V,.(G) can be identified as the scheme of r-tuples of p-nilpotent, pair-
wise commuting elements of g = Lie(G). A connection between the scheme V,.(G)
and the cohomology of GG is established in Theorem 1.14.

The following definition was first formulated by D. Gross [G]. As usual, k£ will
denote a field of characteristic p > 0.

Definition 1.1. Let G be an affine group scheme/k and r > 0 be a positive integer.
We define the functor

V. (G) : (comm k-alg) — (sets)

by setting
Vi(G)(A) = Homgy a(Gary @ A,G @5 A).

Proposition 1.2. For any commutative k-algebra A, we have a natural identifica-

tion of V.(GLy)(A) with

{(ag, ... sar_1) ta; € My (A), 0 =0 = [ay, ] for all 0 <4,5, <r}.

Proof. A homomorphism of group schemes over A
f:Ga— GL,®; A

is equivalent to the data of a rational G4-module structure on A™. This data
consists of an A-module homomorphism

Ap: A" — AlGl @4 A"
making commutative the following two diagrams

:l l@l (1.2.1)

An Y An

Ar B Al @4 AT

AfJ{ JA@l (1.2.2)
Al @4 A" 2229, A[G) @4 A[G] @4 A™

Let G denote G, so that A[G] = A[T]/T?" is a free A-module of rank p". To
give the A-module homomorphism A¢ : A" — A[G]®4 A" defining the rational G 4-
module structure on A™ is equivalent to giving a sequence Sy, ... , Bpr—1 € M, (A):

p -1

As(v) = Z ' ® Bi(v). (1.2.3)
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The commutativity of (1.2.1) is equivalent to the condition that 5y = 1. The
commutativity of (1.2.2) is equivalent to the conditions

1+ J

@ﬂj:( i )ﬁiﬂ' i+j<p"

BiBj=0 i+j=>p". (1.2.4)
In particular, 87 = 0 = [8;, 5] for all 0 < 4,5,¢ < p".
Set a; = [Bpi. For any j = ZZ;S jep® with 0 < j, < p, the equality

Jo Jr—1
aO .. .af,ﬂ_l

(jo!) - -+ (Gr—1Y)

can be easily established using induction and the observation that

. . . . . .
(.7 +..] ) = (]0 ‘.l'JO) (.77‘—1."_ ]7"—1) mod(p)
J Jo Jr—1

(where j’ similarly equals Y j/p® with 0 < j;, < p).

Conversely, given an arbitrary r-tuple a = («ag,... ,a,—1) € M,(A)" of com-
muting p-nilpotent matrices, we define Ay using (1.2.3) by defining §; according
to (1.2.5). A direct verification shows that Ay so defined fits in the commutative
squares (1.2.1) and (1.2.2). O

B =

(1.2.5)

Remark 1.3 The same argument as above may be used to show that for any
commutative k-algebra A we have a natural identification (cf. [D-G])
Homgyja(Gq @k A, GLy, @ A) = {(a0, 01, ... ) o € My (A), of =0, [0, 5] =0

for all i, j; a; = 0 for ¢ big enough}.

The homomorphism ezp, : G, ®; A — GL,, ®; A corresponding to a sequence
a = (ag, aq, ... ) of pairwise commuting p-nilpotent matrices is given by the formula
(in which we assume that a; = 0 for i > r)

erps(s) = exp(sap) - exp(sPaq) - ... - exp(spplozr_l) € GL,(S) (1.3.1)

for any A-algebra S and any s € S, where for any p-nilpotent matrix o € M, (5)

we set
p—1

e:cp(a)— +a+§+“‘+m
Whenever f: G, @ A — G ® A is a group homomorphism (over A), we shall use
the notation f() for the composition homomorphism f o F' (where F denotes the
Frobenius endomorphism of G,). With this notation the formula (1.3.1) may be
rewritten as follows

€ GL,(9).

eTpy = €XTPay * e:vp(gl) C expgf_ll). (1.3.2)
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Note finally that the homomorphism exp, : G4y @k A — G L, ® A defined by an r-
tuple of pairwise commuting p-nilpotent matrices o = (v, ..., @,-—1) coincides with
the restriction of the corresponding homomorphism exp, 0y : Go ®x A — GL, @ A
to Ga(r) R A.

As was noted in the proof of Proposition 1.2, to give a homomorphism G,y —
GL, is the same as to make £" into a comodule over the coalgebra k(G| and
hence is the same as to make k™ into a module over the algebra k[G,|#. The
following statement makes explicit this algebra.

Corollary 1.4. Let v, ..., vyr—1 be the basis of k(G |# = (k[T]/TP")# dual to the
standard basis of k[T]/T?" . Denote v, by u;. Then the algebra k|G, ]# coincides
with k[ug, ..., ur—1]/(ub, ...;ul_). Moreover for any 0 < j < p” — 1 we have the

following formula (in which jo, ..., jr—1 are the p-adic digits of j, i.e. 0 < j; < p
. r—1 .
and j =>"1_y jip*)

.jO j'r‘—l
,U._UO et U
j = . .

jo! C e ']7’—1!

As we see in the proof of the following theorem, the representability of V,.(G) is
an easy consequence of Proposition 1.2.

Theorem 1.5. For any affine group scheme G/k, the functor V,.(G) is represented
by an affine scheme of finite type over k, which we’ll still denote V,.(G). Moreover
G — V,.(G) is a covariant functor from the category of affine group schemes/k to
the category of affine schemes of finite type/k, which takes closed embeddings (of
group schemes) to closed embeddings.

Proof. The equations of =0 = [a;, o], 0 < i,5,¢ < p" define the affine subscheme

of A™ which clearly represents the functor V.(GLy,). For an arbitrary G choose an
embedding G — GL,, and denote by Fi,...,Fy € k|GL,] the defining equations
of G, then V,.(G) is given by the additional Mp" equations in the “rn? variables”
of a € AT’

Fi(expa(t)) = 0 € k[Gym] = k[t] = k[T)/TP".

O

Whenever V/k is a finite dimensional vector space, we shall use the same no-
tation V for the corresponding linear scheme Spec(S*(V#)) over k. Let g/k be
a finite dimensional p-restricted Lie algebra. The p-th power map [p] : g — ¢ is
homogeneous polynomial (of degree p) and hence may be considered as a morphism
of schemes. We shall denote by N,(g) the p-nilpotent cone in g, i.e. the fiber over
the point 0 € g of the morphism [p] : g — g, so that for any k-algebra A the set of
A-points of N,(g) may be identified with {z € g ®; A : zlP! = 0}.

Lemma 1.6. Let G/k be an affine group scheme over k and let g be the correspond-
ing restricted Lie algebra. Then we have a natural identification V1(G) = Np(g).

Proof. Let A be a k-algebra. To give a homomorphism G1)®r A — G®y A of group
schemes over A is the same as to give a homomorphism G,y @, A — Gq) @ A
(over A). Since the category of height 1 group schemes is equivalent to the category
of p-restricted Lie algebras (cf. [J;1.8.5,9.6]), this is equivalent to the data of a
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homomorphism of restricted Lie algebras g, ®x A — g®y A (over A), i.e. equivalent
to the data of z € g ®; A with 2Pl =0. O

Since we shall demonstrate in [SFB] that the the spectrum of the cohomology
algebra H*(G, k) is homeomorphic to V,.(G) whenever G is an infinitesimal group
scheme of height < r, it is of interest to obtain as explicit a description of V,.(G) as
possible. As seen in Lemma 1.8, V,.(G) = V,.(G(,) has a description as r-tuples of
p-nilpotent, pair-wise commuting elements of Lie(G) for classical groups.

Let G/k be an affine group scheme with Lie algebra g and let ¢ : G — GL,
be a closed embedding with d¢ : ¢ — gl,, the associated map of p-restricted Lie
algebras. We say that ¢ is an embedding of exponential type (and ¢(G) C GL,, is a
subgroup of exponential type) if the following equivalent conditions are satisfied:

(1) For every k-algebra A and every p-nilpotent x € g®y A, the homomorphism
exPdp(z) : Ga Ok A — G L, @y, A factors via G @y, A.
(2) The canonical morphism of schemes
N,(9) Xk Gg — Ny(gln) xx G —> GL,
factors via G.

Lemma 1.7. Let G be an affine group scheme with an embedding of exponential
type G — GL,,. Then

V. (G)(A) = {a € (Lie(G) @ A)" : ol =0 = [aj, 0] for all 0 < i,j,1 <r}.
(1.7.1)
Proof. Let a be an r-tuple in the right hand side of (1.7.1). By assumption, each
exPa; : Gory Op A — GL, @i A factors via G @ A and hence so does each emp,()fi).
Thus, the product exp, does as well and so exp, € V,.(G).

Conversely, assume that exp, : Gu) @k A — GL, ® A factors via G @ A.
This implies immediately, that oy = d(expq)(1) € (Lie(G) @k A) N Np(gl,)(A) =
N, (Lie(G))(A). The hypothesis of an embedding of exponential type implies that
€xPay : Ga(ry@r A — GL,®y A factors via G @ A and hence (expq, ~...~ea:p<(£_j))(1)
does so as well. jFrom this we conclude easily that exp(a, ... a,_1) = €TPa, -

e:cpg,,__zl) t Gapro1) @k A — GL, ® A factors via G @ A so that induction on r
concludes the proof. [

The following lemma asserts that various classical subgroups of GL,, are of ex-
ponential type and hence satisfy the conclusion (1.7.1). We omit the proof which
follows by inspection.

Lemma 1.8. 1) Any intersection of subgroups of exponential type of GL,, is again
of exponential type.

2) The subgroups SL, C GL,, Spa, C GLa,, B, C GL, (subgroup of upper
triangular matrices), and U,, C GL,, (subgroup of strictly upper triangular matrices)
are of exponential type.

3) Let ¢ be a nondegenerate symmetric bilinear form on the vector space k™. Then
the orthogonal group O(¢p) C GLy, is a subgroup of exponential type.

Remark 1.9 Let G be an affine group scheme which admits an embedding G —
G L, of exponential type. The choice of such an embedding gives us an identification
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of V,.(G) as above. We do not know whether this identification is canonical or
depends on the choice of the embedding (of exponential type).

We next show that the scheme V,.(G) is a cone or, what amounts to the same
thing, that the coordinate algebra k[V,.(G)] is graded connected. To do this, we
first identify the scheme V(G ).

Lemma 1.10. For anyr >0, V;.(G,) = Vo(Ga(ry)) = A7,

Proof. A homomorphism G,y @x A — Gy @ A is equivalent to a polynomial
P(T) € A[T] of degree < p" such that P(T+T") = P(T)+ P(T"’). Such polynomials
are those of the form P(T) = a¢T + a1 TP + ... + ar_lTpT_l. O

Composition of morphisms defines for each affine group scheme G a natural
morphism of schemes

VT(G) X ‘/?"(Ga(r)) - ‘/T(G)

Taking G = Gg(,) we see that V,.(G,() has a natural structure of a monoid
scheme over k. Moreover for an arbitrary group scheme G the above morphism
defines a right monoid action of V;.(G,(y) on V,.(G). The monoid structure on
V;(Ggy(ry) corresponds to the composition of additive polynomials and so is rela-
tively complicated. To simplify matters we restrict our attention to an abelian
submonoid A! C A", corresponding to linear polynomials. The monoid structure
on this monoid A'! is just the usual multiplication.

Lemma 1.11. A right monoid action of A' on an affine scheme X = Spec A over
k is equivalent to the data of a (non-negative) grading on the ring A.

Proof. For any graded k-algebra A we have a canonical k-algebra homomorphism
A — A[T] : a=ag+ai+..—ay+aT+aT?+ ...

which defines a morphism of schemes over k : X xA! = Spec A[T] — Spec A = X.
One readily verifies that this defines a monoid action of A! on X.
Conversely, assume that we are given a right monoid action of A! on X

f:X xA' - X.

Consider the corresponding homomorphism of k-algebras f* : A = k[X] — k[X X
Al = A[T] and set A; = {a € A: f*(a) € A-T'}. It’s easy to check that this
defines a non-negative grading on A and moreover the above two constructions are
mutually inverse. [

We sum up the results of the above discussion in the following lemma.

Lemma 1.12. For any affine group scheme G /k, the coordinate algebra k[V,.(G)] is
a graded connected k-algebra. Moreover the homomorphism k[V,.(G")] — k[V.(G)]
corresponding to a group scheme homomorphism G — G’ respects gradings.

Proof. The only thing left to prove is the connectedness of k[V,.(G)]. Consider first
the case G = GL,. In this case it’s straightforward to check that the canonical
action

V,.(GL,) x A' — V,.(GL,)
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corresponds to the following map of A-valued points (for any k-algebra A):

r—1

(g, 1y ooy 1) X a — (ag, aPaq, ...,a?  «ap_1).

The closed embedding V,.(GL,) — (A”Q)T defines a surjective k-algebra homomor-
phism k[(A™)"] = k[{XL Y2} "._1] — k[V;(GLy)] which is compatible with grad-
ings provided that we define the grading on the left via the formula deg(Xiylj ) =pl.
In any event, the graded algebra on the left is connected and hence k[V,.(G)] is
connected as well. The general case now follows immediately, since the surjec-
tive homomorphism k[V,.(GL,)] — k[V,.(G)] corresponding to a closed embedding
G — GL, is compatible with gradings. [

We shall repeatedly use the structure of the cohomology algebra of G, and G,
as recalled in the following theorem.

Theorem 1.13[CPSvdK]. 1) Assume that p # 2. Then the cohomology algebra
H*(Gg, k) is a tensor product of a polynomial algebra klz1, 2, ...| in generators z;
of degree 2 and an exterior algebra A(A1, Az, ...) in generators \; of degree one. If
p = 2 then H*(Gg, k) = k[A\1, Ao, ...] is a polynomial algebra in generators \; of
degree 1 (and in this case we set x; = \2).

2) Let F : G, — G, denote the Frobenius endomorphism. Then F*(x;) = z;y1,
F*()\z) = >\’i+1~

3) Let s be an element of k and use the same notation s for the endomorphism
(multiplication by s) of G,. Then s*(z;) = sP'x, s*(\) = spl_l)\i.

4) Restriction of x; and \; to Gy is trivial for i > r. Denoting the restrictions
of x; and X\; (fori <r) to Gy by the same letter, we have

H*(Ga(,«),k‘) :k[xl,...,xr]®A()\1,...,)\T) pF 2
H* (o), k) =k[A1, o A p=2

We can now introduce the homomorphism  which will play a key role in both
this paper and [SFB.

Theorem 1.14. For any affine group scheme G/k, there is a natural homomor-
phism of graded commutative k-algebras

b H(G k) — k[Ve(G)]

which multiplies degrees by 5.

Proof. For any affine group scheme G over k, the canonical element
1€ Vi(G)(K[V(G)]) = Homy—aig (K[V:(G)], k[V:(G)])
corresponds to a universal homomorphism of group schemes over k[V,.(G)]:
u: Gy @k K[V (G)] — G @y k[V,(G)].
This induces

u*: H* (G, k) — H* (G, k) @ k[V.(G)] = H* (G @4 k[V,(GQ)], k[V-(G)])
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— H*(Go(ry @1 K[V (Q)], E[V2(G)]) = H* (Gyry, k) @4 E[V-(G)].

For z € H*(G, k), write

Zm ® f5,i(2) € H Gy, k) ® k[Vo(G)]

where Mzt = M'... Mrzb..ogir with j, € {0,1}. We define ¢(z) to be the

T
coefficient of 27" in this expression. That 1 is a homomorphism of commutative

k-algebras is obvious from the construction.

To verify that 1 multiplies degrees by %T, it suffices to assume that k is alge-
braically closed by replacing k by its algebraic closure. The natural monoid action
of Al on Gaq(ry is compatible with the action of A' on V,.(G) given above in the
sense that for any s € k the following diagram commutes:

Gagry) X Vi(G) —5 Gy x Vi(G) —2— G x V,(G)

sxll lprl

Gamy X Vi(G) —— G xV,(G) —— G.

If we pull 2 € H>"(G, k) back via the lower horizontal and left vertical maps,
then we obtain

. r—1 - . r . . .
E :S]1+~~~+p Jrt+piit...+p tr \J ® fj,z’-

Jst

If we pull z € H?"(G, k) back via the right vertical and upper horizontal maps,
then we obtain

> Nat@s (fiq).
7,

Thus, each f;; is homogeneous of degree ji + ...+ p " 'j, + pi1 +... + p"i,. In
particular, 1(z) has homogeneous degree p"n. [

In the special case p = 2, the previous theorem can be refined as follows to
include cohomology classes of odd degree.

Theorem 1.14.1. Assume that p = 2. Then for any affine group scheme G/k,
there is a natural homomorphism of graded commutative k-algebras

v H* (G, k) — k[V.(G)]

which multiplies degrees by 27~ 1.

Proof. This time we define ¢(z) (for z € H"(G, k)) to be the coefficient of A in
u*(z). The properties of this map v are verified in exactly the same way as above.
O
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§2. EXTENSION OF SCALARS IN POLYNOMIAL FUNCTORS.

The theory of strict polynomial functors developed in [F-S] is the basis for the
construction of universal extension classes e,. Since we need these universal classes
in the context of group schemes over quite general commutative rings, we must
extend the formulation of strict polynomial functors to this more general situation.
We outline below this theory indicating the necessary (minor) changes. We then
verify that the universal classes constructed in [F-S] (in the context of strict poly-
nomial functors on finite dimensional vector spaces over a field) determine by base
change universal classes in our more general context.

Let A be a commutative ring (always assumed to be unital). Denote by V = V4
the category of finitely generated projective A-modules and A-linear maps. For any
V,W € Va4 weset Hompo(V,W) = S*(V#)@4W, where V# = Hom(V, A) is the
module dual to V' (over A) and S* stands for the symmetric algebra (over A). The
elements of Homp, (V, W) are called polynomial maps from V' to W. A polynomial
map is said to be homogeneous of degree d if it belongs to S¢(V#) @4 W. The set
of homogeneous polynomial maps of degree one coincides with Hom 4 (V, W). Each
bilinear map U x V' — W defines a homogeneous polynomial map of degree two.

For any V € V, we shall use the same notation V' for the corresponding vector
bundle Spec S*(V#) over Spec A. With this notation, we have the following obvious
formula

HomPol(V7 W) = HomSch/A<V7 W)

This formula enables us, in particular, to define the composition map
Hompo (V,W) x Hompy (U, V) — Hompu (U, W).

Each polynomial map p : V' — W defines a set map from V to W which we usually
denote by the same letter p. Note also that we can extend scalars for polynomial
maps, so that whenever p : V. — W is a polynomial map (over A) and A’ is a
commutative A-algebra we may consider a polynomial map pas : Var — Wy over
A’ and hence also the corresponding set map Var — Wy,

Definition 2.1. A strict polynomial functor over a commutative ring A
T : V4 — Va consists of the data of T(V) € V4 for each V- € V4 and a poly-
nomial map Tyvw : Homa(V,W) — Homu(T(V),T(W)) for each pair V,W € Va4,
satisfying

(2.1.1) Ty,y (1y) = 1lpwy.
(2.1.2) For any U, VW € Vy, the following diagram of polynomial maps commute

Hom(V,W) x Homa(U, V) — Hom (U, W)
Tv,w XTU,vl lTU,W
Homa(T(V), T(W)) x Homa(T(U), T(V)) —— Homa(T(U),T(W)).

For any V' € Vy4, we denote by GL(V') the corresponding affine group scheme
over A. As a scheme, GL(V) is the principal open subset in the vector bundle
End4 (V) given by the non-vanishing of the determinant det € S*(End(V)#). If
GG is an affine group scheme of finite type over A, then to make V' € V4 into a
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rational G-module (i.e. into a comodule over the coalgebra A[G]) is equivalent to
giving a group scheme homomorphism G — GL(V') over A.

Let T be a polynomial functor over A. The data of a polynomial functor provides,
in particular, a morphism of schemes

TV,V . EndA(V) — E?’LdA(T(V))

One checks easily that Ty, takes the open subscheme GL(V) C Enda(V) to
GL(T(V)) and the induced morphism of schemes Tyy : GL(V) — GL(T(V)) is
a group scheme homomorphism. Composing this homomorphism with the original
homomorphism G — GL(V'), we see that 7'(V') has a natural structure of a rational
G-module.

Now the general theory developed in [F-S;§2] goes through practically without
change. We briefly recall the essential definitions and results.

First of all, one can introduce the concept of a homogeneous strict polynomial
functor of degree d (resp. of a strict polynomial functor of finite degree) by requiring
that all polynomial maps Ty y : Enda(V) — Enda(T(V)) are homogeneous of
degree d (resp. degrees of these maps are bounded above). One checks easily
that a strict polynomial functor of finite degree is a direct sum of (finitely many)
homogeneous components.

One defines a natural transformation of strict polynomial functors exactly in the
same way as was done in [F-S] for polynomial functors over a field. We denote by
P = P4 the category of strict polynomial functors over A of finite degree and by
Pa = Pa, 4 its full subcatagory consisting of homogeneous strict polynomial functors
of degree d. As mentioned above, we have a canonical direct sum decomposition
Pa = @a>0Paq,a. In the present situation, the categories P4 and Py 4 are no
longer abelian; however, they are exact categories in the sense of Quillen [Q] with
admissible short exact sequences 0 — T" — T — T" — 0 being those for which the
sequence 0 — T"(V) - T(V) — T"(V) — 0 is exact for any V € Vy .

We recall the notation I'* for the i-th divided power, the dual (over A) of S°.

Let T be a strict polynomial functor. For any V,W &€ V4, T defines a canonical
A-linear homomorphism

0: @isol" (Homa(V,W)) @4 T(V) — T(W)

which is non-zero only on finitely many components (only on I'*(Hom 4 (V, W)) ® 4
T(V) if T is homogeneous of degree d). A functor T is said to be n-generated
provided that the corresponding homomorphism

®izol" (Homa (A", W)) @4 T(A") — T(W)

is surjective for any W € V4. A functor T is said to be finitely generated if it is
n-generated for some n > 0. Arguing essentially in the same way as in [F-S], one
can show that T is finitely generated if and only if it is of finite degree. In fact we
have the following result.
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Proposition 2.2 ([F-S] Proposition 2.9). A strict polynomial functor T is
finitely generated if and only if it is of finite degree. More precisely, if T is n-
generated, then deg(T) coincides with the degree of the polynomial map Tan an :
Ends(A™) — Enda(T(A™)); conversely if T has degree d, then it is d-generated.

The functor '™ € Py introduced in [F-S] (see also the proof of Proposition 3.6)
is given by the formula T9"(V) = I'*(Hom(A™,V)). This functor is relatively
projective as one sees from the following result.

Theorem 2.3 ([F-S] Theorem 2.10). For any homogeneous strict polynomial
functor of degree d and any n > 0,

Homp, (%", T) = T(A™).

Thus, T4" is a relatively projective object of Py. Moreover, for any homogeneous
strict polynomial functor T of degree d, the associated natural transformation

Q:T4" @, T(A™) - T

is an admissible epimorphism if and only if T is n-generated.

Theorem 2.3 and Proposition 2.2 show that each T' € P; has an admissible
projective resolution. Thus we may develop the usual relative homological alge-
bra in the category P;. In particular, for any 7,7’ € Py we may consider the
corresponding Ext-groups Exty, (T, T").

Denote by S(n,d) = S(n,d, A) the Schur algebra I'(M,,(A)). For any T € Py
and any n > 0, the canonical homomorphism

0 : T4 Enda(A™)) @4 T(A™) — T(A™)

makes T'(A™) into a finitely generated left S(n,d, A)-module, which is projective as
an A-module. Denote by Mod{S(n,d, A)} the exact category of all such modules.
Associating to T € Py the S(n,d, A)-module T'(A™), we get an exact functor

V: Py — Mod{S(n,d, A)}.

Theorem 2.4([F-S] Theorem 3.1). Assume that n > d. Then VU : Py s —
Mod{S(n,d, A)} is an equivalence of categories with quasi-inverse defined by send-
ing M € Mod{S(n,d, A)} to ®(M) =T%" @g(n.a,4) M.

The proof is identical with that given in [F-S], the only additional problem being
the verification that if M € Mod{S(n,d, A)} and V € V4 then I'*"(V) ®g(n.4,4) M
is a projective A-module. To check this, it suffices to consider V' = A". In this
case, one can use the fact that T'%"(A™) = I'Y(Hom 4 (A™, A™)) is a projective right
S(n,d, A)-module.

Corollary 2.4.1. Let f: T — T’ be a homomorphism of homogenous strict poly-
nomial functors of degree d. The following conditions are equivalent:
(a.) f is an isomorphism.



INFINITESIMAL 1-PARAMETER SUBGROUPS AND COHOMOLOGY 13

(b.) fan : T(A™) — T'(A™) is an isomorphism for all n.
(c.) fan : T(A™) — T'(A™) is an isomorphism for some n > d.

We now investigate the behavior of Ext-groups under base change. Let A’ be a
commutative A-algebra and let T € P4, T' € P4 be a pair of strict polynomial
functors. We define a homomorphism f : T — T’ to be a collection of A’-linear
maps

fv :T(V)@s A =T (VeosA)

given for all V' € V4 and satisfying the following property: for any V. W &€ V4, the
following diagram of polynomial maps commute

Homu (Var, War) = (Homa(V,W))ar 24 b om s (T(V) ar, T(W) a7)

T‘//A/’WAIJ lfwo

Homa (T'(Var), T'(Wa)) IV Homa(T(V)a, T'(War)).

We have used here and below the notation V4 to denote V ® 4 A’ for any V € V4.

Let V' € V4, and consider the category V4(V'), whose objects are pairs (V, ¢),
where V€ Vq and ¢ : V@4 A' — V' is an A’-linear map, and morphisms from
(V,¢) to (Vi,¢1) are A’-linear maps ¢ : V@4 A" — V4 ® 4 A’ such that ¢19 = ¢.
Let T' € P4 be a strict polynomial functor. To each (V,¢) € V4(V') we associate
the A’-module T (V)4 = T(V) ®4 A’, and to each ¢ € Hom((V, ), (V1,¢1)) we
associate the A’-linear map

(Tvy)ar (@) : T(V)ar — T (V1) ar.

In this way, we get a functor from the category Va(V’) to the category of A’-
modules. We define the A’-module T4/ (V') via the formula

TA/(V/) = lim T(V)A/.
Va(V')

Observe that
Ta(Var) =T(V)ar, V € Va, (2.5.0)

since (V, 1y,,) is the final object of the category V4(Var).

Proposition 2.5. Let T € Py and let A’ be a commutative A-algebra. Then the

functor Tar sending V' € Var to Ta (V') = lim T(V)as is a strict polynomial
Va(V’)

functor on V4. Moreover, for any T' € Py,

Hom(T,T") = Homp,,(Ta, T").

Proof. 1t’s clear that so defined T4/ is at least a functor in the usual sense from
Va+ to the category of A’-modules. Furthermore, for any V' € P4, we can find an
embedding i : V' < A’ and a projection p : A’ — V' for which poi = 1y~. This
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implies that T4/ (p) o Tas (i) = 1p,,(v+y and hence T'a(V') is a direct summand in
Ta(A™) =T(A") 4 and in particular T4/ (V') € Par.
To define polynomial maps

(TA’)V’,W/ : HOmA/ (V/, W/> — HO?TLA/ (TA’ (Vl>7 TA' (W/))

we proceed as follows. Choose embeddings iy : V' — A" iy : W — A’™ and
projections py : A" — V', py : A’ — W’ such that pyiv: = 1y, pwrin: =
1y and define (Tas)y,w+ as a composition

(TA7L Y‘,4771 )A/
_—

HomA/ (V/, W/) — HomA/ (Aln, A/m) HO?TLA/ (T(An)A/ N T(Am)A/) =
= Homa/ (Ta(A™), Tar(A™)) — Homa/ (Tar(V"), Tar(W")).

A routine verification shows that the resulting polynomial map is well defined and
that T4/ is a strict polynomial functor over A’ having the required universal map-
ping property. [

Proposition 2.6. The extension of scalars functor @ 4A" : P4 — Py sending T
to Tar is exact and preserves (relative) projectives. Furthermore,

Homp,,(Sar,Tar) = Homp, (S, T) @4 A', S,T € Pa.

Proof. Let 0 — T' — T — T? — 0 be an exact sequence in P4. Let further V'
be an object of Vy4:. If V' is of the form V' = Vy, then (2.5.0) implies that the
sequence

0—Th (V') —=Ta(V')— T3 (V')—0 (2.6.1)

is isomorphic to
0T (V)4 A - T(V)@a A =T (V)4 A — 0

and hence is exact. In the general case we may choose a split embedding of V'’
into A’". Then the sequence (2.6.1) is isomorphic to a direct summand in an exact
sequence corresponding to A’ and hence is again exact.

To show that ® 4 A" preserves projectives it suffices to establish the formula
(T%™) @4 A" =T%", which is done by direct inspection.

In proving the last statement, we may clearly assume that S and T are homoge-
neous of degree d. If S = I'" then our statement follows from Theorem 2.3 and
(2.5.0). For a general S, we may consider a resolution of the form

(Fd,d)m N (Fd,d)n N S N O

and use the right exactness of the functor Hom. [

Proposition 2.6 has the following formal consequence.
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Corollary 2.7. For any S,T € P4, we have a canonical homomorphism
ECEt;;A (S, T) XA A/ — EIL’t;;A, (SA/, TA/)
which is an isomorphism in case A’ is flat over A.

We shall be particularly interested in the base change of the functors I(") whose
Ext-algebra was determined in [F-S]. For any commutative F,-algebra A, let f :
A — A denote the Frobenius (p-th power) map sending a € A to a? € A. For any
V € V4 and any r > 0, set V(") = V®sr A. The functor I = IX) :V — V) isan
additive functor from the category V4 to itself satisfying the following properties:

VoiaD =vD e, w, (v*)O = vH#  forany V,W € Va.

We'll be using the notation v(") for the element v Q1 e V(). It’s clear that if V
is free with basis vy, ..., v, then V(") is also free with basis vgr), ...,vy)
I into a polynomial functor, we note that for any V € V4 we have a canonical A-
linear homomorphism V(" — SP" (V) : v — vP". Applying this to V# we get a
canonical polynomial map V — V(") of degree p” (the corresponding set map takes
v to ’U(T)). In particular, this gives us for any V,;W € V4 a canonical polynomial

map

. To make

Hom (V,W) — Homa(V,W)") = Hom (V"W).

A straightforward verification shows that with these maps I(") becomes a homoge-
nous polynomial functor of degree p” over A. We sum up the results of the previous
discussion in the following proposition.

Proposition 2.8. Let A be a commutative Fy,-algebra. Then Igr) s a homogenous
polynomial functor of degree p”. Moreover IX) 1s additive and satisfies the following
properties:

VoaW)" =v g, wr. (vHO = vVIN#  for any V,IW € V.

Finally for any A as above we have a canonical isomorphism

19 = 1) e, A

Proof. Everything but the last statement has been established above. To prove
the last statement we first mention that for any Vo € Vr, we have a canonical
isomorphism

VO(T) ®F, A Vo ®rF, A)(r)_

One checks easily that these isomorphisms define a homomorphism Iﬁ) — IX).
The universal mapping property of Proposition 2.5 gives us further a canonical
functor homomorphism Ig) ®F, A — IX). The formula (2.5.0) shows that the
corresponding A-linear map

(I @5, A)(V) = I1{(V)

is an isomorphism for modules of the form V' =V, ®r, A (Vo € Py, ), i.e. for free
A-modules. To complete the proof, it suffices now to use Corollary 2.4.1. [
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§3. CHARACTERISTIC CLASSES AND THE HOPF ALGEBRA FE,.

In [F-S], the determination of the (Yoneda) Ext-algebra E, = Ea:t;;% (1) 1)
played an important role. In this section, we view elements of this algebra as
universal characteristic classes for rational representations. We also introduce a
natural coproduct on E, which provides F, with the structure of a commutative,
cocommuative Hopf algebra (whose explicit form will be determined in the next
section).

The following computation of E, was achieved in [F-S].

Theorem 3.1([F-S] Theorem 4.10). FEach E, is a finite dimensional, commuta-
tive IF), algebra concentrated in even degrees. Frobenius twist determines an injective
map E,._1 — E, for eachr > 0. Moreover, Ey =T, (in degree 0) and E, is obtained
from E,._1 by adjoining a new generator

er € Ea:t%;r_l (1™, 1)

subject to the only relation e? = 0. In particular, the dimension of E, in degree n
is 1ifn=25,0<j<p" and is 0 otherwise. If j = jo + j1ip+ ...+ jr—1p" "+ with
each j; satisfying 0 < j; < p, then we define

(r=\jo(,(r=2)\51  _dr—1 ‘
(el )7 (e )€ EEmt?ﬁF (I(T),I(T)).

er(j) = (]0')(]1')(«7T_1')

(Thus, e, = e, (p"1)).

In the following proposition, we introduce characteristic classes for rational G-
modules obtained from the universal classes e, of Theorem 3.1.

Proposition 3.2. Let G be an affine group scheme over a commutative IFp-algebra
A andlet V € V4 be a rational G-module with structure provided by p : G — GL(V').
For each r > 0, this data determines the characteristic class

e (G, V) € Ext? (v, v™)

(and characteristic classes e, (§)(G,V) € Extd (V") V")) for j < p),
Moreover,
a.) If ¢ : V. — W is a homomorphism of rational G-modules, then

60 e (G, V) = e, (G, W) - ¢ € ExtZ (V) W),

b) 67’(G7 Vl SV ‘/2) = €T(G, ‘/1) D 67’(G7 VQ)
c.) If A’ is a commutative A-algebra, then e.(Ga/,Var) = e .(G,V)ar.

Proof. Sending F' € Pr, to Fu(V) €(rational GL(V)-modules) is an exact functor
and thereby determines

RF, A
Exty, (F,F') —2= Eath, (Fa, Fy) — Exthy o) (Fa(V), FA(V)) —
— Batg(Fa(V), Fi(V)).
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We define e, (G, V) to be the image of e, under this map (with F = F/ = ("),
Let
0—=I" 5T — = Typ1 = I =0

be an exact sequence in P, representing e,. Then a.) and b.) are consequences of
the following commutative diagrams of rational G-modules

0=V ——— (1), (V) —— = (Typr-1) , (V) —— VI =0

A
¢<r>l mmml <T2pr_1>A<¢>l lw
0—-W" —— (1) (W) —— -+ = (Typrr) (W) —— W =0

0— Vl(r) D Vz(r) - (Tl)A(Vl) D (TI)A(VZ) - Vl(r) D V2(r) —0
(ig"%i;"))l; ((Tl)A(il),(Tl)A(iz))l (z{”,fz;”)l;
0—-WVien) — M),eVy) —— - —Vialk) o

The last statement follows immediately from definitions and formula (2.5.0). O

Remark 3.3. Let G/k be an infinitesimal group scheme of height < r. Let further
A be a commutative k-algebra and V € V4 be a rational G 4-module. In this case
the action of G4 on V(") is trivial and hence Extg, (V@ V)Y = Enda(VM) @4
H*(Ga,A) = Enda(V)") @4 H*(Ga, A) = Enda(V)") @ H*(G, k). Assume
further that the module V is free and moreover we have a fixed basis of this module,
so that V' may be identified with A™ and End (V') may be identified with the matrix
algebra M, (A). The A-algebra M, (A)(") may be further identified with M,,(A),
this identification takes o™  (a € M, (A)) to a matrix (which we also denote o)
whose entries are obtained from those of a by raising them to the power p”. In the
above situation, we get an isomorphism

Extg, (V" V) = M,(A) @, H*(G, k) = M, (A H (G, k)).

Moreover this isomorphism transforms the Yoneda pairing in Fztg, (VM V) to
the usual matrix multiplication in M, (A ®, H*(G,k)).

The isomorphism above enables us to interpret the characteristic clesses
e-(7)(G 4, V) as matrices with coefficients in the commutative ring A®, H (G, k) =
He’(G 4, A). We shall consistently use this point of view in the next section.

Convention 3.4. We adopt the following convention to fix the generators e,
(uniquely defined up to scalar multiple). This convention, possibly differing from
that of [F-S], is chosen to insure the validity of Proposition 4.1.

Recall (cf. [F-P]) the May spectral sequence

E3' = H'(gla, k) ® S*(glV#) = H* T (GL,), k),
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where H*(gl,,, k) denotes Lie algebra cohomology of gl,, = Lie(GL,,). The compo-

sition of the natural map glgf)# — SP (gl%l)#) and the edge homomorphism of
this spectral sequence determines a class in

Hom(gl"#  H*> " (GLyn), k) ~ H®  (GLy1y, gl).

We define e, (i.e., specify the scalar multiple) by requiring that e,(GLy,1), k")
equal the preceding class. To make this definition work we have to check that (with
a definition of e, used in [F-S]) the class e,(GLy,1), k™) € HQPT_I(GLn(l),gZSﬂ))
differs from the preceding class by a non zero constant which is independent of n
and k. This follows easily from properties of e, proved in [F-S]; we leave the details
to the reader.

The following definition is a natural extension of the definition of a strict poly-
nomial functor. For simplicity, we work over a field k, although the following the
definition can be immediately generalized to the case of an arbitrary commutative
base ring. For the remainder of this section, we set P = Py.

Definition 3.5. Let k be a field and V = V). A strict polynomial bifunctor
T:VxV—=YVY

consists of the data of T(V,W) € V for each pair (V,W) € V? and a polynomial
map

Ty, wyyva, w2 - Homy(Vi, Vo) x Homy(Wy, Wa) — Homy,(T'(Vi, Wh), T'(Va, W3))

for all (Vi,Wy; Vo, W) € V4 satisfying

(3.5.1) Tvwww (v, Iw) = Lovw).

(3.5.2) For any (Vy, Wy; Vo, Wa; V3, W3) € VO, the following diagram of polynomial
maps commautes

[V, V3] x [Wa, W3] x [V1, Va] x [W1, Wa] — [V, V3] x [W, W3]
TV27W2;V37W3XTV17W1;V2»W2l lTVl,Wl;VS,WS

[T'(Va, Wa), T'(V3, W3)| x [T'(V1,W1),T(Va, W)] ——— [T'(V1, W1),T(V3, W3)]

where we have used [—, —] to denote Homy(—, —).

Such a strict polynomial bifunctor T is said to be homogeneous of bidegree (d,d")
provided that Ty w.v: w is homogeneous of bidegree (d,d') for all (V,W; V', W') €
1%

We denote by P(2) the abelian category whose objects are strict polynomial
bifunctors of finite degree and whose maps are the evident analogues of natural
transformations. Then P(2) is a direct sum of abelian categories P(2)q,q4 of bi-
functors of bidegree (d,d’) each with enough projectives and injectives. (Indeed,
projective generators in P(2)q 4 are described in the proof of Proposition 3.6 be-
low.)
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We shall consider the following constructions of bifunctors from functors:
©:PxP—=P2), (FoOG)V,W)=FV)oGW)

A:P—P2), AFV,W)=FV aW).

Clearly, ® is biexact and A is exact, so that these functors induce natural maps

O*: BExth(F,G) @ Exth(F',G') — Ext;j(;)(F OF,Goa"

A" : Bxtp(F,G) — Extp o) (A(F), A(G)).
Proposition 3.6. For any F,G € Py, F',G" € Py,

©" : Bxtp(F,G) @ Extp(F',G') — Extp ) (F O F',GoG)

is an isomorphism of graded vector spaces.

Proof. We recall the strict polynomial functor '™ € P, defined to send V € V to
T'Y(Homy(k™,V)), where T¢(W) denotes the invariants under the symmetric group
Y4 of the d-fold tensor power W®9 of the vector space W. Then Homp(I'4" F) =
F(k™) for any F' € Py, so that I'“" is projective. Furthermore, as shown in [F-
S;2.10], '™ is a projective generator of P4 provided that n > d. A precisely parallel
argument shows that

HOmp(g) (Fd’n ® Fd/’n/, T) = T(l{?n, kn/)

for any T € P(2), so that each 4" ©T% " is projective; moreover, if n > d,n’ > d,
then T4 © T% " is a projective generator for P(2)aa -
If F=T%"and F/ = T'%"" then the natural map

G(kE") ® G(k,’”/) = Homp(F,G) ® Homp(F',G') —

— Homp)(F O F,GoG") =G(E") @ G' (k)

is the identity. Similarly, if F, F’ are sums of such projective objects, then this map
is an isomorphism. More generally, we choose projective resolutions Py — F, P, —
F’ consisting of terms which are sums of such I'*". Then P, ® P, — F® F' is a
projective resolution in P(2), so that the preceding special case together with the

Kiinneth isomorphsim implies that
Ezty(F,G) @ Extyp(G',G') ~ H*(Homp(P.,G) @ Homp(P,,G"))

— H*(Homp2)(Pe © Py, G © G')) = Extyp ) (F O F',G O G')
is also an isomorphism.  [J

Using the isomorphism of Proposition 3.6, we can now define a natural comulti-
plication on F, which provides it with the structure of a Hopf algebra.
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Proposition 3.7. The natural map induced by the exact functors ©® and A (and
the natural isomorphism AI™ = 1) @ 1(1)

V= (0%)"toA": Exth(I", 1) — Emt;;(z)(l(’“) ®IM 10 o 1My =

= Brth(IM, 1) @ Bat (17, 1)

is a k-algebra homomorphism which provides E,.(k) = Exti(I1T, 1) with the
structure of a Hopf algebra (with counit) over k. Furthermore, the map E,_1(k) —
E. (k) determined by Frobenius twist is an injective map of Hopf algebras. Finally
the extension of scalars isomorphism E, ®r, k = E,(k) is compatible with the Hopf
algebra structure.

Proof. The isomorphism ©* of Proposition 3.6 is an isomorphism of algebras when
F = G, F' = G’ provided that the product structure in Ext}, (F, F) ® Exty(F', F')
is defined using the graded tensor product (i.e., (a®@a’)(b@V) = —19¢99"degbap e q/ Y
for a,a’,b, b’ homogeneous elements). Since E,.(k) is concentrated in even degrees,
V is a k-algebra homomorphism.

Coassociativity of V is seen by identifying both functors (A,1) o A, (1,A) o0 A:
P — P(3) with the functor sending T" to 7(T") € P(3) defined by 7(T")(V1, Vo, V3) =
T(Vi ® Vo ® V3), where P(3) is the evident category of polynomial trifunctors.

The counit € : E,(k) — k is defined to be the projection onto degree 0:

¢: B (k) — Homp(I", 1M = Homy (I (k), I (k) = k.
Let ¢, %Rk : P(2) — P be the exact functors defined by
SL(T)V) = T V) . Ur(T)(V) = T(V, )
Then
(€®1)oV=0ioA*, (1) oV =¢hoA*: B (k) — E,(k).

On the other hand, ¥, c A =1=19%r oA :P — P, so that € is a counit for V.
The fact that Frobenius twist determines a homomorphism (injective by The-
orem 3.1) of Hopf algebras follows immediately from the observation that if we
define (=) : P(2) — P(2) by setting TM(V, W) = T(VD, W) then ® and A
commute with Frobenius twists.
Compatibility of the extension of scalars isomorphism with comultiplication is
obvious. [

We introduce structure constants \; ; € IF, for E, defined by the following equa-
tion
Vi) = 3 Ajenli) @ e,(j) € Br @ By (3.8.0)
itj=t
Since the Hopf algebra map given by Frobenius twist, F,._; — E,, sends e,_1(j)
to e,(j) whenever j < p"~1, \;; is well defined independent of r (provided that
i+ j <p"). In Theorem 4.6, we show that each of these structure constants A; ; is
equal to 1.
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Proposition 3.8. Let G,G’ be affine group schemes over a field k. Let further p :
G — GL(V),p' : G" = GL(V") be two finite dimensional rational representations.
Then we have the following formula relating characteristic classes

()G x G VaV)= D" Nje(i)G,V)®e ()G, V') €
i+j=¢

€ H*(Gx G End(Va V") = @ H'(G,End(V)") o H (G, End(V')").
i+j=24
(3.8.1)

Proof. Equality (3.8.1) is a consequence of the compatibility of ®* and the Kiinneth
isomorphism in group cohomology, in the sense of the commutativity of the following
diagram

Bzt (1M, 1)
A

Exts(I0), 10 @ Bt (10, 17) —2— Ext:

P(2)
|

H*(GL(V),E)® H*(GL(V'),E') —— H*(GL(V) x GL(V'),E® E")

|

H* (G, B) @ H* (¢, E') SN H* (G x G, E®E)

([(r) oI 10 @ [(r))

where E = End(V (")), E' = End(V'(")). This commutativity is a consequence of
the fact that each of the three horizontal isomorphisms arise from the Kiinneth
theorem for the cohomology of the tensor product of chain complexes. [

§4. EXPLICIT COMPUTATIONS

In this section, we explicitly determine the characteristic classes e, ((Gq(r)) 4, Va)
associated to a l-parameter subgroup exp, : Go) ®r, A — GL, ®r, A. This is
done in several stages; for the special case r = 1, our convention establishes an
agreeable answer; for the special case r < 2, a weight argument enables us to
extend this answer provided that our 1-parameter subgroup is given by a single
p-nilpotent matrix. This is sufficient for us to determine explicitly the Hopf algebra
structure on E,; we use the fact that the product exp, - exps can be rewritten as
ELPo+8 * expé ) (cf. (4.6.0)). Finally, the knowledge of this Hopf algebra structure
facilitates an induction argument to complete the determination.

Let A be a commutative F,-algebra and let a = (ap, ..., a;—1) € M,,(A)*! be an
[-tuple of pairwise commuting p-nilpotent n x n matrices. For every r > 0, this
data defines a representation

Ga(r) ®r, A —= GL, ®@r, A : (to,....,t1—1) > expa,(to) - ... - €xPo,_, (ti—1).
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This representation makes A™ into a rational (G;lr)) a-module, which we denote
W,. Furthermore, for every r > [ we may consider the corresponding representation

-1

expa : Gory ®r, A = GLp ®p, A : t > expa,(t) - ... - €xpa,_, (1P ).

We denote by V, the free A-module A™ made into a rational G,y ®r, A-module
via this representation. Clearly V,, is a pull-back of the rational module W, under

IxFx.. . xF'=t «1
Ga(r).
Throughout this section k denotes a field of characteristic p > 0 and A denotes

an arbitrary commutative F,-algebra.

the homomorphism G,

Proposition 4.1. Consider the representation expy : Goy — GL, determined
by the p-nilpotent matrix o« € My (k) and let V,, denote the associated rational
Gy (1)-module. Then

er(Caqr) Vo) =t @ € B (Gyqry, Malk)) =
— gz

r—1

(Ga1y, k) @k My (k) = H?™ (G, k) @1 My (k),

where x1 € HQ((Ga(l),k’) is the canonical generator of H*(Gy1y, k) (see Theorem
1.13).

Proof. The construction of the May spectral sequence implies that the element x, €
H? (Gq(1), k) coincides with the image of tM e gél)# under the edge homomorphism
of the May spectral sequence, where k[G,1)] = k[T']/T? and ¢ denotes the class of
T in Lie(G,)* = (T)/(T?). Let {E%7} denote the basis of M, (k)* dual to the
usual basis {E; ;} of M, (k). The naturality of the May spectral sequence implies

the commutativity of the following diagram

1 1

My (k)# —— SP° (M, (k)V#) ——— H*"(GLn). k)

a(r)#l Sprfl(a(l)#)l J{e:cpzé

g (g B (G k).

The top row coincides (according to the Convention 3.4) with the map gl,(f)# —

H2pT*1(GLn(1),k;) corresponding to e,(GLy1),k"). The bottom row sends )
to le’r_l by the preceding remark. Thus the map M, (k)"W# — H?P (Gaq); k)

corresponding to e, (G,(1), Va) sends (E*)(™ to (aij)prscfr_l. O

r—1

The following lemma establishes the effect of Frobenius on our characteristic
classes.

Lemma 4.2. Let F* : H*(Gyg—1), k) — H*(Gqp), k) denote the map induced by
Frobenius. For any 0 < ¢ < r and any {-tuple a = (ag,...,ap_1) € M, (k)** of
commuting p-nilpotent matrices,

(l.) er(j)(Ga(Z)a ‘/(0,041,...04@,1)) = F*(er(j)(Ga(£—1)7 Vv(al,...,ag,l)))-
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; r—1
b.) If j < p"~*, then

er(j>(Ga(€)7 ‘/(ao ..... Oé[_l)) = F*(er—l(j)(Ga(é—l)y Vv(aél) 0621,)2 ))

.....

Proof. Assertion (a.) follows from the definition of e,.(j)(G,V) and the fact that
eTP©0,a1,.. 00-1) = €TD(ay,....ar_1) © F 1 Gaey — GL,. To prove the assertion (b.), it
suffices to establish the commutativity of the following diagram:

er—_1 1 o (ay ey a,”’ ) .
M, (k)# <=9 B2 (G Ly 1y k) — 2 12 (G, k)
- - -

e, ] . emp*a ,,,,, ap_
M, (k)# <), H2 (G Ly, k) (0 oey) (Gagey, )-

r—1

H?*

Commutativity of the right square follows from the obvious relation
TP (1) oDy © F = Foexpag,..,ar1) * Gawy — GLp. To check the commu-

tativity of the left square note first of all that e,.(j) = e,_1(j)) (for j < p"~1).
Let
01044 Ay Lr-h g

be an extension of polynomial functors representing e,_1(j). The extension class
er () = er—1(5)M is represented by the extension

&) 5 1) 1)
0—10 Lo T L) Lo

(where TW = T' o I for any T € P) and hence e,.(5)(GLy, k™) is represented
by the extension of rational G'L,,(,-modules
) d(k™ )

d(k"(l)) d(k:"(l)) d(kn(l))

0— (k") Ty (k") Ty (k") (k™)™ — 0.
For any polynomial functor T' € P, the vector space T'(k™1)) may be identified with
T(k™) and the representation of GL, in T(k™(!)) coincides with the composition
of the representation of GL,, in T'(k™) and the Frobenius endomorphism of GL,,.

This shows that the above extension of rational G L,,(,)-modules is the pull-back via

the Frobenius homomorphism G Ly, £, GLy(r—1) of the extension representing
er—1(J)(GLypr—1), k™). O

The following lemma reduces our computations to the special case A = ), and
the very special representation given as the external tensor product of p x p Jor-
dan blocks. This is particularly useful in that Proposition 3.8 applies to analyze
67*(@:&) QF, A, W(al,...,ozi))'

Lemma 4.3. Let P(Xy, ,XZ) be a polynomial in © variables with coefficients in
the cohomology ring He”(Gcf&),Fp) . Let further r > £ be an integer. Assume that
the formula

er (Gl @5, A Wiay ) = P(af”, ., a") (43.1)

.....
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holds in the following special case: A =T,;
a1 =a®1®.Q1, ..., =11 ..R®«,

where o is a p X p Jordan block. Then the above formula holds for any A and any
i-tuple of commuting p-nilpotent matrices.

Proof. To give an i tuple of commuting p-nilpotent matrices ayq, ..., ; € M, (A) is
equivalent to making A™ into a module over the A-algebra

B =A[Yi,..Y]/(YP, .. YP

(2

) = A1)/ Y @4 ... @4 A[Y;]) Y.

The set of matrices corresponding to the free rank one B-module B is precisely the
above special set {a1,...,a;}. Thus our condition and Proposition 3.2 ¢.) show
that the formula in question holds for a free B-module of rank one. Proposition
3.2 b) implies that the formula holds for any free B-module of finite rank. Finally
we observe that any finitely generated B-module is a quotient of a free B-module
of finite rank. So to end the proof, it suffices to establish the following fact

4.3.2. Letaq,...,a; € My, (A) and B, ..., Bi € My, (A) be two i-tuples of commuting
p-nilpotent matrices. Assume further that the equality (4.3.1) holds for 3 and that

there exists a surjective A-linear map ¢ : A™ — A™ such that aj¢ = ¢fB; for all
j=1,....i. Then the formula (4.3.1) holds for a as well.

Proof. To simplify the notation, denote the cohomology ring H e”(Gcf&),IFp) by H.
Since ¢ is surjective, the induced map

() \*
Enda(AM) @p, H 220 Hom, (4™, (AM®) 05 H

is injective. Thus it suffices to check that both sides of the formula (4.3.1) give
the same result being composed with ¢(") on the right. However according to
Proposition 3.2 a) we have:

GT(GX&) ®Iﬁ‘p A, Wg) . ¢(T) = (b(T) . er(G:&) ®]Fp A’ Wﬁ) _ ¢(7‘) . P(ﬁ%?“)’ ,ﬁz(r)) _

a

= P(agr), ...az(-r)) ).

O
The next proposition is the extension of Proposition 4.1 to G g).

Proposition 4.4. Consider the representation expy : Gg) — GL, determined
by the p-nilpotent matrix o« € M, (k) and let V,, denote the associated rational
Gy (2)-module. Then for any r > 2

r—1

6T(Ga(2), Va) = CCpril X Oé(r) S H? (Ga(Z)a k‘) Rk Mn(k})(r)

Proof. By Lemma 4.3 it suffices to consider o to be a p x p Jordan block. We may
also assume (extending the scalars if necessary) that the field & is infinite.
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Let T' C GL, be the rank-1 split torus whose k-rational points are matrices of
the form dy, = diag(1,s,...,sP™!) (s € k*). So defined, T stabilizes exp, since
alsowl;1 = s o and hence ds.fazz,’jz)aalg1 = expaos~t. Since the cohomology class e, €
H2 (G Ly, M,(k)™) is invariant under the action of G L, by conjugation on GL,
and M,(k), we conclude that the class e.(Gg(2), Va) is invariant under the action
of T (where d, acts on M, (k) by conjugation and on Gq(2) by multiplication by

s71).
We write
r r—1 r
er(Gagz), Ve Z Li,j ®Ei(,j) € H?P (Ga(2)7Mn(k)( )) =
1,j=1
— 1'{2}77"—1((904(2)7 kf) ®k Mp(k)(”’)

1

for some elements x; ; € H?P" (Gag2y, k). As dsEi(;.)d;l = spr(i*j)Ei(;), we must
have (dg—1)*(x;;) = s_pr(i_j)xiyj = spT(j_i)a:ivj for all 4,j. In other words, x;; €
2! (Gq(2), k) must have weight p"(j — 7) with respect to the standard action of
Gm on Ga(g).

Sublemma 4.4.1. Let r > ¢ > 0 be a pair of integers. The only monomial of
weight p” in H2 (Ga(e), k) (with respect to the standard action of G, on Ggp))

r—1 T—
is . If £ < 2 then there are no monomials in H?P '

with 1 < m < p.

(Ga(p), k) of weight p™m

Proof. Consider an arbitrary monomial = 27" - ...- 2, - AT - ... - Af (0<¢; <1).
Its degree equals 2(ny + ... +ng) + (€1 + ... + €¢) and its weight equals n1p + ... +
nep® + €1 + €ap + ... + ep*~1. Since w(x) has to be divisible by p we conclude
that e, = 0. Now it’s straightforward to check that w(z) > £deg(x) and the
equality holds only if e = ... = ¢ = ny = ... = ny = 0. This proves the first
statement. The second statement is trivial for £ = 1. Assume that ¢/ = 2 and
r = 2P @l A AS? has degree 2p™ 1 and weight p"~'m with 1 < m < p. As before
€1 = 0 and since deg(x) has to be even we conclude that e = 0. Thus we have a
system of equations nq +ng = p" !, nip + nep? = p"m. From which we conclude
that na(p — 1) = p"~1(m — 1) and thus m — 1 = 0 mod p — 1 which gives us a
contradiction.

Lemma 4.4.1 shows that z; ; = 0 unless j =4+ 1 and z; ;41 = cixfpl for some
¢; € k. Restricting the class e,(G4(2), Vo) to G4(1) and applying Proposition 4.1 we
conclude that each ¢; = 1 and s0 €,(Gy2), Vo) = 21—, Lot ®El(7;)+l =zt ‘@a,
Ol

We can now apply Lemma 4.3 to get an almost complete understanding of char-
actersitic classes for G (y).

Corollary 4.5. a.) Let o € M, (k) be a p-nilpotent matriz. Then for any r > 2
and any 0 < j <p”

' o
xlo P

€r ] Ga 7Vo¢ = ; . ® a(r) S(])
() (Gagz), Vo) Gl ! (o)
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where j = jo + j1p+ ... + jr—1p" 1 (0 < j; < p) is the p-adic expansion of j and
5(j) = jo+...+jr—1 is the sum of p-adic digits of j. In particular, e,(j)(Gq(2), Va) =
0 unless 7 =0 mod p"~? since x; =0 € H*(Gy2), k) whenever i > 2.

b.) Let o, 8 € M, (k) be a pair of commuting p-nilpotent matrices. Then for any
r>2

r—1 r—1
er(Go) Wiap) = (7 @D @a + (@] e+
x;pr— ® x2 'r 2

o ® @)y,

+ Y AT
i+j=p,0#i#p

Proof. According to the definition of e,.(j), we have

e (Gagz), Vo) - oo €r(Gagz), Va )i

€T(j)<Ga(2)7Va) = ]01 | _1!

Proposition 4.4, Proposition 4.1, and Lemma 4.2 b) show that

7. 1

egr_i) (Ga(2)> V ) - mr—i—l ) ® a(r) (: Oifs <r— 1)

This proves the first part of our statement. Lemma 4.3 shows that in proving the
second part we may assume that a =y® 1, § = 1®~, where ~y is the p x p Jordan
block. In this case W, 3y = V, ® V,, so that our statement follows from a.) and
Proposition 3.8. [

If @ and (3 are two commuting p-nilpotent matrices in M, (k), then for any s we
have the equality
exp(s - a) - exp(s - B) = exp(s- (a+ B)) - exp(s” - §)

where £ = ZZH . Oidp l,] . Thus, we conclude

€TPq - ETPR = €D+ expé ) Ga(ry — GLn. (4.6.0)

This simple observation in conjunction with Corollary 4.5 enables us to determine
the structure constants \; ; of the Hopf algebra E,.

Theorem 4.6. E,. is isomorphic as a Hopf algebra to the dual ( LX)/ X of
the primitively generated truncated polynomial algebra F,[X] /Xp . Furthermore,
the structure constants X\; ; of (3.8.0) all equal 1; in particular,

V(er) = Z €r<i) X er(j)'

itj=pr—1

Proof. Recall that (F,[X]/XP)# = F,lug,...,ur_1]/(ub,...;u>_,) (see Corollary

» Yr—1
1.4). Theorem 3.1 shows that sending u; to e(ilz Y defines an isomorphism of
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algebras ¢, : (F,[X]/X?")# = E,. This isomorphism takes v, (as in Corollary
1.4) to e, (j) for all 0 < j < p". To show that ¢, is an isomorphism of Hopf algebras,
it suffices (since V(vg) = >, ;_,v; ® v;) to show that all structure constants A; ;
are equal to 1. To prove this, we proceed by induction on r. For r = 0 there’s
nothing to prove. Assume now that the statement is true for »r — 1 and consider
the case of E,. Our induction hypothesis and the fact that A;; is independent
of r (provided that i + j < p”) show that )\;; = 1 provided that i + j < p" .
Let a, 8 € M,(F,) be a pair of commuting p-nilpotent matrices. Consider the
representation exp, - expg : Go(2) — GLy. Denote by U the vector space F) made
into a rational G,(2)-module via this representation. Note that U is the pull-back
of the representation W, g) under the diagonal embedding A : G,2) — (G;(QQ). On

the other hand, (4.6.0) shows that U is a pull-back of the representation W, 3.¢)
under the homomorphism G, 2) RCLEN G:(ZQ). These remarks and Corollary 4.5 give
us two ways to compute e,(Gg(2),U). Comparing the results we get the following

relation

- . i T—2 5 r—2 . .
:le? 1 - (oz(r) —|—ﬂ(r)) +x§ 1 - Z A(ip - 7]'p ) ) (a(T))Z(ﬂ(T))J —
i+j=p,0£i#£p L
r—1

= @+ B +af @,

r—1
Since 25 # 0, we conclude from the previous formula that

T 104%3' =0. (4.6.1)
i+j=p,0#i#p
Taking o and [ to be multiplication by = and y in the ring B = F, [z, y]/(2?,y?) (in
which case the monomials o3/ with 4, j < p are linearly independent over F,) we
conclude immediately that all coefficients in (4.6.1) are zero, i.e. A(ip" =2, jp"~2) = 1
whenever ¢ 4+ 7 = p,0 # @ # p.

Next we show that A(i,j) = 1 whenever i +j = p" L.
coassociativity of E, gives the following relation on \ :

To do so, we note that

Aa,b) - Aa+b,¢) =Na,b+c¢)-Ab,c) (0<a,bc; a+b+c<p")
Assume first that ¢ > p"~2. Taking in the above relationa = p"~2,b =i—p"2,c = j
and taking into account that A(p" =2, (p—1)p"~2) = 1 and also A(a,b) = A\(b,c) =1
since a +b < p" "1 b+c < p"~! we conclude that A(i,j) = 1. If i < p"—2, then
j > p"~2 and a similar argument works.

Consider the diagram

\V4
(Fpluo, .o up—1]/(uf), s ul_y) ——— (Fpluo, ...tir_1]/(uf), ..., ul_1))®?

;J/d)r ;ld)?z

E, ., E®?
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The above computation shows that the two images of u,_;1 in E®? coincide. The
same being true for ug, ..., u,_o in view of the induction hypothesis we conclude that
¢, is an isomorphism of Hopf algebras and A; ; = 1 for all 4, j such that ¢ +j < p".
O

Using Theorem 4.6, we can now complete our determination of the characteristic
classes e,(j)(Gq(e), Vo) associated to a 1-parameter subgroup given by a single p-
nilpotent matrix a.

Theorem 4.7. For any 0 < £ < r, any 0 < j < p" and any p-nilpotent matrizc
a € M,(k),

.’,U;,?;O [ xl
(jO!) e (jr—ll)

where j = jo + jip+ -+ jr_1p" "t (0 < j; < p) is the p-adic expansion of j and
where s(j) = > ji is the sum of p-adic digits of j.

er(1)(Gagey, Va) = ® (o))

Proof. The cases ¢ = 1,2 have been verified in Propositions 4.1 and 4.4. In dealing
with the general case, we may assume, using induction on ¢, that the theorem holds
for £ — 1. Assume first that j < p"~! (so that j,._; = 0). In this case induction and
Lemma 4.2 b) show

gl P
er(1)(Gae), Va) = F*(er-1()(Gage-1), Va)) = F*(—— ——)®
jo!+ e fir—a!
. j’r'f prfl
® (a(r))s(j) _ IE‘Z,O teet I !

® (a(r))s(j)_

jO! e 'jrfl!

To settle the general case, it suffices now to prove the formula
r—1
er(Gawey, Vo) =27 ® alm.

Moreover Lemma 4.3 shows that we may assume that a is a p X p Jordan block.
As in the proof of Proposition 4.4, we may write

er(Gage), Vo) = Y, @iy @E) € HP' " (Gag), k) @ My(k)™  (4.7.1)

1<i<j<p

for some z; ; € H2pr_1(Ga(g),]Fp) of weight p"(j — i) with respect to the standard
action of G, on Gg(y). The same reasoning as in the proof of the Proposition 4.4

r—1

shows that z; ;11 = 2 . For £ > 2, one cannot simply argue by weights that
x;; = 0 for j > 741 so we proceed in a different way.

Since the cohomology class e, € H 2pr_l(GLp,]\/Al'p(lc)(r)) is invariant under the
action of GL, by conjugation on GL, and Mp(k)(”, we conclude that the class
er(Gq(r), Vo) is invariant under the action of G, (where the action of G, on M, (k)
is the composition of the standard action by conjugation of GL, and the homo-
morphism exp, : G, — GL, and the action of G, on Gy is trivial). This remark
implies immediately that the matrix

r—1
(i)1<ij<p = €r(Ga(e), Va) € H (G, k) @ My(k)™) C
C My (H* (Gqp), k)
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commutes with ") = «, i.e. x;; = x j whenever j —i = j' —i’. Thus we may
rewrite (4.7.1) as follows:

er(Gaey, Vi Zym® (r)ym (4.7.2)

—1

where y,, € H® (G, Fp) has weight p'm and y; = xﬁfﬁl. Note that the
formula (4.7.2), established above in case « is a p x p Jordan block actually holds
for any p-nilpotent matrix « in view of Lemma 4.3.

Let o € M, (k),8 € M,(k) be a pair of p-nilpotent matrices. Proposition 3.8
and Theorem 4.6 give the following formula:

(Gx(ze), Vo @ V3) = er(Ga(g), Vo) ®14+1® €7~<Ga(g), Vs)+

+ >, er(1)(Gage), Va) @ €(7)(Gae), V)-
i+j=pr—1,i£0#£]

The terms in the above formula corresponding to ¢ # 0 # j are already known;
moreover the corresponding term can be non zero only if s(i) < p, s(j) < p. Finally
it’s easy to see that if i +j = p"~! and s(i) < p, s(j) < p then i,7 =0 mod p"—2.
This remark, Lemma 4.3 and formula (4.7.2) give

(4.7.3) Let o, 8 € M, (k) be a pair of commuting p-nilpotent matrices. Then the
following formula holds

p—1 p—1
er(G iy Wia,8) = Sm @)@ @)+ 3 1@ ym) ® (B0)"+
m=1 m=1
xépT_Q ® x%pT_z . ,
Y il ® (o) (B

i+j=p,iA04]

Let U be a rational G,-module corresponding to the representation exp, -

erpg = eXPa+4 - expé ) (see (4.6.0)). Proceeding in the same way as in the proof of

Theorem 4.6, we get two answers for (G, U):

p . .
Coio, U Zy (@) +(E)+ Y e () (Y

i+j=p,0#£ip

p—1

er(Ga), U) = > ym @ ((a+8)")™ + ZF* ® (€0)"+

m=1

Y P e(ers) o).

i+j=p,04i#p
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Note that (a + 3)* - & is a homogeneous polynomial in «, 3 of degree i + pj =
(i14+j)+ (p—1)7 > 2p—1 and hence equals zero. The same reasoning shows that
€2 = 0. Thus the last formula simplifies to

p—1
r—1
er(Can)sU) = D ym @ (a4 B))" a8 @,
m=0

Comparing the two answers, we get

p—1
S g ® (a+ B —a™ — 5™ = 0.
m=2

Taking now a (resp. [) to be multiplication by = (resp. y) in the ring B =
k[z,y]/(xP,yP) (in which case the monomials o’ - 37 with 0 <i <p, 0 < j < p are
linearly independent over k) we conclude immediately that y,,, =0 form >1. O

Corollary 4.8. Let a = (g, ... ,0p_1) € M,(A)** be an (-tuple of p-nilpotent,
pairwise commuting n X n matrices over a commutative Fp-algebra A. Then for
any 0 < j <p"

. » 0. lef‘ljo,r_l
eD(Cl)aWa) = 3, g ®..8
ot tie—1=j RO
0<jg,---» Je—1
Je-10 P " Ge1,r1
2 xr. '-~~ $1. ' Q (Oé((;"))s(Jo) C (Oég’;)l)smfl)
Je=1,00 " wort Jo—1,r—1: (4.8.0)

where Ji o, ..., Jir—1 are p-adic digits of j; and s(j;) = ji.o+ ... + Jir—1 is their sum.

Proof. Lemma 4.3 shows that it suffices to consider the case when A = F,, and
ag=a®..1, ..., 1=1®..«

where « is a p x p Jordan block. In this case, our statement follows from Proposition
3.8, the determination that A; ; = 1 in Theorem 4.6, and Theorem 4.7. [

We now present our explicit computation of the characteristic classes
Er (j)((Ga(r))A7 VQ)‘
Theorem 4.9. Let o = (ag,...,ar—1) € M, (A)*" be an r-tuple of pairwise com-
muting p-nilpotent matrices over a commutative Fp-algebra A. Then for any 0 <
J<p
Jjoo . mPrfljo,rfl

er(j)((Ga(r))A7VQ) = Z xr' |‘" : !

o . o Jool s Jor—1!
Jo+pji+...+p 1= ’ "
0<jg,---> Jr—1

r r

. —1 . —1 .
1,0 1,r—2 —1,0
b’ xg T b T

| ! |

( ) s(jO) (7) s(jr 1)
] y A N ® a el ar
]1,0' Teee '_]]_77-_2. j’f‘ 1,0° ( 0 ) ( 1)
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where ji oy ..., jir—1—i are p-adic digits of j; (note that j; < p"~') and s(j;) =
Jio & o+ Jir—1—i 18 their sum.
Proof. The characteristic class e,(j)((Ga(r))a, Va) coincides with the pull-back of
er(§)((Gagry) 4" Wa) under the morphism

IXFX.. . xF" 1

Ga(ry G:(C«)'

Thus, our statement follows from Corollary 4.8 once we observe that the pull-back
of the summand corresponding to jo, ..., j_1 in (4.8.0) is zero unless j; = 0 mod p°
foralli. O

Corollary 4.10. In conditions and notations of Theorem 4.9, the coefficient with
. V0. (0™ Vir—1
which x] appears in e (§)((Gqr))a,Va) is equal to (2 )jz!.....(jr:})

where jo, ..., jr—1 are p-adic digits of j. In particular the coefficient with which

a:fé_l appears in €ér_£)((Ga(r))Av Va) is equal to aff_)‘)'

Proof. We get powers of x, in the formula of Theorem 4.9 only when 0 < j; < p
for all 7 , i.e. when ji,...,J,._1 are p-adic digits of j. O

§5 THE MORPHISM O : V.(G) — M, (k)*".

In Theorem 5.2, we identify the map ¢ : H®’(G Ly, k) — k[V.(GLy)] on the

subalgebra of H®’(GL, ), k) determined by the universal classes 627’—6)' This is
done by using the explicit computation of e,(j)(Gq(ry, V) given in Theorem 4.9 and
Corollary 4.10. As we see in several corollaries, this identification gives considerable
information concerning the cohomology of infinitesimal group schemes. We then
proceed to discuss some plausible refinements of these results.

Let n,r > 0 be a pair of integers. For each 0 < ¢ < r — 1, the characteristic class
e (GLpry k™) € H2' (G Ly, k) ® My, (k)" defines a k-linear map gli'#* —

g2t (GLy(ry, k) and hence a homomorphism of commutative k-algebras
S*(gli#) — H(GLyry, k).

Taking the product of these homomorphisms over all £ (0 < ¢ < r — 1) we get a
homomorphism
¢ S*(@ gl #) — H (G Ly, k)

of commutative k-algebras and the associated morphism of schemes
& : Spec H* (G Ly, k) — (gll))*" = glx".
The main result of [F-S] shows that the morphism & is finite. The following
proposition is a partial description of its image.

Proposition 5.1. The image of ® : Spec H®(G Ly, k) — gl" is contained in
Vi.(GL,) C glx".

Proof. Let X%I(¢) (1 <i,j <n, 0 < <r—1) denote the coordinate function on
glx" which sends (g, ...,ar—1) € My (k)*" to the (i,j)-th entry of ap. The ideal
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defining the closed subscheme V,.(GL,, ) C gl,;" is generated by functions of the
form (see Theorem 1.5)

ZXi,t(e> . Xt’j(f’) o Xi’t(f’) -Xt’j(f>

> X () X)L XTI (0),
t17...7tp_1
Thus it suffices to check that ¢ takes the above generators to zero. The image of
X%3(¢) under ¢ is equal to the (i,5)-th entry of the matrix ei@Z(GLn(T), k™). Thus
the image under ¢ of the first of the above generators is the (7, j)-th entry of the
matrix

V4 n é n gl n 12 n
( ) (GLn(T), E™) - i )g,(GLn(r), k™) — efn_)e,(GLn(r), k™) - efn_)e(GLn(r), E™)

whereas the image under ¢ of the second generator is the (i, j)-th entry of the matrix

(eié_)g(GLn(r), k™))P. But the above matrices are zero according to the Theorem 3.1.
0

Proposition 5.1 shows that the homomorphism ¢ defines a homomorphism of
commutative k-algebras

¢ : k[V,.(GL,)] — H*(GLyr), k).

Let &, U denote the maps of affine schemes associated to the maps ¢, 1 of commu-
tative k-algebras.

Theorem 5.2. The composition
O : Vi(GLy () — Spec HE(GLp(ry, k) — V(G L)

equals the r-th Frobenius twist morphism corresponding to the (defined over F,)
scheme V,.(GLy ) = Vi (GLy,).

Proof. 1t suffices to show that for k = IF), the ring homomorphism

6 ev P
0 :F,[Vi(GLy(y)] — H(GLp(ry,Fp) — Fp[Ve(G Ly ()]

coincides with the p”-th power map. Denote the Fj-algebra F,[V,.(GLy,)] by A.
The universal group homomorphism

€TPy : Ga(r) QF, A— GLn(r) QF, A

is determined by the universal r-tuple of pairwise commuting p-nilpotent matrices
a = (g, ..., ar_1) € My(A)*", where ap = (X" (£)),"_;. The deﬁmtlon of ¢ im-
plies that ¢(X%7(¢)) coincides with the (i, j)-th entry of the matrix e (GLn(T), F7)
and hence 1¢(X "I () coincides with the coefficient of x? ' in the (i,7)-th en-
try of the matrix efﬂe_) ¢(Ga(ry, Vo). Corollary 4.10 shows that this coeflicient equals
XHi(0r. 0O

As we make explicit in the following (immediate) corollary of Theorem 5.2, the
theorem provides a reasonably explicit subalgebra of H(G Ly, k).
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Corollary 5.3. If f € Ker ¢, then f* = 0.

Remark 5.4 Consider the special case r = 1. The scheme

%(GLn> = Np(gln) - gln = Mn(k)

n

is defined by setting all entries of the matrix o” (where a = (X"7),"_,) to be zero.

Since the trace of « lies in Ker ¢ [F-S;1.4], this kernel is always non-trivial. Ac-
cording to a theorem of Friedlander and Parshall [F-P] (with bound on p improved
in [A-J]), for p > n the homomorphism

o S*(Mn(k)#) = k[Xi’j]z'Z:l - Hev(GLn(l); k)

is surjective and its kernel is precisely the ideal generated by the coefficients of the
characteristic polynomial of a. Apparently the same is true for n = p. However for

p < n the situation appears more complicated as can be seen in examples computed
in [A-J].

Corollary 5.5. Let G/k be an infinitesimal group scheme of height < r. The
1mage of the canonical homomorphism

Y H(G, k) — E[V,(G)]

s

contains k[V,.(G)]P .

Proof. Choose a closed embedding G < GL,(). Since the homomorphism
E[Vi.(GLy )] — E[Vi(G)] is surjective, it suffices to consider the case G = G Ly,().
In this case, our statement follows immediately from Theorem 5.2.

The following question is motivated by the observation that Theorem 5.2 implies
that ® and ¥ are bijections and by the verification in Theorem 5.10 of one special
case.

Question 5.6. With notation as in Theorem 5.2, does the composition
Spec H* (G Ly, k) — Vo(GLp(ry) — Spec H* (G Ly, k)

also equal the r-th Frobenius twist morphism?

An affirmative answer to this question would imply in particular that z?" = 0
for any element z € Ker(y : H*(GLy(y, k) — k[V.(GLy()]). We show in [SFB]
that each element in Ker 1 is nilpotent, which gives additional evidence in favor
of an affirmative answer.

Question 5.7. Let G/k be an infinitesimal group scheme of height < r. The choice
of a closed embedding i : G — G Ly, defines a morphism of schemes

O : Spec H (G, k) < Spec H(GLp(ry, k) — Vi(GLngy) = Ve(GLygr) ™.
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Is it the case that ®g(Spec H (G, k)) C V,.(G)™) and that the resulting morphism
dg : Spec H(G,k) — V,.(G)") is independent of the choice of the embedding
G — GLn(r)?

Let G be a group scheme of height 1 with Lie algebra g. Then the edge homo-
morphism in the May spectral sequence for H*(G, k),

§*(g* V) = By — B0 € H(G. k),

determines a map

SpecH® (G, k) — gV. (5.8.0)

The naturality of the May spectral sequence implies that if G is provided with
a closed embedding G C GLy(1), then the composition of (5.8.0) and the map

g — glg) induced by this closed embedding equals the map ®& of Question 5.7.

Thus, the following corollary of Proposition 5.1 (first obtained by J. Jantzen [J1]
by other means) gives an affirmative answer to Question 5.7 in the special case
r=1.

Corollary 5.8. Let G be a group scheme of height 1 with Lie algebra g. Then the
morphism (5.8.0) has image contained in V;(G)D) = N,(g)M) c gV,

Proof. By Proposition 5.1 and the naturality of the May spectral sequence, it suf-
fices to verify that the scheme-theoretic intersection of N, (gl,,) and g equals Ny(g).
This follows by comparing A-valued points of N,(gl,,) N g and Np(g) for any com-
mutative k-algebra A. [

Remark 5.9. If the answer to Question 5.7 is affirmative in general, then Theorem
5.2 admits the following generalization:
For any infinitesimal group scheme G/k of height < r, the composition

Vi (G) 2, Spec H? (G, k) =N Ve (@)™

equals the r-th Frobenius twist morphism.

Question 5.10. If the answer to Question 5.7 is affirmative, then one can go
further and ask the following: for any infinitesimal group scheme G/k of height
<r, does the composition

Spec H(G, k) 2% V(@) 22 (Spee HE (G, k)™

equal the r-th Frobenius twist morphism?

The following theorem provides an affirmative answer to Question 5.10 in the
very special case for which r =1,p = 2.

Theorem 5.11. Let G be an infinitesimal group scheme of height < 1 over a field
k of characteristic 2. Then the composition

Spec H* (G, k) 2% (@)D 22, (Spee H* (G, k)M
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equals the Frobenius twist morphism.

Proof. The proof is based on the use of the following invariant version of May’s
resolution [M]. Let g be a finite dimensional restricted Lie algebra over a field k of
characteristic 2. Denote by U = U(g) the universal restricted enveloping algebra
of g. Consider the following complex

d

0k UL URgLURM2(g) & (5.11.0)

The differential d : U @ T"(g) — U @ T""1(g) is a sum of two maps. The first one
is the U-linear extension of the canonical embedding

I"(g) = g@I" (g) - UT" (g).

The second is defined as follows. The squaring map ¢ — ¢ (z — z[¥) is homo-
geneous polynomial of degree 2 and hence defines a k-linear map £ : I'?(g) — g.
Consider the k-linear homomorphism

£ n comult @FZ ®F2 ®Fn_i_2(g) @i 1RE®1

DileEx1 i n—i— can n—
— GBF (9) ®g@I" I 72(g) =5 g®=),

Extending scalars if necessary, we may assume that the field k is infinite. In this
case the vector space I'"(g) is generated by tensors of the form z®™ (x € g). Since
En(2®) = 2lfl@. . @r+. +re...@2 € T""1(g), we conclude that &, is a k-linear
homomorphism from I'(g) to T™""1(g). Now the second summand in d is defined
to be the U-linear extension of &,. A straightforward verification shows that d is
really a differential; moreover using the results of May [M] or arguing directly one
shows that (5.11.0) is a U-projective resolution of k. We may use this resolution to
compute the (co)homology of g. Thus we see in particular that H*(G, k) coincides
with homology of the complex (cf. [F-P])

4 & w8 3ou
0— g7 =— 5%(¢9g7) — S°(97) — . (5.11.1)

The complex (5.11.1) is a commutative differential graded k-algebra and multipli-
cation in cohomology is induced by multiplication in this complex.

Denote the coordinate algebra k[Vi(G)] = k[Np(g)] by A. Thus A is a factor
algebra of S*(g*) modulo the ideal generated by ¢#(g#) C S%(¢%). The universal
homomorphism g, ® A — g® A is defined by the element 1, € g® g% C g® A. The
dual map g* ® A — g#¥ ® A = A is an A-linear extension of the canonical embedding
A : g% — A. Our definitions imply that the homomorphism ¢ : H*(G, k) — A is
given by the following homomorphism of complexes

éf gn 1 ﬁ#

gt —C s2(g#)

Y N

AL A
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where ), : S"(¢g”) — A is the n-th component of the canonical projection
S*(g#*) — A. In other words, the canonical projection S*(g#) — A is a ho-
momorphism of differential graded algebras (A is equipped with zero differen-
tial) and the induced map in cohomology is our homomorphism . On the other
hand, the homomorphism ¢¢ : A — H*(G, k) is induced by the homomorphism
S*(g#M)) — H*(G, k) arising from the k-linear map g#(1) «— §2(g#) : 2() — 22,
A straightforward computation completes the proof. [

§6. AN APPLICATION TO DISCRETE GROUP HOMOLOGY.

In [F-S], information about the rational cohomology groups H*(GL,,, glgp)) was
used to compute homology of the discrete group GL(F,) with coefficients in the ad-
joint representation. In this section, we show that our present knowledge of comul-

tiplication in H*(GLy,, glg)) enables us to determine the multiplicative structure
of H,(GL(F,), M(F,)).

For a field k, we denote by GL,,(k) the discrete group of invertible n x n matrices
over k. The group GL, (k) acts by conjugation on M, (k). We embed GL, (k) into
GLpy1(k) (and M, (k) into M, +1(k)) in a standard way and we set GL(k) =
lign GL,(k), M(k) = liin M., (k). Since group homology commutes with direct

limits, we conclude that

By a stability theorem of W. Dwyer[D|, H;(GL(k), M (k)) = H;(GL,(k), M, (k))
for all n big enough (depending on 7).

Choosing an ordering for the basis of k™ ® k™, we get a homomorphism in the
category of pairs (group,module)

(GLy (k) X GLpy(k), My (k) @ My, (k) — (GLpm (k), My (k))
which induces a homomorphism in homology

Ho(GLy (k), My (k) ® Hy(GLy(k), Myn(E)) = Hy(GLy (k) x GLy(k),
My (k) ® My (k) = Ho(G Ly (k), My (k)) — H.(GL(k), M(k)).

This homomorphism is compatible with stabilization, thereby inducing a pairing
H,(GL(k), M(k)) ® H.(GL(k), M (k)) — H.(GL(k), M(k))

which makes H,(GL(k),M(k)) into an associative graded k-algebra. We proceed
to determine this algebra in case k = [, is a finite field.

For an affine group scheme G/k and a rational G-module M, viewing a regular
morphism as a set map on k-valued points determines a natural homomorphism
H*(G,M) — H*(G(k),M). When G and M are defined over F,, the Frobenius
twist M (") may be identified as a G-module with M endowed with a new action
of G via the r-th power of the Frobenius endomorphism F' : G — G. Assume now
that k is a finite field. Then the action of F' on the group of rational points G(k) is
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an isomorphism and hence H*(G(k), M) = H*(G(k), M). Thus, for any r > 0,
we get a homomorphism H*(G, M) — H*(G(k), M")) = H*(G(k), M) and each
of the diagrams

2z
H*(G7M(T_1)) - H*(G,M(T))

l l (6.0)

H*(G(k),M) ——— H*(G(k),M)

commute. Applying the previous construction to G = GL,, and M = M, (k), we
obtain canonical homomorphisms (cf. [CPSvdK])

H*(GLy, My, (k)™ — H*(GLy (k), M, (k)).

Let ¢ > 0 be an integer. Choose r > 0 such that ¢ < p” and denote by
e(f) the image of e,.(£)(GLy, k") € H*(GL,, M, (k)")) in H*(GL,(k), M,(k)) =
= Homy(Hoy(GL,(k), M, (k)), k). Commutativity of the diagram (6.0) implies
that the resulting cohomology class is independent of the choice of ». Moreover one
checks easily that the diagram

Hyo(GLy (k), Mo (k)  —22 &

canl :l

Hoe(GLys1 (B), Mysr (k) —2 &
commutes. Passing to a limit in n we get a homomorphism
e(l) : Hy(GL(k), M (k)) — k.
The following theorem recalls the determination of the additive structure of
H.(GL(k), M (k)) as presented in [F-S].

Theorem 6.1 ([F-S] Theorem 7.6). Let k =TF, be a finite field. Then
H,,(GL(k), M(k)) =0 if m is odd. On the other hand, if m = 20 is even, then the
homomorphism e({) : H,,(GL(k), M(k)) — k is an isomorphism.

Denote by x(¢) € Hoo(GL(K), M(k)) the element for which e(¢)(z(¢)) = 1. The
multiplicative structure of H,(GL(k), M (k)) is given by the following theorem.

Theorem 6.2. Let k = F, be a finite field. Then z(¢) - x({') = z({+ ). In
other words, H,(GL(k), M(k)) is a polynomial algebra over k in one generator
x(1) € Hy(GL(k), M(k)).

Proof. Proposition 3.8 and Theorem 4.6 show that (for r big enough)

er(e + y)(GLn X GLn’a k" @ kn/) = Z 6r(i)(GLna kn) ® er(j)(GLn’v kn/)'
i+j=0+0
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This formula implies the commutativity of the following diagram

Hao(GLa (), My (k) @ Hoor (G Ly (), My (k) <221

o] |

e(4+£")
H2(£—|—€’) (GLnn’ (k'), My (k)) -

Now we conclude immediately that e(¢+£")(x(£)x(¢")) = e(€)(x(£))-e(¢')(z(¢)) =1,

ie. z(0)x

[A-]]

[CPSvdK]

[F-S]

@)=zt +¢). DO
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