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SET VALUES FOR MEAN FIELD GAMES

MELIH ISERI AND JIANFENG ZHANG

ABSTRACT. In this paper we study mean field games with possibly multiple
mean field equilibria. Instead of focusing on the individual equilibria, we
propose to study the set of values over all possible equilibria, which we call the
set value of the mean field game. When the mean field equilibrium is unique,
typically under certain monotonicity conditions, our set value reduces to the
singleton of the standard value function which solves the master equation. The
set value is by nature unique, and we shall establish two crucial properties:
(i) the dynamic programming principle, also called time consistency; and (ii)
the convergence of the set values of the corresponding N-player games, which
can be viewed as a type of stability result. To our best knowledge, this is
the first work in the literature which studies the dynamic value of mean field
games without requiring the uniqueness of mean field equilibria. We emphasize
that the set value is very sensitive to the type of the admissible controls.
In particular, for the convergence one has to restrict to corresponding types
of equilibria for the N-player game and for the mean field game. We shall
illustrate this point by investigating three cases, two in finite state space models
and the other in a continuous time model with controlled diffusions.

1. INTRODUCTION

In this paper we study Mean Field Games (MFG, for short) without monotonicity
conditions. There are typically multiple Mean Field Equilibria (MFE, for short)
with possibly different values. Instead of focusing on the individual equilibria, we
propose to study the set of values over all equilibria, which we call the set value
of the MFG. Note that the set value always exists (with empty set as a possible
value) and is by definition unique. When the MFE is unique, typically under certain
monotonicity conditions, our set value is reduced to the singleton of the standard
value function of the game, which solves the so called master equation. So the set
value can be viewed as the counterpart of the standard value function for MFGs
without monotonicity conditions, and it indeed shares many nice properties. In
this paper, we focus particularly on two crucial properties of the set value:

e the Dynamic Programming Principle (DPP, for short), or say the time
consistency;

e the convergence of the set values of the corresponding N-player games,
which can be viewed as a type of stability result in terms of model pertur-
bation.
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For general theory of MFGs, we refer to Caines-Huang-Malhamé[7], Lasry-Lions
[34], Lions [36], Cardaliaguet [8], Bensoussan-Frehse-Yam [6], and Camona-Delarue
[13L14].

In standard stochastic control theory, it is well known that the dynamic value
function satisfies the DPP. In fact, this is the underlying reason for the PDE ap-
proach to work. For MFGs under appropriate monotonicity conditions, the value
function (at the unique MFE) also satisfies the DPP, which, together with the Ito
formula, leads to the master equation. However, with the presence of multiple equi-
libria (see, e.g., Bardi-Fischer [2] for some examples), to our best knowledge this
is the first work in the literature to study the MFG dynamically and to address
the time consistency issue. We show that, when formulated properly, the dynamic
set value function satisfies the DPP. This also opens the door to a possible PDE
approach for these general games by introducing the so called set valued PDE.
We refer to our work [30] for set valued PDEs induced by multivariate stochastic
control problems, and Ma-Zhang-Zhang [37] for numerical methods for set valued
PDEs, and we leave their extension to mean field games for future research. Our set
value approach follows from Feinstein-Rudloff-Zhang [24], which studies non-zero
sum games with finitely many players. See also the related works Abreu-Pearce-
Stacchetti [I] and Sannikov [42] in economics literature, and Feinstein [23] which
studies the set of equilibria instead of values.

We note that the set value of games relies heavily on the types of admissible
controls we use. In this paper we shall consider closed loop controls. The open
loop equilibria of games are typically time inconsistent, see e.g. Buckdahn’s coun-
terexample in Pham-Zhang [40, Appendix E] for a two person zero sum game, and
consequently, the set value of games with open loop controls would violate the DPP.
For the MFG, noting that the required symmetry decomposes the game problem
into a standard control problem and a fixed point problem of measures, and that
open loop and closed loop controls yield the same value function for a standard con-
trol problem, it is possible that the set value with open loop controls still satisfies
the DPP. Nevertheless, bearing in mind the DPP of the set value for more general
(non-symmetric) games, as well as the practical consideration in terms of the in-
formation available to the players, we shall focus on closed loop controls. There
is also a very subtle path dependence issue. While the game parameters are state
dependent, we may consider both state dependent and path dependent controls.
For general non-zero sum games (not mean field type), [24] shows that DPP holds
for the set value for path dependent controls, but in general fails for the set value
for state dependent controls. For MFGs with closed loop controls, again due to the
required symmetric properties, the set values for both state dependent controls and
path dependent controls will satisfy the DPP, but they are in general not equal.
For MFGs with closed loop relaxed controls, or say closed loop mixed strategies,
however, it turns out that the state dependent controls and the path dependent
controls induce the same set value which still satisfies the DPP.

We next turn to the convergence issue. Let V and VIV denote the set values of
the MFG and the corresponding N-player games, respectively, under appropriate
closed-loop controls. Our convergence result reads roughly as follows (the precise
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form is slightly different):

N—oc0

N
1
1.1 li N, z) = h No= = - .
(1.1) im V%(0,%) =V(0,n), when pz Ni§=15z—>u

In the realm of master equations, again under certain monotonicity conditions and
hence with unique MFE, one can show that the values of the N-player games
converge to the value of the MFG. See Cardaliaguet-Delarue-Lasry-Lions [10],
followed by Bayraktar-Cohen [3], Cardaliaguet [9], Cecchin-Pelino [17], Delarue-
Lacker-Ramanan [20,21], Gangbo-Meszaros [29], and Mou-Zhang [38], to mention
a few. So (L)) can be viewed as their natural extension to MFGs without mono-
tonicities.

We emphasize again that the set value is very sensitive to the types of admissible
controls. To ensure the convergence, one simple but crucial observation is that the
N-player game and the MFG should use the “same” type of controls (more precisely,
corresponding types of controls in appropriate sense). We illustrate this point by
considering two cases. Note that in the standard literature each player is required to
use the same closed loop control along an MFE. For the first case, we will obtain the
desired convergence by restricting the N-player game to homogeneous equilibria,
namely each player also uses the same closed loop control. In the second case,
we remove such restriction and consider heterogeneous equilibria for the N-player
games. Note that a closed loop control means the control depends only on the state.
In this heterogeneous case players with the same state may choose different controls,
then one can not expect in the limit they will have to use the same controfl]. Indeed,
in this case the limit is characterized by the MFG with closed loop relaxed controls,
or say closed loop mixed strategies, which exactly means players with the same state
may still have a distribution of controls to choose from. However, since our relaxed
control for MFG is still homogeneous, namely each player uses the same relaxed
control, the controls for N-player game and for MFG appear to be in different forms.
Our approach is to introduce a new formulation for the MFG, which embeds the
structure of heterogeneous controls and shares the same set value as the relaxed
control formulation of the MFG. For the homogeneous case, we will investigate
both a discrete time model with finite state space and a continuous time diffusion
model with drift controls. But for the heterogeneous case we will investigate the
discrete model only. The continuous model in such case involves some technical
challenges for the convergence and we shall leave it for future research. We shall
point out that, however, the DPP would hold in much more general models without
significant difficulties.

To ensure the convergence, another main feature is that we define the set value
as the limit of the approximate set values over approximate equilibria, rather than
the true equilibria. We call the latter the raw set value, and both the set value
and the raw set value satisfy the DPP. However, the raw set value is extremely
sensitive to small perturbations of the game parameters, in fact, in general even
its measurability is not clear, so one can hardly expect the convergence for the
raw set values. In the standard control theory, the value function is defined as the

'When the MFE is unique, under appropriate monotonicity conditions, the set value becomes
a singleton and it is not sensitive to the type of admissible controls anymore. Consequently, the
convergence becomes possible even if the N-player games and the MFG use different types of
controls, see e.g. [10]
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infimum of controlled values, which is exactly the limit of values over approximate
optimal controls, rather than the value over true optimal controls which may not
even exist. So our set value, not the raw set value, is the natural extension of the
standard value function in control theory. Moreover, since we are considering infin-
itely many players, an approximate equilibrium means it is approximately optimal
for most players, but possibly with a small portion of exceptions, as introduced in
Carmona [I1].

We would like to mention that, although it is not the focus of the present paper,
the set value is also numerically a lot easier to compute than the raw set value. For
example, the duality result for set values in [24, Section 3.4] (for finite player games)
is very useful for constructing efficient numerical algorithms, see [37]. However,
this is not feasible for the raw set value which lacks regularity and thus is hard to
approximate in general.

At this point we should mention that, for MFGs without monotonicity condi-
tions, there have been many publications on the convergence of N-player games, in
terms of equilibria instead of values. For open loop controls, we refer to Camona-
Delarue [12], Feleqi [25], Fischer [26], Fischer-Silva [27], Lacker [31], Lasry-Lions
[34], Lauriere-Tangpi [35], and Nutz-San Martin-Tan [39], to mention a few. In
particular, [31] provides the full characterization for the convergence: any limit of
approximate Nash equilibria of N-player games is a weak MFE, and conversely any
weak MFE can be obtained as such a limit. The work [26] is also in this direction.
For closed loop controls, which we are mainly interested in, the situation becomes
much more subtle. The seminal paper Lacker [32] established the following result:
(1.2)

{Strong MFEs} C {Limits of N-player approx. equilibria} C {Weak MFEs}.

Here an MFE is strong if it depends only on the state processes, and weak if it
allows for additional randomness. The left inclusion in ([2) was known to be
strict in general. This work has very interesting further developments recentlyg by
Lacker-Flem [33] and Djete [22]. In particular, [22] shows that the right inclusion
in (I2) is actually an equality.

We emphasize again that we are considering the convergence of sets of values,
rather than sets of equilibria as in ([L2)). For standard control problems, the focus is
typically to characterize the (unique) value and to find one (approximate) optimal
control, and the player is less interested in finding all optimal controls since they
have the same value. The situation is quite different for games, because different
equilibria can lead to different values. Then it is not satisfactory to find just one
equilibrium (especially if it is not Pareto optimal). However, for different equilibria
which lead to the same value, the players are indifferent on them. So for practical
purpose the players would be more interested in finding all possible valuesd and then
to find one (approximate) equilibrium for each value. This is one major motivation
that we focus on the set value, rather than the set of all equilibria. We also note
that in general the set value could be much simpler than the set of equilibria. For
example, in the trivial case that both the terminal and the running cost functions
are constants, the set value is a singleton, while the set of equilibria consists of all
admissible controls.

2These two works [221133] were circulated slightly after our present paper.
3 Another very interesting question is how to choose an optimal (in appropriate sense) value
after characterizing the set value. We shall leave this for future research.
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We should point out that our admissible controls differ from those in [22[32133].
Roughly speaking, we put two constraints, due to both practical and technical
considerations, on the N-player approximate equilibria so that the left inclusion in
(T2 (in terms of values instead of equilibria) becomes an equality. First, for the
N-player games, [221[32,[33] use full information controls o (¢, X}, -+, X}V), while
we Consider symmetric controls a;(t, X}, uV), where X} is the state of Player 4, and
gy = Z] 1 XJ is the empirical measure of all the players’ states. Note that, as
a principle the controls should depend only on the information the players observe.
While both settings are very interesting, since IV is large, the full information may
not be available in many practical situations.

The second difference is that we assume each control is Lipschitz continuous in g,
while [221[32/[33] allow for measurable controls. We shall emphasize though we allow
the Lipschitz constant to depend on the control, and thus our set value does not
depend on any fixed Lipschitz constant. Roughly speaking, we are considering game
values which can be approximated by Lipschitz continuous approximate equilibria.
This is typically the case in the standard control theory: even if the optimal control
is discontinuous, in most reasonable frameworks, we should be able to find Lipschitz
continuous approximate optimal controls. The situation is more subtle for games.
There may exist (closed loop) equilibria whose values cannot be approximated
by any Lipschitz continuous approximate equilibria. In fact, when considering
all measurable equilibria, the convergence of set values in () fails in general,
see Example and Remark While clearly more general and very interesting
mathematically, such measurable equilibria are hard to implement in practice, since
inevitably we have all sorts of errors in terms of the information, or say, data.
Their numerical computation is another serious challenge. For example, in the
popular machine learning algorithm, the key idea is to approximate the controls
via composition of linear functions and the activation function, then by definition
the optimal controls/equilibria provided by these algorithms are (locally) Lipschitz
continuous. That is, the game values falling out of our set value are essentially
out of reach of these algorithms, see e.g. [37]. Moreover, as a consequence of
our constraints, our proof of (L)) is technically a lot easier than the compactness
arguments for (L2)) used in [22321[33].

Finally we would like to mention some other approaches for MFGs with multiple
equilibria. One is to add sufficient (possibly infinite dimensional) noise so that
the new game will become non-degenerate and hence have unique MFE, see e.g.
Bayraktar-Cecchin-Cohen-Delarue [4l[5], Delarue [I8], Delarue-Foguen Tchuendom
[19], Foguen Tchuendom [28]. Another approach is to study a special type of
MFEs, see e.g. Cecchin-Dai Pra-Fisher-Pelino [I5], Cecchin-Delarue [I6], and [19].
Another interesting work is Possamai-Tangpi [4I] which introduces an additional
parameter function A such that the MFE corresponding to any fixed A is unique
and then the desired convergence is obtained.

The rest of the paper is organized as follows. In Section [2] we introduce the
set value for an MFG in a discrete time model on finite state space and establish
the DPP, and in Section [B] we prove the convergence for the corresponding N-
player games with homogeneous equilibria. Sections [l and Bl are devoted to MFGs
with relaxed controls and the corresponding N-player games with heterogeneous
equilibria. In Section [l we study a continuous time model with controlled diffusions.
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Finally in Appendix we provide some examples, discuss the subtle path dependence
issue, and complete some technical proofs.

2. MEAN FIELD GAMES ON FINITE SPACE WITH CLOSED LOOP CONTROLS

In this section we consider an MFG on finite space (both time and state are
finite) with closed loop controls, and for simplicity we restrict to state dependent
setting. Since the game typically has multiple MFEs which may induce different
values, see Example []] for an example, we shall introduce the set value of the
game over all MFEs. Our goal is to establish the DPP for the MFG set value, and
we shall show in the next section that the set values of the corresponding N-player
games converge to the MFG set value.

2.1. The basic setting. Let T := {0,--- ,T} be the set of discrete times; T; :=
{t,---,T} for t € T; S the finite state spacdl with size |S| = d; P(S) the set of
probability measures on S, equipped with the 1-Wasserstein distance Wj. Since S
is finite, W7 is equivalent to the total variation distancdd which is convenient for
our purpose: by abusing the notation Wy,

(2.) Wil v) = 3 luw) — v(@)l, v € PE)

z€S
Let Po(S) denote the subset of p € P(S) which has full support, namely p(x) > 0
for all z € S. Moreover, let A C R% be a measurable set from which the controls
take values; and ¢ : T x S x P(S) x A xS — (0,1) be a transition probability
function:

Zq(t,x,u,a;i) =1, V(t,z,ua) €T xSxP(S)xA.
#eS
We shall use the weak formulation which is more convenient for closed loop

controls. That is, we fix the canonical space and consider controlled probability
measures on it. To be precise, let Q := X := S”*! be the canonical space; X :
T x Q — S the canonical process: X;(w) = wy; F := {F; }ier := F¥X the filtration
generated by X; and A the set of state dependent admissible controls « :
T x S — A. Introduce the concatenation for controls:

(2.2) (@@, @)(s,2) := s, 2)Lisery) + a5, 2)1>my, @, & € Astate-

It is clear that a &1, & € Agsiate. Given (t,pu,a) € T X P(S) X Astate, let PHA
denote the probability measure on Fp determined recursively by: for s =¢,--- T,

Phi o Xt =, PO X,y = 2| X, = 2) = q(s, z, u2, a(s, 2); &);

2.3
(2:3) where p% =P o X1,

We note that u® := {12 }ser, are uniquely determined and X is a Markov chain on
T; under P“**. We also note that 4 depends on (¢, i) as well, but we omit it for no-
tational simplicity. However, the distribution of {X;}s=0,... ;—1 is not specified and
is irrelevant, and {o;}o<s<: is also irrelevant. Moreover, given {p.} = {us}ser,,

4We may allow the state space S¢ to depend on time ¢ and all the results in this paper will
remain true.
5More precisely, the total variation distance is %Wl for the Wy in 1)).
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x €8, and & € Agqaie, let P35t denote the probability measure on Fp deter-
mined recursively by: for s=¢,--- T — 1,
(2.4)

pledted(x, = ) =1, PWHSS (X, = Z|X, = F) = q(s, &, ps, a(s, ); T).

As in the standard MFG literature, here we are assuming that the population uses
the common control o while the individual player is allowed to use a different
control a.

We remark that, since we assume ¢ > 0, then for any (¢, 1) and «, pu$ € Po(S)
for all s > t. For the convenience of presentation, in this section we shall restrict
our discussion to the case u € Py(S). The general case that the initial measure u
is not fully supported can be treated fairly easily, as we will do in Section [0l The
situation with degenerate ¢, however, is more subtle and we shall leave it for future
research.

We finally introduce the cost functional for the MFG: for the p* = {u*} in (23),

2.5
( Jgt,,u,oz;x,&) = J(u%tx, &), v({w.};s,x) = ~einf J({u.};s,x, &);
(03

state

T—1
where J({p.};s,z,&) = EP" e [G(XT,,uT) + Z F(r, X, i, &(r, X,,))]

=S8

Here, since T and S are finite, F' and G are arbitrary measurable functions satisfying

inf F(t,z,p,a) > —oco for all (¢, z,p).
ach

We remark that here v({p.};-,-) is the value function of a standard stochastic
control problem with parameter {u.}. In particular, in continuous time models,
u® and v(p®;-,-) will satisfy the Fokker-Planck equation and the HJB equation,
respectively.

Definition 2.1. Given (¢, ) € T x Py(S), we say a* € Agiqre is a state dependent
MFE at (¢, ), denoted as a* € Mgiare(t, p), if

(2.6) J(t, p, oz, af) = v(,ua*;t,ac), for all x € S.
In this and the next section, we will use the following conditions.

Assumption 2.2.

(1) ¢ > ¢4 for some constant ¢, > 0;
(ii) g is Lipschitz continuous in (u,a), with a Lipschitz constant Lg;
(iii) F,G are bounded by a constant Cj and uniformly continuous in (u, @), with
a modulus of continuity function p.

2.2. The raw set value V. We introduce the raw set value for the MFG over all
state dependent MFEs:

27) Vo(t.p) == {J(t,,u,oz*; La¥)at e Msmte(t,u)} C L(S;R).
Here the elements of Vq(¢, u) are functions from S to R, which coincide with R¢ by

identifying ¢ € LY(S;R) with (p(z) : z € S) € R We call Vy(¢, 1) the raw set
value and we will introduce the set value V(¢, 1) of the MFG in the next subsection.

Licensed to Univ of Southern Calif. Prepared on Thu Jan 30 12:54:19 EST 2025 for download from IP 154.59.124.74.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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Next, for any Ty, € T;, ¢ € LS x Py(S);R), we introduce the MFG on

{t, . 7TO};
o ~ To—1
- pnSt, e, o a o o~
(2.8) J(Ty, i t, p, vy, &) := EF [¢(XTO,;LTO)+ S F(s, Xo, 18, a(s, X.))|
s=t

In the obvious sense we define a* € Mgiate(To, ¥;t, 1) by: for any x € S,
(2.9) J(To,¥;t,p,a*;z,a") = v(T,w;,uo‘*;t,x) = inf J(T, ¢t p, oz, ).

state

At below we will repeatedly use the following simple fact due to the tower property
of conditional expectations:
(2.10) J(t,p, 52, &) = J(To, Y5ty py oy 2, &), where (y,v) = J(Ty, v, a5y, &).
The following time consistency of MFE is the essence of the DPP for the raw set
value.
Proposition 2.3. Fiz 0 <t < Ty <T and p € Po(S). For any o*,&* € Asiate,
denote &* == o @q, &* and Y(y,v) = J(To,v,a";y,a"). Then &* € Mgiae(t, 1)
Zf and OTLly Zf a* € Mstate(T07 d]; ta M) and o™ € Mstate(T07 M%;)
Proof. (i) We first prove the if part. Let a* € Mgare(To,9;t, u) and &* €
Miate(To, u%}) For arbitrary « € Agqte and z € S, by (Z10) we have

To—1
’ [J(To,u%o,@*;XTo,a)wL > F(s, X1, als, Xy))

s=t

Tt %50 =P
To—1
1 |:J(T07/~‘L%oad*;XToad*) + Z F(57X37,UJ? ,OA(S,XS)):|

s=t

it

> EP”Q*

To—1
K1) + DD Fls Xt s, X))

s=t

sty

_ E]P’"'a*

= J(To, ¥ty p, a5 2,0) > J(To, U5t py s, 0%) = J(t, p, &% 2, 67),

where the first inequality is due to &* € Mgiate(T0, u%;) and the second inequality
is due to a* € Miare(To, 5 t, 11). Then &* € Mpate(t, p).

(ii) We now prove the only if part. Let &* € Mgiare(t, ). For any a € Agiate,
we have a @, &* € Agtare. Then, since &* € Miate(t, 1), for any x € S, by (210)
we have

J(To, ¥t p, a5 2,0%) = J(t, p, 652, 6%) < J(t p, 675 2,00 B, GF)
= J(T,¥;t, u, a5z, ).
This implies that o* € Miare(To, 5ty ).
Moreover, note that a* @p, o € Agiare and again since &* € Mpare(t, 1), we

have
To—1

[ (Lo, 15y, 6% Xy, )+ Y P, X i 0% (5, X))

s=t

it,x, o

]E[pu"‘* it,@,

=J(t,p, &%z, &%) < J(t,pu, &5z, 0f S, o)
Ty—1

[ (T iy & Xy )+ D7 Fls, Xooi 0" (5, X)),
s=t

*
a*,
it,x,a

= EM
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This implies that, recalling the v in (2] and by the standard stochastic control

theory,
e J(To,u%;,&*;XTO,a*)]saeglf EF" T [J(To,u%g,d*;XTo,a)}
(211) :EPH o [U(M&*;TWXTO)}.

On the other hand, by definition v(u®"; Ty, &) < J(To,,u%;,&*;:ﬁ, a*) for all Z € S.
Then

o’ sk, SR\ ar, O‘*;t,z,a*
J(To, pg,, & X1, &) = v(p® 5 To, X13,), P -a.s.

Since ¢ > 0, then clearly Pt (X1, =) > 0forall z € S. Thus J(Typ, ,u%o , 0%
Z,6%) =v(u® ; Ty, &), for all # € S. This implies that &* € Mate(To, 1, )- O

We then have the following DPP.

Theorem 2.4. For any 0 <t < Ty < T, and p € Py(S), we have
(2.12)

Vol(t, ) := {J(To,w;t,u,a*; Sa*): for all v € LO(S x Po(S);R) and a* € Astare
such that ¢(7/~‘L%j) € VO(T07/~‘L%:) and o* € Mstate(T07¢; ta:u‘)}

Proof. Let @O(t,,u) denote the right side of [2I2)). First, for any J(Tp,v;t, u, a*;
- o) € Vo(t, u) with desired 9, o* as in 2I2). Since (-, ,u%o) € Vo(To, ,u%;), there
exists & € Migate(To, pg, ) such that (-, u, ) = J(To, g, , &*; -, &*). By Proposi-
tion 23] we have &* := o @1, &* € Miare(t, ). Then, by @IQ), J(To, ;t, p, o;
o) = J(t, p, &5, &%) € Vo(t, p), and thus Vo(t, 1) C Vo(t, ).

On the other hand, let J(t, u, a*;-, a*) € Vo(t, u) with o* € Mgate(t, ). In-
troduce ¢ (z,v) = J(Ty, v, a*;x,a*). By Proposition 23] again we see that o* €
Miate(To, 05 t, p) and a* € Mstate(To,u%;), and the latter implies further that
P(-, ,u%)) € VO(TO,M%;)- Then by the definition of Vo (t, ) that J(t, u, ;- a*) =
J(To, 5ty py ;- a*) € Qo(t,u). That is, Vo(t, u) C Qo(t,u). |

2.3. The set value Vg;41.. While Theorem[Z4lis elegant, the raw set value Vo (¢, )
is very sensitive to small perturbations of the coefficients F,G and the variable
1. Moreover, in general it does not look possible to have the convergence of the
raw set value of the corresponding N-player games to Vq(t, u). Therefore, in this
subsection we shall modify Vi (¢, 1) and introduce the set value Vgyqse(t, 1) of the
MFG as follows.

Definition 2.5.

(i) For any (t,u) € T x Po(S) and € > 0, let MS,,,. (¢, 1) denote the set of
o* € Agiate such that

(2.13) J(t, oz, 0") <o(p® st,x) +e, forallzes.
(ii) The set value of the MFG at (¢, ) is defined as:

(2.14) Vstate(t, 1) := ﬂ Veiate(ty 1), where
e>0
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Vitate(ta,u‘)
= {(p cLY(S;R) : |l — J(t, py a*; -, %) ||oo < € for some a* € Mimte(t,,u)}.

Recall (Z3), then (2ZI3) and 2I4) imply that
(2.15) 0< J(t oz, a) —o(p® ta)<e, |o—ovp® it )]s < 2.
So we may alternatively define V¢,,,.(t, 1) by using [|¢ — v(u® ;t, )]s < €.

Remark 2.6.

(i) In the case that there is only one player, namely ¢, F, G do not depend on u,

i itee = PLEe does not depend on p and o*. Let

T—1
V(t,z) = inf E°° [G(XT)+ZF(S,XS,a(s,XS))

aEAstate ot

denote the value function of the standard stochastic control problem. One can easily
see that, when there exists an optimal control o, Vo (¢, 1) = Vrare(t, 1) = {V (¢, )}
However, when there is no optimal control, we still have Vgiqe (¢, 1) = {V (¢, )} but
Vo(t,u) = 0. So the natural extension of the value function V is the set value
Vstatea not V()'

(ii) We remark that (.o M%ae(t, ) = Mistase(t, 1), however, in general it is
possible that Viae(t, 1) is strictly larger than Vo (¢, 1). Indeed, Vgaee(t, 1) can be
even larger than the closure of Vy(t, 1), where the latter is still empty when there
is no optimal control.

Similarly, given Ty and ¥, M. (To, 9; t, 1) denotes the set of a* € Agtqte Such
that

(2.16) J(To, vt p,as2,0%) < inf J(To,¥5t, p,a™;2,0) +6, Vo €S.

a€Astate
The DPP remains true for V¢ after appropriate modifications as follows.

Theorem 2.7. Under Assumption 22(i), for any 0 <t < Ty < T and p € Py(S),

VstatE(taﬂ) = ﬂ {‘P € LO(S; R) : ||SD - J(T07¢§ta/ha*§ '7a*)||00 <e
e>0

(2.17) for some 1 € LO(S X Po(S);R) and o™ € Agpqate such that

¢(7ﬂ%§) € Vitate(TO7/~‘L%:)a Oé* € Mitate(T(%q/); ta:u‘)}

This theorem can be proved by modifying the arguments in Theorem [24] and
Proposition 223l However, since the proof is very similar to that of Theorem
below, except that the latter is in the more complicated path dependent setting,
we thus postpone it to Appendix.
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3. THE N-PLAYER GAME WITH HOMOGENEOUS EQUILIBRIA

In this section we study the N-player game whose set value converges to Vgiqte-

3.1. The N-player game. Set QY := XV with canonical processes X =
(X1,---, XN), where X? stands for the state process of player i. The empirical

—

measure of X is denoted as: with the Dirac measure §.,
1
(3.1) pi = pg, where pgi= z_;aw e P(S), for = (z1,--- ,zn) € SV.

The player i will have control a. In the literature, a closed loop control o may
depend on the full information X. However, since we are talking about large IV, in
practice it may not be feasible for each player to observe all other players’ states
individually. Moreover, in the MFG setting the population state is characterized by
its distribution, not by each player’s individual state. So in this section we consider
only symmetric controls, namely o’ depends on his/her own state X* and on the
others through the empirical measure u”.

In order to have the desired convergence, we introduce another parameter L > 0.

Denote
(3.2)
AL = {a :TxSxP(S)—A: ‘a(t,x,u) —a(t,z,v)| < LWi(p, V),Vt,x,,u,y},
and A%, = Urso AL ... Givent € T, ¥ € SV, and @ = (al,---,a") €
(A%,..)Y, let PH%9 denote the probability measure on }'7)? determined recursively
by: for s =t,--- , T — 1,
(3.3)
N
PARX, = 3) = 1,PPPY (X = 8| X, =) = [ als, 25, pl o' (s, 2, pl) ) 2),
i=1
and the cost function of player i is:
n T-1
(B4)  J(t,7@) = E GO i) + Y F s, Xl 0l (s, X2 )]
s=t
Remark 3.1.

(i) It is obvious that A%,,. = Astate for the Agqse in the previous subsection.
For the MFG, there is no need to consider AS,;.. Indeed, given (¢, u) € T x Py(S),
for any a € A, let P be defined as in (Z3): again denoting p¢ := PH** o
X

P o Xt =, PO Xy = 3| X, =) = q(s, x, 12, a(s, z, u%); ).

)

Introduce a(s,z) = a(s,z,u?). Then & € Asiqare and one can easily verify that
/f‘ = p®. In particular, the set value Ve (t, 1) will remain the same by allowing
a € A%,,.. For the N-player game, however, since "V is random, the dependence
on N makes the difference.

(i) In the literature one typically uses .

,—1

1 N
"= o7 2 Oy rather than pfY,
in (33) and (34]). The convergence results in this section will remain true if we use

™% instead. However, we find it more convenient to use ulY.
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There is another crucial issue concerning the equilibria. Note that an MFE re-
quires by definition that each player takes the same control a*. To achieve the
desired convergence, for the N-player game it is natural to consider only the ho-

mogeneous equilibria: a; = --- = ay, which we will do in the rest of this section.
We note that, for a homogeneous control a, the P& 1= Ph@:(0) in [F3) and
Ji(t, @, ) := J;i(t, %, (o, -+ ,)) in [BA) are also symmetric in #, or say invariant

in terms of its empirical measure:
(3.5) PLE = PRIE O (1, F,a) = IV (8 2, 1 ).

Definition 3.2. For any ¢ > 0,L > 0, we say o* € AL _, is a homogeneous
state dependent (e, L)-equilibrium of the N-player game at (¢, Z), denoted as a* €
N,e,L N
Mst;zie (tvx)a if:
(3.6)
Ji(t, @ o) < vt (7 a*) = inf (L7 (af,&);) +e, i=1,---,N,
acAL

state

where (a, @); denote the vector & such that o = & and o/ = « for all j # i.

In light of (B3), clearly MNSL@ #) is law invariant: MYNSE( @) =

state state
MYEE(t &) whenever pY = pZ. Thus, by abusing the notation, we may de-
note MNSL(t,7) = Mﬁa‘if(t pY) and call a* a homogeneous state dependent

(g, L)-equilibrium at (¢, ul).
Note again that ¢ > 0, then similar to Subsection 2] for convenience in this
section we restrict to only those Z such that ug has full support, and we denote

(3.7) Sy ={zeSN :uY € Po(S)}, Pn(S):={ul :F €SI} CPo(S).

We now define the set value of the homogeneous N-player game: recalling ([B.3),
(3-8)

Vstate ﬂ Vstate t /’(’ m U Vé\iaateL t /J’ v(tﬁﬁ) eTx PN(S)’ where

>0 e>0L>0
Vil () = {90€L0(S; R): 30" € MNGE( 1) st o = TV (b 10" oo Se .

Remark 3.3. Note that we require & € AL, in @B8) for the same L, so
Upso VN5E(t, 1) at above is in general different from V2,55°(¢, 1), which is de-

fined in an obvious way by requiring o*, & € A%, in B0). See also Remark

state
B3(ii).
3.2. Convergence of the empirical measures.

Theorem 3.4. Let Assumption 2Z2)(ii) hold. Then, for any L > 0, there exists
a constant Cp,, which depends only on T,d, Ly, and L such that, for any t € T,
FeSY, nePS), a,ac AL, ands>t, i=1,--- N,

T (a,6); a
3.9 E¥ Wi, )] < Crby,  where O := Wi (ud, p) +

2

(3.10) W (Pt’f’(a’d)i o (X1)~L prTitwnd o X;l) < OO

Proof. We first recall Remark [3.1] and extend all the notations in Subsection 2.1l to

those o € AL, in the obvious sense. Fix ¢,7 and denote PV := P& (@a)i,
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Step 1. We first prove ([3.9) for s = t+1. Note that X}, 1, , X/}, are independent
under PV, By 1)), we have

EPY (W (i, )] = 3B [ (3) — 18y (3)]]
zes
<> (B 1@ - s @)
€S

(811) =Y [Var™ [ @) + (B[4 @) - pia ()]

TEeS

Nl

TES

< —+Z\—ZPN 1= 8) — g (3)].

TES j=1

1 N N 1 N .
- Z [m Z Var? [1{Xf+1:56}] + (N Z]P)N(Xgﬂ =7)— N?ﬂ(@)ﬂ
o e

Note that, by the desired Lipschitz continuity of ¢ in p and that |S| = d is finite,
|_ZPN t+1 )_M?+1(j)|

= ‘N Z [Zq(t,x,ug, a(t7$7ﬂg); j)l{zjzm}'i_q(t?xvﬂgu d(taxnujfv)vfi.)l{m,:z}]
z€S  j#i

=Y altw,malt,z w; D)u()|

€S

< ‘NZZ (t,x u calt,x, pug ), )l{mj:gc} —Zq(@x,,u,oz(t,x,,u);f:)u(x)‘

IESJ 1 TEeS

Z‘qtﬂ?/.l/ Oétl‘/’('m)7 )_q(t7x7/'[/a:7 (t.’lf/.lzm 1 L ‘1{5171*I}

mGS
< | X ottt s D (@) — 3 a0 D)+
TES €S
< S (105 @) o)l + CoW )] + 5 < Cob.

€S

Then, EF" Wy (11, 11)] < +Cron < Croy.

<
vN
Step 2. We next prove ([B.9) by induction. For any s =t¢,--- ,T — 1, by Step [[] we
have 1
~ S
B W, )| ] < Co Wl i) + ], BV

Then
EF” [Wl (Mévﬂv M?+1)] =E"" [EPN [Wl (/J’év-l-lv Hey1) ‘XNH
Cr

<C’]EPNW N7a ‘L
>~ LrL [ 1(”3 MS)]+\/N

Since T is finite, by induction we obtain (3) immediately.
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Step 3. We now prove (3.10). Denote
ks = W1 (PN o (X)) hP'o Xgl) where P! = PH7itTid
Then x; =0, and for s=¢,--- , T —1

)

ks+1 = Z ’PN 1 =F) P (X = j)‘

ZES
= Z‘]EP S X,s?/'Ls ’ (S X’L7/J’s )7 )] E]P [ (S XS?M,s? (S XS?/'I‘s) )}’
zEeS
< [ [l XE (s, XE )3 8)) — B [a(s, X2, s, XL, 125 8)]|
ZES
37 [ [a(s, X2 g s, X2 2): )] — B [a(s, X, 6(s, X, 12): 3)]|
zEeS

< CLEP" Wy (ud, u)]

—I—Z q(s,x, ps, (s, z, pus) ‘PNX’_JC) Pi(XS:x)‘
x,ZES
< CLOn + ks,

where the last inequality thanks to (8.9). Now by induction one can easily prove

B.10). 0

3.3. Convergence of the set values. We first study the convergence of the cost
functions. Recall the Oy in (39) and the functions v in Z35) and v"" in (BH).

Theorem 3.5. Let Assumption 22(ii) and (iii) hold. For any L > 0, there exists
a modulus of continuity function pr, which depends only on T,d, Ly, Cy, p, and
L such that, for any t € T, puY € Pn(S), p € Po(S), and any a,a € AL
i=1,---,N,

state’

(312) |Ji(tvf7 (a7&)i) - J(t,,ll/7a;.’l,'“ ’ + |U t z OZ) (Ma;tvxi)| S pL(eN)

Proof. Clearly the uniform estimates for J implies that for v, so we shall only
prove the former one. Recall [3.4)), (25), and the notations PV, P! in the proof of
Theorem 3.4l Then

T—1
Ti(t, &, (@, &);) — J(t, o 0 23, & >\<1T+ZIS, where

Iy = [E7 [G(XG )] — B [G (X, )]

I, = ’EPN [F(s, X1 1, a(s, X1, )] — B [F(s, Xo, &, (s, Xa, p2))]|, s <T.
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Note that, for s < T', by (B.I10),

I, < ‘EPN[ (s, X1, 1Y a(s, X2, ul )] — EFY [F(Sin,u?,@(S,Xiv“?))H
+ ‘EPN[ S Xs7/1's7 (S X7’7M?))] _Epi [F(S XS"us’ (S XS7MS))]‘

<E"" [p(CoWi (1, 1))

+ D | F(s,m, g, als, 1) | [PV (X] = 2) — PU(X, = @)
€S

<EF [p(CoWi (1, 12))] + CrOn.

Similarly we have the estimate for Ip, and thus

Ji(tafa (Ol,&)i) J(t H, QG xza ‘ ZEP CLWl(Ms y Mg ))] + CLGN

This, together with ([33]), implies ([BI2) for some appropriately defined modulus of
continuity function pr. O

Our main result of this section is the following convergence of the set values.
Recall, for a sequence of sets {En}n>1, lim Ey = ﬂ U Ey, lim Ey =
- N—o0

n>1N>n N—oo
U N B~

n>1 N>n

Theorem 3.6. Let Assumption Z2(ii), (iii) hold and pY € Pn(S) = p € Py(S).
Then

(3‘13) ﬂ U hm VgaateL( Lp g) c Vstate(taﬂ) - m lim Vg;tg(t7ﬂg)-

e>00307 e>o N0
In particular, since lim Vﬁjtg t,ud) U hm Vg;f(t pX), actually equali-
N—o00 L>O

ties hold.

Note that & € S’ obviously depends on N, so more rigorously we should write
#V in the above statements. For notational simplicity we omit this N here. We
also remark that at above we are not able to switch the order of limy_,o, and

Neso UL>o in the left side, or the order of limy_,, and (.., in the right side.

Proof. (i) We first prove the right inclusion in BI3). Fix ¢ € Vgate(t, 1), €
0, and set e; := 5. Note that Asmte = A%,,.. By ZI4), there exists a* €
S1ate(t,p) such that |l — J(t, u, a5+, @) |leo < €1. Recall 2.13), we have

J(t, p, oz, a%) < v(,u”‘*;t,a:) +¢e1, forall xz €8S.
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7132 MELIH iSERI AND JIANFENG ZHANG

For any a € A%,,, = Astate, by Theorem we have

Ji(t, Z, o) < J(t, p, a2, a") + po(On)

<o(p® st,x) e+ po(On) < v (T o) + 1 + 200(On).
Choose N large enough such that p0(6‘N) < §, then Ji(t, 7, a*) < oMt 7 o) +e.
This implies that o € MY,(t, u2). Moreover,

||90 - JN(tv '7/1;:}[70‘*)”00 <e + sup Ji(t7fya*) - J(tuﬂaa*QfEiya*)
1

g
§€1+p0(9N)§81+Z§5'

Then ¢ € V.52 (t, 1) for all N large enough. That is, ¢ € limy_, o VN<0(¢, u2).
Since ¢ € Vgpate(t, ) and € > 0 are arbitrary, we obtain the right inclusion in
B.I3).

(ii) We next show the left inclusion in (313)). Fix ¢ € m U A}gn VL, ud)

e>0L>0
and € > 0. Then, for &; := § > 0, there exist L. > 0 and an infinite sequence
{Nk}r>1 such that <p e Yhmenl (t,,uiyk) for all k& > 1. Recall (88), for each
k > 1 there exists of € MNEEE “(t, u*) such that [l — JV (¢, -, uX*, )|l < e1.

By Definition B2 we have J;(t, %, a*) < UZN"’LE (t,Z,a*) + 1. Similar to (i), by
Theorem we have

J(ta My ak;xia ak) < U(Nak;ta xl) +ée1+ QPLE (gNk) < 'U(Mak;t,xi) + ¢,

for k large enough. That is, o* € ME,,,.(t, ). Similar to (i) again, for k large
enough we have [|p — J(t, 1, a%; - a¥)||oc < e. Then ¢ € V&,,,.(t,1). Since & >
0 is arbitrary, we obtain ¢ € Vgute(t, ), and hence derive the left inclusion in

B13). O
Remark 3.7.

(i) From Theorem B.0[i) we see that, for any a* € Ms%tate(t,,u), we have a* €
MY-e O(t, pY) when N is large enough. Moreover, by ([3.0) we have the desired

state
estimate for the approximate equilibrium measure EP [W1 (u, ,ufj)} < Croy.
This verifies the standard result in the literature that an approximate MFE is an
approximate equilibrium of the N-player game.

(ii) From Theorem [B.6(ii) we see that, for any o* € MZ’;ELE (t, uév’“), we have
ak € M&,,;.(t, 1) when k is large enough, and we again have the estimate for the

approximate equilibrium measure EP T [Wl(uév k,u?k)] < CrOy,. This is in the
spirit that any limit point of the N-player equilibrium measures is an MFE measure.

Remark 3.8.

(i) We should point out that the key to obtain the convergence here is to consider
homogeneous equilibria for the N-player games. If we use heterogeneous equilibria
for the N-player games, it turns out that we will have the desired convergence when
we consider relaxed controls for the MFG, as we will do in the next two sections.

(ii) Another feature of our convergence result is the uniform Lipschitz continuity
requirement on the admissible controls. Indeed, the left inclusion in (FI3]) would

fail in general if we replace ﬂ U Nm yhe L(t pd) with ﬂ hm Vg;tgo( tud)
— 00

state
e>0L>0 €>0
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or with m N@m Ve (t, 1Y), where V52 is defined in Remark B3 and VY5, is
e>0

defined similarly, by requiring a*, & : T x S x P(S) — A in (B8] to be measurable
only. See Example We refer to [22[32][33] for some related convergence analysis
without such regularity requirement.

(iii) We note that the above regularity requirement on the admissible controls
is also crucial for numerical computations of set values, as well as for practical
implementation of the equilibria, although these issues are not studied in the present

paper.

4. MEAN FIELD GAMES ON FINITE SPACE WITH RELAXED CONTROLS

In this section we study MFG with relaxed controls, or say mixed strategies.
Besides its independent interest, our main motivation is to characterize the limit
of N-player games with heterogeneous equilibria. We shall still consider the finite
space in Section 2, however, for the purpose of generality in this section we consider
path dependent setting.

4.1. The relaxed set value with path dependent controls. We start with
some notations for the path dependent setting. For x = (x;)o<t<r € X, denote by
Xen. = (X0, y Xy, X¢, -+, X¢) the path stopping at ¢ and X; := {x;x. : x € X} C X.
For x,x € X, we say x =; X if x4p. = X¢a.. Denote X* := {x € X : x =; x} and
Xbx = Xt* N X, for s > t. Introduce the concatenation x &; x € X by

(XDt X)s 1= Xs 1oty +Xslpsny, and (X O 2)s i= Xelyo<yy + 2lgengy, 7 € S.

For each ¢t € T, let P(X;) denote the set of probability measures on (£, F7~),
equipped with

Wi, v) =Y |p(x) —v(x)], Yu,ve P,
xeX¢

and Py(X;) the subset of p € P(X;) with full support X;. Again this is just for
convenience of presentation. For a measure u € P(X) = P(Xr), denote psa. =
wo Xf,\l, € P(X¢). We remark that, by abusing the notation p, here uss. denote the
joint law of the stopped process Xin., while in Section [ {x.} denote the family of
marginal laws.

For a path dependent function ¢ on T x X x P(X), we say ¢ is adapted if
o(t,x, 1) = o(t, X¢a, piea. ). Throughout this section, all the path dependent func-
tions are required to be adapted. In particular, the data of the game ¢ : T x X x
PX)xAxS—=(0,1), F:TxXxPX)xA—>R,and G: X x P(X) = R are
path dependent with g, F adapted. By adapting to the path dependent setting, we
shall still assume Assumption

Let A,.cjqaz denote the set of path dependent adapted relaxed controls v : TxX —
P(A). Given t € T, p € P(Xy), v € Apetas, and x € Xy, x € X% 5 € Areran, We
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introduce:
(4.1)

PoRY o Xl = p, PO (X = F[X =, x) = / a(s,x, 17, a; T)7y(s, x; da);
A
where pl, =Pt o X1 s>t

P (X = x) =1, PPUERT(X =3 X =, i):/ q(s,%, 17, a; 2)5(s,%; da);
A

T-1
T0ris,%,5) =B GO0 + Y [P0 X o )it X.da)|X =, 5];
r=s A

S %, 5) = It x,5), v(plis,x) = inf  J(u7;s,%,7).
'YE relax

Definition 4.1.

(i) For any t € T, p € Po(Xy), and € > 0, let M2 ,,..(t, 1) denote the set of
relaxed e-MFE v* € A,.;4. such that

(4.2) J(t, w5 x,7%) < v(,u"’*;t,x) +¢e, forall x € X;.
(ii) The relaxed set value of the MFG at (¢, ) is defined as:

(4.3) Vretax (t, ) := ﬂ Ve et (ty 1),  where |lo|x, = su};g) |p(x)], and
e>0 xeXy

Vielax(taU)
= {()0 € LO(Xt7R) : H’Y* € Mf‘elaw(t’ /.L) s.t. HL)O - J(ta /-1/7'7*7 '77*)th < E}'

Similarly, given Ty and v : Xg, x P(Xg,) = R, as in (2.8) define

(4.4)
To—1

J(To, sty i %,7) =B (Xpas, gy f D /A F(s, X, 17, a)(s, X, da)],
s=t

and let M2, (To, ¥;t, u) denote the set of v* € Ay eiaq such that, Vx € Xy,
(4.5)

J(To, sty ™5 %,7") < u(T, 9 p758,%) = ei{lf J(To, s t, v x,77) + €.
Y relax

Note that the tower property in (2.I0) remains true for relaxed controls:

(4.6) J(t,p,vix,9) = J(To,¥3t, 1,73 %, ),  where ¢(y,v) = J(To,v,71y,7)-
The DPP for V.4, takes the following form.

Theorem 4.2. Under Assumption Z2(1), for anyt € T, Ty € Tt, and p € Po(Xy),

Vietaz(t, 1) = ) {w € LY(XiR) : [l = J(To, sty 1, v*5 7 )%, < €
e>0

(4.7) for some ¢ € L°(Xp, x Po(Xr,);R) and v* € Aretar such that
i) € Vietaa(Tos i)y € Mictaa (To, it ) -

Proof. We shall follow the arguments in T~heorem|ml, in particular, we shall extend
Proposition 23l Let Vyciaz(t, ) = osg Vierasz (t, i) denote the right side of ([E.2]).
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(i) We first prove \Nfrelax(t, 1) C Vieraz(t, 1) Fix p € YV elas (t,p), e > 0, and set
€1 := 5. Since ¢ € Vi, (¢, 1), then

e — J(To, 3ty v™; v )|Ix, < &1 for some desirable ¢,y as in ([2]).

Since Y (-, g p.) € Vitiaw(Tos 7, . ) there exists 7 € M:L (To, pug, ».) such that

||1/}(HU"7Y’O/\) - J(T07u;‘o/\-a:y*; '7:)/*)||XTO S €1-

As in ([22) denote ¥* 1= v* &1, ¥* = v Lisenyy + 7 Ls>10} € Aretas- Then, for
any x € X; and v € A, ¢jqz, similarly to Proposition 2:3|i) we have

J(t, 7%, )

* To—1
=g [J(TO,M}OA,,'?*;XTO/\A,’Y)‘F > /F(s,X, L a)y(s, X, da)]
s=t VA
Pu“’*;tyxw - . » To—1 .
ZE |:J(T07MTO/\.77 ;XTO/\w’y )+ Z /F(Suquv 7a)7(SaXuda)] —é
s=t VA

. To—1

>EP [¢(X v S [ (s, X X, da)| -2

= To/\-7/fLTO/\,) + Z N (87 s 1 70")’7(87 ) a) €1
s=t

= J(To, 5 t, 1, v %,77) — 261 = J(To, ¥ t, 1, 7" %,7") — 3e1
* To—1
nY o tx,y* * « "
R (i) + 30 [ Pl X o (s, X )] = 321
s=t

. i ) Ty—1 )
ZEP“ e |:J(T03M’jy’0/\d’$/*;XTo/\-a;?*)—’_Z /A‘F(sv)(vﬂ’Y ’a)v*(stvda)] _451
s=t

= J(t,,lj/”?*;x”?*) - 451 = J(t,u7ﬁ*;x7ﬁ*) —¢&.
That is, * € MZ,,,.. (¢, 1). Moreover, note that, by (48],
HQO - J(t7/'l'7ﬁl*7 '7/3/*)”3& <er+ ||J(T07¢7t7/17’¥*7 77*) - J(t7M7ﬁ/*7 '7/3/*)”3&

w5t %,y
=¢e1 + sup EP [

xeXy

V(X 1o B p) — J(TO,M}OA.ﬂ*;XToA-ﬁ*)]‘ <2 <e.

Then ¢ € V5, (t, 1t). Since € > 0 is arbitrary, we obtain ¢ € V,¢1q,(t, 1t).
(ii) We now prove the opposite inclusion. Fix ¢ € V,¢14.(t,u) and € > 0. Let
g2 > 0 be a small number which will be specified later. Since p € V22, (¢, 1), then

relax
o = J(t, 75,7 )k, <2 for some v* € M:2, ().
Introduce ¢(y,v) := J(To, v,v*;y,7*) and recall (£04). Then

||<)0 - J(TOa Z/}a tv,u,’Y*; '77*)”3& = ||90(X) - J(ta ILL,")/*;X, FY*)HXt S €2.
Moreover, since v* € M2, (t,u), for any v € Ay eaz and x € Xy, we have

relaz
J(To, 05t "5 %,7%) = J (& 1,775 %,77)
< It Y%,y By ) +e2 = J(To, sty 1,775 %,7) + €2
This implies that v* € M2, (Ty,;t, u). We claim further that

relax

(4.8) d’('ﬂ“}om) € erslflz(T(J’N}o/\-)’
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for some constant C' > 1. Then by ([@.2) we see that ¢ € Vf;l;x(t,u) C Ve .t 1)
by setting e < &. Since € > 0 is arbitrary, we obtain ¢ € V,.cjaz(t, 1t).
To see ([L8]), recalling (£1]), for any v € A,cia we have

st,X,y

]P‘“’Y*;t’x"Y* ~* * * IP’“‘Y* * ~* *
E J(Tos gy ps V"5 Xones )} -E J(Tos gy ps V"5 X1on57)

=J(t, " x,7") = J(t "%, @1, y) < €2

Then, by taking infimum over v € A,¢jqz, it follows from the standard control
theory that

*
Tyt ityx, v

" * * * w" *
E]P J(TO>/'L%O/\.7’Y ;XTO/\W/Y )i| S EP |:’U(:u’fy ;TO>XT()/\~)i| +527

VXEXt.

On the other hand, it is obvious that v(u?"; Ty, %) < J(To,u%;A_,'y*;fc, ~*) for all
% € Xg,. Moreover, since ¢ > ¢, clearly P#' %7 (X =7 %) > clot, for any
x € X Thus,

0 < J(To, iy ps Y"1 %,77) — 0(p7 3 Tp, X)

é CEP“ e |:[J(T0a ‘LL%O/\_,’)/*; XTo/\-a’y*) - U(/L’Y*;T()a XTo/\-)]]-{X:TOfc}i|

ity X,y

el * * % « *
S CEP |:J(T07M}O/\.>’7 ;'XT[)/\W’Y ) - ’U(/J”Y ;T07XT0/\'):| S 0527

relax

where C := c,~To. This implies that v* € M2, (To, ,LL:}; A.)- Then ([E8) follows
directly from (-, g, 1.) = J(To, pigy .75 -5 7"), and hence ¢ € Viciar (t, ). O

Remark 4.3. Consider the setting that ¢, F, G are state dependent, as in Section [2.
There is a very subtle issue between state dependence and path dependence of the
controls.

(i) For a standard non-zero sum game problems where the players may have dif-
ferent cost functions F;, G, if one uses state dependent controls, in general
the set value does not satisfy DPP. See a counterexample in [24]. However,
with path dependent controls the set value of the game satisfies the DPP.

(ii) In Section [2] since all players have the same cost function, as we saw the
set value with state dependent controls satisfies DPP. If we consider path
dependent controls o € Apqzp, the set value will also satisfy DPP. However,
the set values in these two settings are in general not equal, see Example
[T in Appendix for a counterexample.

(iii) For relaxed controls, again restricting to state dependent ¢, F, G, it turns
out that state dependent and path dependent controls lead to the same set
value, see Theorem in Appendix. The main reason is that the convex
combination of relaxed controls remains a relaxed control, while the controls
« in Section 2] does not share this property.

4.2. An alternative formulation of the relaxed mean field game. In this
subsection we provide an alternative formulation for the MFG with relaxed controls.
This new formulation is motivated from the heterogeneous controls for the N-player
games, and thus is crucial for the convergence result in the next section.
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Let Apqen denote the set of adapted path dependent controls o : T x X — A,
and for each t € T, Al . = {(a(t,"), -+, a(T = 1,")) : @ € Apan}. Denote
2= P(Xy x A;ath), and for each A € Z;, define recursively: for s > t, x € X,

and X € XtX,
(4.9)
s—1
pin (9 5= AGe Apuan)s pin (R) = [ [T a5 i a0 %)% 1) A Ge, der),
path T=t

Here, noting that o € A,

1,% € X%}, we are using the following interpretation on da: for any ¢ : A;ath — R,

5 can be equivalently expressed as {a(s,%x) : ¢t <s < T —

T-1
(4.10) /At o(a)da ::/A-~-/Ago({a(s,i)}) H H do(s,x).
path s=t zext*

Next, for pu € Po(X¢), denote Z¢(u) := {A € Z; : pd. = pu}. Moreover, recall
(10,
(4.11)

J(t,Asx,a) == J(pMt,x,a), ot Ax) =o(phit,x), xeX,ae AL in-

To simplify the notations, we introduce:

(4.12) Qn )% ) =TI, a(r. %, u,a(r, %) %),
In particular, Q%({u.};x,a) = 1. Then we have, for any x € X",

@13) )20 = [ QAR @A), P =, %) = QLutix.a).
Abatn

Definition 4.4. For any ¢t € T, u € Pp(Xy), and € > 0, we call A* € Z,(u) a global

e-MFE at (¢, 1), denoted as A* € Mg, ., (¢, p), if

(4.14) / [J(t, A" x, ) —v(t, A" x)|A* (x,da) <&, VxeX,.
path

Note that the above « is global in time, so we call A* a global equilibrium. More-
over, since there are infinitely many « € A;ath, it is hard to require J (¢, A*; x, o) —
v(t, A*;x) < ¢ for each a € A;ath, we thus use the above L'-type of optimality
condition. For the x part, however, since there are only finitely many x and each
of them has positive probability, we may require the optimality for each x.

The main result of this subsection is the following equivalence result.

Theorem 4.5. For anyt € T and p € Py(Xy), we have
(4.15)

Vrela;ﬂ (t; /J/) = Vglobal(t7 M) = ﬂ V;loba[(ta /J/)a where
e>0

Ve iobar (ts 1) = {80 € LO(X¢,R) : IA* € M5y pa(t, 1) 5.t |l —v(t, A% ||k, < 5}-

We shall prove the mutual inclusion of the two sides separately. First, given
(t,A), we construct a relaxed control as follows: for any ¢t € T, x € X, and s > ¢,
x € XL,

1

(116) N xda)i= s /A QUM )b 0 (da) A, o)

path
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7138 MELIH iSERI AND JIANFENG ZHANG

On the opposite direction, given t € T, u € Po(Xy), v € Arelaz, recalling [@I0) we
construct

(4.17) A (x,da) H H v(s,%,da(s, %)), VxeX,a€ Apath

s=t gextx

In particular, the following calculation implies A7 € E¢(u):

AV (x, AL ) = H H’ysxA 1:[ = u(x).

st~Xfx

Lemma 4.6. For anyt € T, p € Po(Xy), and A € Ei(u), v € Arelan, we have
/ﬂA =™ and p = 1. Moreover,

1
(418) J(tHUHFYA;Xa’YA) = T / J(t,A;X,O&)A(X, da)a Vx € X
1(x) Ja

t
path
A
Proof. We first prove u),. = p, by induction. The case s = t follows from the
definitions. Assume it holds for all » < s. For s +1 and x € Xﬁ,fl, by Fubini
Theorem we have
A ~
/ng_t,_l)/\.(x)
A
MzA~(XsA-)

Y 1 .
:/(J(&X,lﬂ 7G;Xs+1)ﬁ/ Qi(#A;X;Oé)5a(s,5c)(da)A(Xada)
A Ns/\-(x) A

~ A ~ ~
= / q(S,X,‘LLV aa;xs+1)’7A(s,Xa da)
A

t
path

1
/ (s, %, 1, as, %); %e41) QL (1Y %5 ) A(x, da)
At

/st/\( ) path
A ~
1 / ¢ AL Hsryn. ()
= —— a1 (uh % a)A(x, da) = ————
fon. (X) At A fin. (X)

A
Then :“?s AT ,uf\s 1A and we complete the induction argument.

We next prove p,. = pl,. by induction. Again the case s = t is obvious. Assume
it holds for all » < s. Now for s, recalling ([AI0) we have

w560 = [ [TLatrsonatr0:%00) 60 [T TT o(rox.datron)

path 1=t r=t fextx

x)[ﬁ [ a0 %)% )30 %, dar )

X [8_1_[1 H ~y(r, %, A)} X {jﬁl H ~(r, %, A)}

r=t XGX?X\{}Z} r=s )’cGan’x

s—1
X) H /A Q(r, ia M’Yv a; ir+1)’Y(T, 5{’ da) = NZA~ (i)
r=t
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We finally prove (I8]). For each s > ¢ and x € X4*, by Fubini Theorem again
we have

/F s, %, p™, a)yA (s, %, da)

/F $,X M a)/ QL (1% % a)0a s %) (da) A(x, dav)
At

path

A =\ s % M als. N0 (LA % A (x. do).
ﬂsA-(X)At Fs, %, 17, a(s,%))Q (1™ %5 a) A(x, dav)

By (@) we have Pr"#:x7" (X =, %) = “A(—O‘) Thus

J(t, Y x, M)

-5 3 b DY Y %) [ Pl a)y (s.x.do)]

xeXtx s=t zext*

- Z Qr(nh:%; )

(X) ‘Apafh xeXt:x

=

T_1
2 Z (5,%, 1", (5, %)) QL (1 % ) | A, da).

This implies (Im) immediately. O

Remark 4.7. We can actually show that v(A") = ~ for all 7 € Ay ciaz, see Appendix.
However, it is not clear that we would have A0™) = A for all A € Er(p).

Proof of Theorem .1l Since p € Py(X;) has full support, then ¢, := in}ﬁ w(x) > 0.
XEAL

(1) We first prove Vgiopar(t, 1) C Vieran(t, ). Fix ¢ € Vgiopa(t, 1) and € > 0.

Let €1 > 0 be a small number which will be specified later. Since ¢ € VZ%Obal(t, ),

there exists A* € Mglobal(tu) such that [|p—v(t, A*;-)||x, < e1. Set v* := 4", For

any x € Xy, since p7" =y, by @I), @II) we have v(u?";t,%x,7%) = v(t, A*; x),
and, by (@I8), I14),

J(tv 122 ’Y*a X, ,-y*) - ’U(t, A*a X)
1
= —/ [J(t, A" x,0) —v(t, A" x)|A*(x,da) < — < ¢,
fi(x) At
provided €; > 0 is small enough. This implies v* € M: .. (¢, it).
Moreover, it is clear now that, for any x € X; and for a possibly smaller €1,

* * * * * €
lo(x) — J(t, 17" 5%, 77)| < 1+ Jo(t, A% x) — J(t, 1,75 %x,77%)| §61+C—1 <e.
"

Then ¢ € V5. (t, 1), and since € > 0 is arbitrary, we obtain ¢ € V144 (t, 1t).
(il) We next prove Vieraz(t, 1) C Vgiopar(t, 1) Fix ¢ € Viyeaa(t, 1), € > 0, and

set g9 1= 5. Since ¢ € V2, (t, ), there exists 7 € Mrelaz(t u) such that [j¢ —
J(t,,u,'y ; ,'y “x, < e2. Set A* := A7, then p*" = 7", Since v* € M2, (L, ),
we have

lp(x) — v(t, A*;x)| = |p(x) —v(p? 58, x)| < 260 <&, VxeX,.
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7140 MELIH iSERI AND JIANFENG ZHANG
Moreover, note that, by (£I8) again,

/ [J(t, A" x, ) —v(t, A" x)|A* (%, da)
path

= p(X)[J (¢ 1" %,9") —o(t, A% x)] < px)ez < ez < e

This implies ¢ € V¢, (¢, 1), and hence by the arbitrariness of €, ¢ € Vgiopar(t, 1)-
‘ O

(4.19)

5. THE N-PLAYER GAME WITH HETEROGENEOUS EQUILIBRIA

In this section we drop the requirement a! = --- = 'V for the N-player game,
and show that the corresponding set value converges to V.42, which in general
is strictly larger than Vg:,:e. We note that we shall still use the pure strategies,
rather than mixed strategies, for the N-player game. Moreover, since we used path
dependent controls in Section [l we shall also use path dependent controls here.

5.1. The N-player game. Let QV and X be as in Section 3 and denote
(5.1)

N
1
N . N N . 2 N N
Pin. i= Mt,XtA,’ where Heg = N E (5xi S 'P(Xt),x = (xl7 S X ) c Xt .
i=1

Similarly to (B.7), for the convenience of the presentation we introduce
(5.2) X(])\{t = {5(’ exN. supp(ui\’f;c) = Xt}, Prn(Xy) == {Hi\fi X e Xé\ft}.

t,co t,L
path "~ ULZO ‘Apath’ where

We shall consider path dependent symmetric controls:
Apath = {oz A, T—-1xXxP(X) — A’a is adapted and
uniformly Lipschitz continuous in g (under W1) with Lipschitz constant L}.
Givent e T, X € X{;, and @ = (o, -+ ,a") € (.Apath) , introduce, for s > t,

N
PURA(X = %) =1, PR (X = X =, %) = [ [ als, X 6, 05,5, s ),

i=1
T—1
t,X,& . . .
(5:3)  Jtx @) =F"6(x Z (s, X 1™, ol (s, X7, V)|
oM, R,d@) = inf Ji(t,%,a74a), i=1,---,N
&EA;)aléh

Here (@~%, &) is the vector obtained by replacing o' in @ with a.

Definition 5.1. For any e > 0, L > 0, we say @ € (A“% )N is an (e, L)-equilibrium

path
of the N-player game at (¢,X), denoted as & € MhNefefo( X), if:
1
(5.4) ~ Z: (%, @) — o) (%, @)] <e.
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Here, since there are N players and we will send N — oo, similar to (£I4]) we
do not require the optimality for each player. In fact, by (B4]) one can easily show
that

1
(5.5) N’{i =1, N:J(t, % &) — oV (R, d) > \/5}‘ < Ve

This is exactly the (1/z, v/€)-equilibrium in [IT].
We then define the set value of the N -player game with heterogeneous equilibria:

N, L -.
Vhetero t X = ﬂ Vhetero = ﬂ U Vhetsero
>0 e>0L>0
(5.6)  where Voo (1.R) = {go € LO(X;R) : 3@ € Mook (¢, %) such that

. N,L;, = =
max m — t, X, < 5}.
XEX)t( {i:xililx} |S0(X) Yi ( x OZ)|

Remark 5.2.
(i) An alternative definition of VhNef cﬁfo(t X) is to require ¢ satisfying
(5.7) max ’np(xi) A (7 ‘ = max max ’gp A (7 0'2)’ <e.
i=1,,N Xe {ixi=x}

Indeed, the convergence result Theorem B3 remains true if we use (5.7). However,
in general it is possible that x = x7 but v)"*(t, %, &) # vév’L(t,fc’, @). Then,
by fixing N and sending e — 0, under (57) we would have VI (¢, %) :=
Neso Vicrero(t: %) = 0.

(ii) In the homogeneous case, va’L(t, X,d) = vjV’L(t, %, @) whenever x' = x7, so
we don’t have this issue in ([B.8]).

(iii) Note that ,uf; = ui\fi, if and only if X is a permutation of X', and one

. . NL;, = = N,L

can easily verify that v; "7 (¢, X, a) =Vl (t, (Xr(1), - Xa(N))s (Qr(1ys - 5 ()
for any permutation 7 on {1 ,N}, . Then, similar to the homogenous case,
Vool (%) is invariant in [T and we will denote it as Vo0 (¢, ulV,).

The following convergence result of the set value is in the same spirit of Theorem

0.0l
Theorem 5.3. Let Assumption hold and ﬂi\,[,z € Pn(Xy) = € Po(Xy) under
Wi. Then
Ne,L N
68 ) th Vicioro(titg) C Vietar(t ) C (1) lim VRuil (¢ pup's).
e>0L>0 " e N—o0
In particular, since Nli_m VhNefego U hm VhNefefo(t 1y, N.), actually equal-
e o™
ities hold.

Unlike Theorem [3.6], here the N-player game and the MFG take different types of
controls @ and -y, respectively. The key for the convergence is the global formulation

in Subsection 2 for MFG. Indeed, given ¢t € T, X € X{\;, and @ € (.Apath)N7 the
N-player game is naturally related to the following AV € P(X; x Apath)'
(5.9)
1 . i
AN (x,da) = N Z ba,(da), where I(x) :={i=1,--- ,N:x' =x},x € X,.

i€l (x)
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By the symmetry of the problem, there exists a function J%, independent of 4, such
that

(5.10) Ji(t,®,a) = IN(AN; t,x o), i=1,---

) )

N.

We shall use this and Theorem to prove Theorem in the rest of this section.
We also make the following obvious observation:

(5.11) AN (x, Apon) =

= (%), VxeX.

Remark 5.4.

(i) In this section we are using symmetric controls and we obtain the con-
vergence in Theorem B3l If we use full information controls a;(t, X), as
observed in [32] in terms of the equilibrium measure, one may expect the
limit set value will be strictly larger than V, ... It will be interesting
to find an appropriate notion of MFE so that the corresponding MFG set
value will be equal to the above limit, in the sense of Theorem [(£.3]

(ii) While the convergence in Theorem [5.3]is about set values, the proofs in the
rest of this section confirm the convergence of the approximate equilibria
as well, exactly in the same manner as in Remark 371

5.2. From N-player games to mean field games. In this subsection we prove
the left 1nclus10n in (58). Notice that the AN in (5.9) is defined on A"

path rather
than Apath =

path For this purpose, recall ([{12]) and introduce

(5.12)

1
Vg\-(x) = Mfg(X%Vﬁ(i) = N Z Q\i(VNai7 ai('>'>VN))7X € Xtaiexg)xas > t7
i€l(x)

Y (x, da) = 4 §ai(dar), where a;(s,%) = ai(s, %, V).
(x,da) %) GIZ() «), where @;(s,X) = a;(s,%,v")

Then it is obvious that &; € A? parn, and AN € (). Moreover, Whe}1 = ui\;, by
[@I3) and (II) it is straightforward to verify by induction that A" = v,

Theorem 5.5. Let Assumption 2Z2(ii) hold. Then, for any L > 0, there exists a
constant C,, depending only onT,d, Lq, and L such that, for anyt € T, X € Xé\ft,

Z € Po(Xy), @ (.Apath) Q€ .Apath, and for the vV, AN defined in (5.12), we
ave
(5.13)
pt-#.(a7 &) N AN N 1
< = - _
121%)5\7 tlgnsaSXTE [Wl (:U‘s/\-a ,us/\~)] = CLHNveN Wl(:ut,xnu‘) + \/N

Proof. Fix i and denote &; := «; for j # 4, and &; := &;. We first show that

(5.14) Rs = EP [Wl(lu’s/\ 'y Vsp. )] where PV := Pt’f’(aﬂ’d).

< G
VN’
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Indeed, for s > t, by the conditional independence of {X? +111<j<n under PV
conditional on Fy, it follows from the same arguments as in (3.11]) that

Rs+1 = E” [ED}N [Wl(ﬂégﬂ)/\.v V(]\s[Jrl)N)]]

g% C Z EPNHNZPN =oi1 X|]:s)—V(JZ+1)A.(X)H-

xEX 41

Note that,
1 N
‘NZPN(XJ —=s+1 X|F — NZI{X’*SX}Q S, X, I/N j(57X, VN);XS+1)’

- ‘N ZI{XJ gx} S X, IU/ (8 X1 ) Xs+l)_q(57X7VNaaj(57Xa VN);XS-Q—I)]‘

1 1
< CoWi(ugh,vin) + & = Crks +

where in the last inequality, the first term is due to the sum over all j # i. Then

C
ksy1 < Crks + \/—N +EPN[ Z ‘ ZI{XJ x3a(s,%, VN,aj(s,X,yN);xs+1)

x€Xs 41
1

_N Z Qg(VN;Xadj)q(vaa VNaaj(SaXaVN);XS-‘rl)H

JEI(xtn.)

= Crks + \/% +EFY [ > ‘N Zl{Xﬂ:bx} Z QL(WY;x, @j)H

xeXs jGI(XM,)
C
*CL"{S"'_—’_EP |:Z |Ms/\ s ( )|:| SCLHS—’_—'
xeXy \/N

It is obvious that x; = 0. Then by induction we obtain (G.14]).
Next, denote &y := Wi (v, ul. ) For s > t, by (512)), (EI13), and (1), we

have
Rori= > > | (®) = i a (3]

XEXrXGXiII
p(x) AV o o
Z Z |_ Z Q5+1 ’ )_ |I(X)| Z Q);Jrl(MAN;Xaaj)‘
xeXy xeX JjEI(x) jeI(x)
-y ¥ [ﬁ > QL NiRay) - Q% a)|
xeXy geXi*x jel(x)

—I—‘% |’ Z Qi1 ivdj)}
DL DD A L i 11(x)]]

~ t,x
x€Xe xexty, JEI(x) r=t
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<C’ZHT+CZ|MX (x)|§C’zS:RT.
r=t

xeX¢

Obviously k; = Wi (ulg, 1t). Then by induction we have sup &y < OWy (i 50 )
’ t<s<T

This, together with (5I4), implies (B.I3]) immediately. O

Theorem 5.6. For the setting in Theorem and assuming further Assumption
22U(iii), there exists a modulus of continuity function py,, depending on T,d, Ly, Cy,
p, L, such that

(5.15)

Ji(t, @, (@77, &)) — J(t,J_XN;xi,&(-,VN))’—f—|vZN’L(t,i,o‘Z)—v(,uAN;t,xi)]SpL(HN).

N 617
hetero

Moreover, assume & € M (t,X) for some g1 > 0, then

(5.16) / [J(t, AN;x, ) —v(t, AV; x)|AY (x,da) < &1 +2p1(0n), Vx € X,

path

In particular, if 1 + 2pr(0n) < &, then AN € MG opar(ts ).

Proof. First, given Theorem 5.5 (B.15) follows from the arguments in Theorem [3.5
Then, for @ € M, 02 (¢ ) and x € X;, by (5.4) we have

hetero

/ (AN x,0) — o(t, AV; 0)]AN (x, da)
A

t
pu.th

Nox, &) —o(t, AV, x)]

2 |

% Z [!Jt AN @) = Ji(t %, @)| + [t %, @) — o) F (%, @)
el(x

[0 %, @) = ot x) |
<pr(On) +e1+pr(On) =1+ 200 (0n).

O
Proof of Theorem B3: the left inclusion. We first fix an arbitrary function ¢ €
Neso Urso iMoo Vflvefefo(t 1y x) e > 0, and set g1 := 5. Then there ex-

ists L. > 0 and a sequence Ny — oo (possibly depending on €) such that ¢ €
V;:;kt’::o 1(t, u %), for all k > 1. Now choose k large enough so that 2pr,_ (0, ) < €1.
By () there exists @ € MhNe’“t’:TlC’, °(t,X) such that maxyex, min;e () |¢(x) —

oM (t,R,d@)| < ;. By Theorem we see that AN € MG opar(t 1) and, by

(G13),
AN
o —v(u™ 5t ),

AN,
< iy [0 PR 4 R0 0

<e1+pr.(On) <e.

Then ¢ € Vg, ., (¢, pt). Since € > 0 is arbitrary, by Theorem we get ¢ €
V'r‘elam(ta M) . O
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5.3. From mean field games to N-player games. We now turn to the right
inclusion in (B8). Fixt € T, X € XO,“ w € Po(Xy), and v € Areiaz. Our goal
is to construct a desired & € (Apath)N . However, since &, or equivalently the
corresponding A, is discrete, we need to discretize v first. We note that it is
slightly easier to discretize y than a general A € Z;(u).

First, given ¢ > 0, there exists a partition A = U}'¢ jA), with n. depending on
(and ) such that, for some arbitrarily fixed ay € Ag, k=0, -, n.,

(5.17)
v(s,x,A40) <e,Vs €Ty, x €X;, and |a—ag| <e,Va€ Ag, k=1, ,n..
Denote by A;fth the subset of a € .Atath taking values in A, = {ar : k =
0,---,ne}. Define
(5.18) ¥ (s,x, da) Zy (s,%x, Ak)dq, (da).
k=0

Recall [@IT), we see that supp(A? (x,da)) = AYS path C A;’gth for all x € X;.

Next, recall (B.II) that Nufi(x) = |I(x)] is a positive integer for all x € X;.
Let A7 ; € P(X; x Apath) be a modification of A" such that,
(5. 19)

¥(x,a) € X, x AV

fx(x Apath) = Miv,z(X) and NAS ;(x, @) is an integer;
( path*®

Af 2(x,0) = A (x,0)| < % + |pz(x) — u(x)];
Note that, since .Apat

We now construct @ € (A;;h) , which relies on v¢ and hence on €. Note that

Y INAjg(x,0)] = NA g (x, Ajey) = Nupg(x) = |[1(x)],

t,e
O‘G-Apath

,, is finite, such a construction is easy.

and each NAJ ;(x,a) is an integer. Let I(x) = U, 4¢. } I(x,a) be a partition of
y path
I(x) such that [I(x,a)| = NA] ;(x, ). We then set

(5.20) o =a, 1€l(xa), (x,a)eX;x Apath
Let AN be the one defined by (5.9) corresponding to this @. It is clear that AN =
A .

t,X

Theorem 5.7.

(i) Let Assumption Z2(ii) hold. Then there exists a constant C, depending only
on T,d, Ly, such that, for anyt € T, X € Xé\{t, w€ Po(Xy), v € Aretan, € >0, and
for the & € (At =) constructed above, we have, for the Oy in (5I13) and for any
ae ALY

path’
@ 4a

t,X,
(5.21) max max EF
1<i<N t<s<T

[Wl (Mi\i\v MZ/\)] <Ce+ ngNa
where C. may depend on € as well.

(ii) Assume further Assumption22(iii), then there exists a modulus of continuity
function pg, depending only on T,d, Lq, Cy, and p, such that,

(5.22)
’Ji(t Z(a " a)) - J(u”;txi,d)‘ + o0, %, @) — v(pst,x")| < po(Ce + Coby).
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Moreover, assume v € M. (t, 1), then

N

1

(523) > it R,a) — v 0, R, )] < e+ 2p0(Ce + Ceby), Vx€X,.
i=1

In particular, this means that & € MN-E0 (t,X) with € :=¢+ 2pg (C’s + CEHN).

hetero

Proof. (i) We first show by induction that
(524) Rg = Wl (/’L’sy/\w HZ/E\) S Cga s = t7 e 7T'

Indeed, it is obvious that x; = 0. For s > ¢, by (&), (617), and (5I])), we have

€

Rs4+1 = Z |/L2’5+1)/\.(X) - M’(Ys+1)/\4(x)|

xEX 41

>

xeXs,xE€S

) [ ot i s, do)|
> [lnn 0 = nin )|

x€X,,rE€S

Ne
+ Z ‘q(S,X,‘LLV,G,;(E) - Q(Saxv M’Y aak;x)|7(svx,da)
17 Ak

/,LZ/\.(X)/Aq(S,X,,lJ/’Y7a;.’L')’Y(S,X, da)

IN

+ / a(s, %, i, a; @)y (s, %, da) + / a(s,%, 17" a2y (s, x, da)
140 140

< Ckg + Ce.

Then by induction we have ([5.24]).
We next show by induction that, recalling (.12,

(5.25) Rs = Wi (v pdn) < Cly, s=t,---,T.

Indeed, &y = Wi (uly, 1). For s > ¢, noting that o; € A;;t .A;gt

from Lemma [£.6] that /,LA’YE = 17", then by (5.12) and (@I3) that

, and recalling

’_fs+1 Wl( Vstin. ,,LL(S+1)/\ )

=2 > \N YooY QL Nix )—/At ZH(,u"’E;f(,a)AVE(X,da)‘

x€Xs xexl¥, acALs, t€l(x,@)

=3 Y Y Mb)@ (Y% a) — A (x, )@y (175K, )]

x€Xt xeXlY, acAb?

path

path

< Z Z Z {A;i(xv a) — AT (Xaa)‘QZH(VN;i,Oé)

x€X: xeXlY| ac Al

pu.th

+A’YE (Xaa)‘Qs-l-l(VN;iaa) - Z-Q—l(u’yg;iaa)”'
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Then, by (E.19) and noting that C. : \.Apath\ is independent of N, we have

,‘$5+1 < Z Z Z {QNQerl X, 04) + CAff (X7 O‘) Z Wl (Vi\/]\w /‘Z/E\)}
x€Xe geXtY, OéE-Apath r=t
< C.y+C Z Ror

r=t

This implies (5:25) immediately.

Finally, combining (524)), (520), and (GI3]), we obtain (521]).

(ii) First, similar to (5I5), by (521)) we have (5:22)) following from the arguments
in Theorem [3.5l Next, for v € M7 ;. (¢, 1), by BI9) we have AY € Mg, ., (¢, ).
Then (23] follows from similar arguments as those for (B.16]). O

Proof of Theorem B3: the right inclusion. Fix ¢ € Viyear(t, ) and € > 0. Let
€1 > 0 be a small number which will be specified later. There exists v € M:L, (¢, i)
such that [[¢ — J(¢, p,v; . 7)|lx, < e1. Let 451 and & be constructed as above. By

(E23) we have
1
~ > it ®,d) — 00, %, d)] <1 +2p0(Cer + C-,0y), Vx € X
=1

Choose €1 small enough such that €1 —|— QpO(C’sl +¢e1) < e. Then, for all N large
enough such that 6 < £, we have & El iR a) - oMt R, @)] <e. That

VNEO

187 ae hetero

(t, 1ty i) for all N large enough. Then, following the same arguments

as those in the proof for the left inclusion, we can easily get ¢ € VhNef e’go(t7 Miv,z) for

all NV large enough, and thus ¢ € limy_, VhNefego(t, pd.). Since € > 0 is arbitrary,

we get the desired inclusion. |

6. A CONTINUOUS TIME MODEL WITH CONTROLLED DIFFUSIONS

In this section we study a continuous time model where the state process is a
controlled diffusion with closed loop drift controls. In this case the laws of the
controlled state process are all equivalent. The volatility control case involves mu-
tually singular measures (corresponding to degenerate ¢ in the discrete setting) and
is much more challenging. We shall leave that for future research. To ensure the
convergence, we consider state dependent homogeneous controls for the N-player
games, as we did in Section [Bl

6.1. The mean field game and the dynamic programming principle. Let
T > 0 be a fixed terminal time, (Q, F,F = {F; }o<i<7, P) a filtered probability space
where Fy is atomless; B a d-dimensional Brownian motion; and the set A C R% a
Borel measurable set. The state process X will also take values in R%. Its law lies in
the space Py := Py (R?) equipped with the 2-Wasserstein distance Wy. We remark
that in the finite state space case W7 and Wy are equivalent, while in continuous
models they are not. In fact, at below we shall require Wi-regularity, which is
stronger than the Ws-regularity, and obtain Wj-convergence, which is weaker than
the Wa-convergence. This is not surprising in the mean field literature, see, e.g. [38].
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The main advantage of the Wi-distance is the following well known representation,
see e.g. [13]: for any u, i € P;(RY),
(6.1)

W (1, ) = sup { / () () ()] £ o€ Crip (RY .t ()~ (@) <l }.

Here Cri,(R?) denote the set of uniformly Lipschitz continuous functions ¢ : R —
R. Moreover, for each (¢, 1) € [0, T]x Pz, let L%(¢, 1) denote the set of F;-measurable
random variables £ whose law (under P) £ = p.

We consider coefficients (b, f) : [0, T|xR¥xPyx A — (R? R) and g : R¢xPy — R.
Throughout this section, the following assumptions will always be in force.

Assumption 6.1.

(i) b, f, g are Borel measurable in ¢ and bounded by Cj (for simplicity);
(ii) b, f, g are uniformly Lipschitz continuous in (z, i, a) with a Lipschitz con-
stant Lo, where the Lipschitz continuity in p is under Wi.

Let Acons denote the set of admissible controls o : [0,7] x R? — A which is
measurable in ¢ and Lipschitz continuous in x, with the Lipschitz constant L,
possibly depending on . Given (¢, ) € [0,T] x Pa, € € L2(t, 1), and o € Acont,
consider the McKean-Vlasov SDE:

(62) X;’g’a =&+ / b(r, Xﬁ’g’av M?v a(r, Xﬁ’&a))dr + Bs — By, M? = ‘CX;’E’O"
t

By the required Lipschitz continuity, the above SDE is wellposed, and it is obvious
that p& = pu and p® does not depend on the choice of ¢ € L2(¢, u). Then, when
only the law is involved, by abusing the notations we may also denote X*%< as
Xt

Next, for any = € R?, and & € Acont, we introduce

J(t,py oz, @) = J(ut,x,a), v(p®s,x)i=_ ij‘lf J(u%;s,x,a),s >t, where
aCAcont

(6.3) XpTorY =gy / bl X[y Al X[ dl+ By — Byr > s

T
J(/ﬂ;s,x,d) — ]E{g(Xéi ;s,af,a7u%) +/ f(?“, Xﬂa;S,x,&’M(Tx’d(r’ Xﬁa;s’x’d))dr )
S

Here we abuse the notations by using the same notations as in the discrete setting.
Clearly u(s,z) := J(u%; s, x, @) and v(s, x) := v(u®; s, x) satisfy the following linear
PDE and standard HJB equation on [t, 7] x R?, respectively, with parameter p®:
(6.4)

asu(s, 1')—’_% tr (8zxu(87 l‘))+b(8, z, [L?, 5‘(8, 1')) : (%u(s, SC)-I—f(S, xa ,u’(sla d(S, x)) :0’

dyv(s, $)+% tr (8mv(s,x))+in£ [b(s,z, 1S, a) - Opv(s,x) + f(s,z, us,a)] =0;
ac
U(T, .’E) = 'U(Ta .’E) = g(xnu%)'

Definition 6.2. Fix (¢,u) € [0,7] x P2. For any € > 0, we say a* € A.opnt is an
e-MFE at (¢, ), denoted as o* € M, . (t, p), if

(6.5) /Rd [J(t,u, a*r,af) — v(,ua*;t,x)],u(dx) <e.
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Remark 6.3. Similar to (5.4) and (5.5]), here we do not require a* to be optimal for
every player x. In fact, alternatively, we may replace (6.5) with

(6.6) ,u{x C I p o, af) — v(,uo‘*;t,x)| > E} <e.

The intuition is that, since there are infinitely many players, we shall tolerate that
a small portion of players may not be happy for the o*, as in [I1], and their possible
deviation from a* won’t change the equilibrium measure u®" significantly. We note
that, although (6:6) and (6.3]) are not equivalent for fixed e, they define the same
set value in (GI]) below, and the proofs are slightly easier by using (G.5]).

However, if we require the e-optimality for p-a.e. z, namely the probability in
the left side of (G.G) becomes 0, then the set value will be different and may not
satisfy the DPP. Such difference would disappear in the discrete model though.

To define the set value, we need the following simple but crucial regularity result,
whose proof is postponed to Appendix.

Lemma 6.4. Let Assumption hold. There ezists a constant C > 0, depending

only on T,d,Cy, Lg, such that, for any t,p,a,& and s > t,

(6.7) [J(u; @, 8,2) = J(n; &, 8, 8) |+ |v(p; s, 2) —v(u®; 5, 8)| < Cle—F|, Va, .
We then define the set value of the mean field game:

Veont(t, 1) = [ Vigne(t 1), where
e>0

(6.8) Vg, .t p) = {np € OLip(RY) : there exists a* € M2, (¢, ) such that

cont

Rd

In particular, since J(t, p, a*; 2, o) > v(u® ;t,z), then by (6.7) and (G.5) we see
that both J(t, u,a*;-,a*) and v(u® ;t,-) belong to Veon(t, ). Moreover, again
due to (6.3, we may replace the inequality in the last line of (€.1) with [, [¢(z) —
o(pe st ) |p(dr) <e.

Similarly, given Ty and ¢ € Cr;,(R?), we may define the functions J(Ty, 1; t, u, o
x,a), J(To,v; u%;s,z, &), v(To,¥; u*;s,x), as well as the sets MS . (To,¥;t, 1),
Ve ot (Tos U3ty 1)y Veont(To, ¥; t, 1) in the obvious sense. In particular, we have the
following tower property:

J(t, p, 5w, &) = J(To, Y3 t, by 2, &), where  (x) := J(To, uT, , a; T, &);
v(p;t, @) = v(To, s p*3t, @), where  1)(x) := v(u®; Tp, ).
We now establish the DPP for Vi, (¢, 1t).

Theorem 6.5. Let Assumption hold. For any 0 <t < Ty <T and p € Po, it
holds

(6.9)

Veont(t, 1) = g]cont(ta p) = ﬂ §’iont(ta p), where

e>0

(6.10)

Teamalton) = {0 € Cip®?) s [ 1o(@) = (T, b1t 05,0 ) < e

for some (¢, ™) satisfying: ¢ € Ve, .(To, ,u%:), a* e M¢,,.. (T, w;t,u)}.
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Proof. (i) We first prove Vi, (t, 1) C @Cont(t ,u) Fix ¢ € Veone(t, p), € > 0, and
set €1 1= §. Since ¢ € V¢!, (¢, 1), there exists o € Mg}, (¢, p) satisfying (6.1)) for
€1. Denote

V(@) = J(To, py s w,0%), () = o(u™ 3 Ty, ).
By ([69) we have J(Tp, ¥;t, u, a*; 2, a*) = J(t, p, o*; ¢, a*) and thus

/d lo(x) — J(To, i t, p, sz, %) | p(de) < &1 <e.
R

We shall show that ¢ € Viont(TO,u%;) and a* € M, ,(To,¢¥;t, ). Then ¢ €
Ve, (t, 1), and therefore, since € > 0 is arbitrary, we have ¢ € V(t, ).

Step 1. In this step we show that
(6.11)
| @ i 0t) = ol o) (de) = [ [00) = D)l (d) < o
Then o* € M&,,.(To, u%:), which, together with the regularity of ¢ from Lemma
[6.4] implies immediately that ¢ € V¢_ ,(To, u%})

To see this, we recall [6.2) with & € L2(¢, ). Since a* € M3} . (t, 1), by (63)

we have
&1 > E[J(tp 0’6 a%) = o(u51,6)]
= ]E[J(To,w;t,u,a*;é“,a*) - U(To,i;/f‘*;t,f)]
> JE[J(TO, bit, 0 € a”) = J(To, ity p, ™3 €, a*)]
= E[p(X55) = (xg)].

Note that EXtT,Dg,Q* = 4, , then this is exactly (GIT).

Step 2. Tt remains to show that o* € M¢ . (To, ¢;t, ). By the definition of v and
its regularity from Lemma [6.4] there exists &* € Acont such that

J(To, 5 t, pya*s 2, &%) < v(To, 5 u 5 t,x) + 1, Vo € RL
Then, denoting &* := &* O, a* € Acont, by ([69) again we have
E[J(To7¢;t,u7a*;£,oz*) - v(To,z/f;u“*;t,{)}
< E[J(To7w;t,u7a*;§7a*) - J(Tovw;t,moz*;é,&*)} +e1
= E[J(t.1,0%:6,0%) = J(t.p 06,67+

SE[J(t0"6,0") —v(u” i1, +e1 S e ver =
This means a* € M¢,_, ,(To, ¥;t, ).

(ii) We next prove @Cont(t,u) C Veont(t,1). Fix p € @cont(t,,u), € > 0, and set
€1 := 7. Since p € VL (L, p), there exist (¥, *) satisfying the desired properties
in G5) for ;. In particular, since ¢ € V. . (Tp, u%;)7 there exists desired a* €
Mijmt(To,,u%;) required in (G1]) for e;. Denote &* := o* @7, &* € Acont and

P(x) = J(To, p, , &%, &),  (a) = v(p® 3 Ty, ).
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By (@.3),
E|:|J(T0,’L/);t,ﬂ,oz*;€’a*) — J(To,’l,/;;t7u’a*;£7a*)’:|
(612) = ]E“d)(Xéf:*;t,E,a*) _ ,J}(X%j‘*;t,&a*)”

= /Rd [(z) — J(To, pu$,, . &2, &) |, (dx) < eq.

Then, since ¢ € V&, (t, 1) with corresponding (¢, a*), by (63) and ([E.12) we have
E||p() = J(t 1, 6% 6,0%)|] SE[J0l€) = J(To, it p 0" 6,07)|| +&1 <251 <,

where ¢ € L2(¢, u). We claim further that &* € M¢,,,,(t, u). Then ¢ € VE_ (¢, 1),
and thus ¢ € Vioni(t, ), since € > 0 is arbitrary.

To see the claim, since o € MZL,, (To,¥;t, 1), &* € Mi}mt(To,u%;), by ([69)
we have

E[J(t %5 €,67) = o(u"31,€)]

= E[J(Ty. it 01 6,0") = (T, i i 51,6)]

< IE[J(T(% Uit g€ Q) — v(Toﬂ@;ua*;té)] +e1
]E[U(Tovw;ua*;t,f) - v(ToﬂZ);ua*;tvf)} + 261

< sup E[J(To,w;t,u,a*;&d)—J(Tmlﬁ;t,u,a*;&&)}+2€1
&G.Am”n

= E[p(X55) — 9(X55)] + 2610 SE[R(XE5) — d(X0)] + 36y

<e1+3 =e.

This means &* € M2, (¢, 1), and hence completes the proof. (]

Remark 6.6.

(1) Our set value Vi, (t, 1) is defined for each (¢, p) with elements in Cp;,(R%),
instead of V(¢,2,u) C R for each (¢,z,u). This is consistent with ([27) in the
discrete model, and is due to the fact that an e-MFE a* in Definition depends
on (t,u), but is common for all initial states x. Indeed, if we define Ve pnt (¢, z, 1)
in an obvious manner, it will not satisfy the DPP.

(ii) The above observation is also consistent with the fact that the following
master equation is local in (¢, u), but non-local in  due to the term 9,V (¢, Z, p):
(6.13)

OV (1, 10) + 5 10(00sV) + H, 11,0,V
1
—I—/ [5 tr(0z,V (¢, , 1, &) + O H(Z, 1, 0,V (¢, 2, 1)) 0,V (t, z, i)}u(di) =
Rd

Under appropriate conditions, in particular under certain monotonicity conditions,
the above master equation has a unique solution and we have Vo1 (¢, 1) = {V(t, 1)}
is a singleton, where V(¢, u)(z) := V (¢, z, 1) is a function of z. In this way, we may
also view (6.I3) as a first order ODE on the space C2?(R?) (the regularity in x is a
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7152 MELIH iSERI AND JIANFENG ZHANG
lot easier to obtain):

OV(t, ) + H(p, V(t, ) + M(u, V(t, 1), 0,V (t, 1)) = 0,

(6.14) where  H(u,v(-))(z) := %tr(amv(x)) + H(x, u, Oyv(x)),

M. 00 @) = [ [ 505(0,) + 0, (5 0,0(0) i, 3) (),

It could be interesting to explore master equations from this perspective as well.

6.2. Convergence of the N-player game. By enlarging the filtered probability
space (Q, F,F,P), if necessary, we let B',---, BY be independent d-dimensional
Brownian motions on it. Set A%, = U L>0Acom, where, for each L > 0, AL
denotes the set of admissible controls o : [0, 7] x R? x Py — A such that

cont

lalt,, 1) — alt, & 1)| < Lala — | + LWy (1, )-

Here the Lipschitz constant L, may depend on «, hence the Lipschitz continuity
in z is not uniform in «. We emphasize that the Lipschitz continuity in p is
under W7, rather than W5, so that we can use the representation (6.1I). Note that
Acont = A%, and by Remark BIi), all the results in the previous subsection
remain true if we replace Agopn: with A ..
Given t € [0,T), ¥ = (z1,--- ,zn) € R¥™N and @ = (ay, - ,an) € (AL OV,
consider
(6.15)
S
X;ﬁ,f,&;i:xi_i_/ b(’l“, Xﬁ’f’&;i, /’ijfﬁv Ozi(’l“, Xﬁ,f,&;z t,T, a))d’l“—l—B'L BL i= 1, . ,N;
t

T
Ji(t, f, 0—2) — E[g(X%m7a;z7M%x,a)+/ f(S, Xﬁ’f’&;i,ug’f’&, ai(&X;ﬁ,g‘c’,&;z’ t,@, a))ds}

oV P, 2 E) = inf Ji(t, T (@7 @),
acAL

cont

In light of Lemma [64] the following regularity result is interesting in its own
right. However, since it will not be used for our main result, we postpone its proof
to Appendix.

Proposition 6.7. Let Assumption hold. For any L > 0, there exists a constant
Cr > 0, depending only on T,d,Cy, Lo, and L, such that, for any (t,%) € [0,T] x
RN 7,7 € RY, and @ € (AL,,)N, we have

(6.16)  |v)" (¢, (777, 7),d) — o} (¢, (777, 2),8)| < Crlz -], i=1,---,N.

Given a € AL ., by viewing it as the homogeneous control (a,- - - , @), we may
use the simplified notations Xt®¢ pt& J.(¢ % «), and v; ’L(t,f, ) in the ob-
vious sense.
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Definition 6.8.
(i) For (¢t,%) € [0,T] x RN ¢ >0, L > 0, we call a* € AL , a homogeneous
(e, L)-equilibrium of the N-player game at (¢, Z), denoted as * GMN’E’L(t, Z), if

cont
1

6.17 — Ji(t, 7, 0*) — oMV P 7 a)] <e.
( < Z

ii) The set value for the N-player game is defined as:

(ii) player g

N,e,L ?)
(618) cont = ﬂ Vcont = m U Vco;t ’I ’ where
e>0 e>0L>0
Vi\cc:;tL(t?f)
:{gpecLip( 4 ;3o e MYEE(t, Z) st Nz:hp:l:z ta:a)|§s}.

We remark that, although VY% (¢ ) involves only the values {¢(z;)}1<i<n,

for the convenience of the convergence analysis we consider its elements as ¢ €
Remark 6.9.

(i) Recall (B). By the required symmetry, obviously there exist functions
JN ML [0, T] x Py x AL, x R? — R such that
(6.19)

Jit, 7 a) = IVt as ), oM E o) = oV p  aa), i=1,--- N,

?

comn

Moreover, V¥ . (t,¥) is invariant in 2 and thus can be denoted as VY, (¢, u2).
(ii) The required inequalities in Definition [6:8 are equivalent to:

[ = 0 ) < e [ (o) )] () < e
Rd Rd
We now turn to the convergence, starting with the convergence of the equilibrium

measures. Recall the vector (o, &); introduced in ([B.6]).

Theorem 6.10. Let Assumption hold. For any L > 0, there exists a constant
Cr > 0, depending only on T,d,Cy, Ly, and L, such that, for any t € [0,T],

JJGRdN7 ‘ue'PQ, @ OéE.Acont, andi:l,... N,
(6200 sup E[Wi(ut™¥ )| < Cuoy,

t<s<T
1N
U B _ L
where O = Wi (pg,p) + N~ 73 |F]2 + N7, ||w||§¢:NZ\xil2~

Proof. Recall (615) and introduce, for j =1,--- | N,
(6.21)

X ”f’*/ b(r, X3, 2 o, X, pu))dr + B — B, i = NZaX“
t
= g“‘ / b(T7 X?"a:uﬁofa 04(7" Xra :ug))dT + BS — Bt, where g c ]LQ(-FO”UJ;]EV)
t
Note that Xl’ .-+, XN are independent. We proceed the rest of the proof in two

steps.
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7154 MELIH iSERI AND JIANFENG ZHANG

Step 1. In this step we estimate E[W; (4L, u2)]. First, by [38, Lemma 8.4] we have
E[Wi(i, Lx,)] < ON™ 75| 7]l2.
Next, fix an ¢ in (1)) and let u = u,, denote the solution to the following PDE on
[t, s]:
1
(6.22)  Jru+ 5 tr (amu) +b(r,z, ul, a(r,z, 1)) - O,u =0, wu(s,z)=p(x).

Applying Lemma with &(r,z) = a(r,z, u%) and f = 0, we see that u is uni-
formly Lipschitz continuous in x, with a Lipschitz constant C' independent of ¢ and
L. Thus,

Elp(X,) = o(X)] = Elu(t,§) - u(t,€)] < CE[I€ —¢€]).
Since Fp is atomless, we may choose &, & such that E[|€ — £]] = W (1, p), then
G0 implies W1 (L , ps) < CWi(uf , ). Put together, we have
(623)  E[Wi(a,u2)] < CWa(ul,u) + ON~ 5|, < Coy, t<s<T.

Step 2. We next estimate E[W; (ué’f’(a’d)"’, p<)]. Denote o := @&, aj = a for j # i,
and

Bj = b(svxgaﬂsNaaj(SaX£7ﬂév)) - b(sv)zgvl’ég7a(57)zgaug))7 1< .7 <N

N
. ) S 1
M, = HMg, M := exp (/ B.dBl — 5/ |57j«\2d7">~
j=1 ' '

Then, by the Girsanov theorem we have

(6.24)

E[Wl (/’l’?w( 7:U’s ] = /’Ls 7/"‘5 )}

— YW m)] +EWa (i), ud)]

N s
- ZE[ / M, SIABIWL Y, )] + B[WA (il ).
j=1 ¢
By the martingale representation theorem, we have
N s
(6.25) Wi i) =B )] + > [ ZidB

Note that X7 are independent. Consider the following linear PDE on [t,s] x RIN:
(6.26)

N
Opu(r, @) Ztr oo, u(r, &) + Zb(r,x;,u?,a(r,x;,uf)) -0, u(r, @) =0,

j=

u(s, @) = Wi(pg, 12)-

By standard BSDE theory, see e.g. [43, Chapter 5], we have ZJ = Oz u(r, Xﬁf),
where X»®J := x; + BJ — B]. Note that the terminal condition u(s, ') is Lip-
schitz continuous in z/ with Lipschitz constant +. Then, similarly to [622), by

—
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Lemma [6.4] we see that \ZJ | < 0z;ul < F € for some constant C' independent of o
and L. Thus, by (624) an

b

E[Wa (™ ) = WA (il ) | =§IE[/SMT6£~ZM
2",

IN

0 o

el j

NZEM M3 dr].
j=1

Note that |3 < C and, for j # i, |8]| < CLW1(/1,,],V,/J,?‘). Then, by ([G23),

E[Wl(ui’m (0@)s ,us)} <E[W; (i ,ug)]+ ]E /M 181 |dr+Z/M W\dr}

J#i
N a c C C
E[Wy (i, 1))+ 5+ 57 DB / MW (Y ,ur)dr] =+ TC1oy < Croy.
J#t
([l
Theorem 6.11. For the setting in Theorem [6.10], we have
(6.27) |J;(t, T, (o, @);) — J(t,,ma;xi,d)‘ + B, 2 ) — o(pst )| < CLH%V.

Proof. Fix i. First, by taking supremum over & € AL .. the uniform estimate for
J implies that for v immediately. So it suffices to prove the former estimate.
For this purpose, recall (GI5]) and denote

Ji(t, Z, (o, &);)
L (@) ’ ()i () i
— ]EIP’ [g(XT,z, a,& 1,717M%) +/ f(S7X§’w’(a’a)iﬂ,/L?,d(S,Xﬁ’I7(a’a)i;l,/Lg))ds}.
t

Then one can easily see that, by applying Theorem [6.10],
(6.28)

| Ji(t, 2, (o, @)i) = Jit, &, (o, @))| < Cp sup B[Wy (b0, u2)] < Cro.

t<s<T

Next, denote

) ) o 1
Xi=mi+ By = Bj, )= {Z(sxi’f’(“"i’“j + 5X;];
j#i

S . 1 S
Bs = b(S, XZ,/is, (S Xs?#’s )) M = exXp </ ﬂTqulﬂ - 5/ |ﬂT|2dT);
t t

7 i ~Ny = i ~Ni ~ e ;17
B = b(s,X;,uéV’ ,oz(s,Xs,uév’ ), M :=exp (/ BrdB;. — 5/ |Br\2d7‘).
t t

By (61) and (615)), it follows from the Girsanov theorem again that

Ji(t,@, (0, ):) = J(t i, )|

(6.29) }E[ My — Mr|[g(XF, p) / Fls, X3, 13 (s, X’,Mg‘)ds]”

< C’IE“MT — MT|]
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7156 MELIH iSERI AND JIANFENG ZHANG
Denote AM; := M, — My, ABy := BS — Bs. Then, since b is bounded,
S S
E[|AM,|?] = E[(/ (M3, — Mrﬁr]dB;‘ﬂ - ]E[/ (M, 3, — M, B3,)2dr
t t

gc/ E[|AM,|?*|dr 4+ CE / | M, [>|AB,| dr]

3

<c/ 1AM, | ]dr+cn<:[/ M2 M \Aﬂr\zdr}
< c/ E[|AMT|Q]dr+C(E[/S MT|A6T|er%
< c/ |AM, | ]dr+cL( [/:MrWl(ﬁfY’i,uf)er%

1

= ["mian i+ o (8 [ mgEe o )

-

<c/ | AM,|2)dr + CLOZ,,

where the last inequality thanks to Theorem Then, by the Grownwall in-
equality we obtain E[|AM;|?] < CL#%, and thus (6.29) implies

Ji(t, @, (o, @);) — J(t, p, o 4, & )‘ < CL6‘4
This, together with ([6:2])), implies the estimate for J in ([627) immediately. O

Theorem 6.12. Let Assumption hold. Assume further that ]\}im Wy (2, ) =
—00
0, and there exists a constant C > 0 such thafd |Z]l2 < C for all N. Then

(6.30) ﬂ U hm Vi\(f)itL (t, 1Y) C Veone(t, 1) m lim VY0 ud).

e>0L30"" e>o N7
: - . N, 0 N,e,L N :
In particular, since Lm V"7 (t, U hm Vcont (t,pz ), actually equali-
N—o0 L>O

ties hold.

Proof. (i) We first prove the right inclusion in @30). Fix ¢ € Veone(t, 1), € > 0,
and set £ := 5. By (6I) and (6.3), there exists a* € Mg}, (¢, p) such that

/ [J(t,,u,a*;:c,a*) v(p wu(dx) <51,/ ‘go J(t, p, o™z, |u (dz)<e;.
R4
Recall Lemma [6.4] and note that ¢ € Cp;,(R?), then by (6.1) we have
/d [J(t’ﬂaa*§xaa*) - 'U(Ma*;tvx)]ﬂév(dx) <er+ CWl(Niy’ﬂ)a
R

[ le@) = Tt an) | (ds) < 1+ Co Wi ),

SNote again that # depends on N. Also, the conditions here are slightly weaker than
lim Wa(ul,u) = 0.
N —oco
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where C, may depend on the Lipschitz constant of ¢. Moreover, by ([6.27) we have

1
)N+ Crbn

| X
N2 [Ji(t, &%) — v} E (¢, &, a")]
| X
< N; [J(t, 1, 0525, 0%) —o(u® 5t,2;)] + CLo}
:/ [J(t, p, 052, 0%) —0(p® 5t, )] g(dfc)—l—C'L@“ <51—|—CLJ%\,
Rd

N N
1 - %
NZW(%)—L@ T, SNZW(%)—J(@%CX ;T
i=1 i=1
1
/ ‘go(x) J(t u,a*;x,a*)’ug(dw)—l—CLeﬁ, <e1+Cp b
Rd

We emphasize again that ||Z||s < C is independent of N. Then, by choosing N
1

1
large enough such that Crfy <e1, Cp 05 < €1, we obtain
N
(T, a")| <e.

N
1 - N.L;, = o1
¥ Lt a) it s a] < 53 felm) -
MeO(t, &) and ¢ € VRSO (t, uk), for all N large enough.
N,e, L( 7#g)7

cont

This implies that a* € M
That is, ¢ € limy_, .. VY0, ) for any e > 0.
(i) We next show the left inclusion in [@30). Fix ¢ € m U hm \%
e>0030"
5. There exist L. > 0 and an infinite sequence { Ny }x>1 such

Recall (617) and (618, there exists

€ > 0, and set
that o € VNeerleq Ny for all k > 1.
o € ALe | such that
e d k NkvLE hvg k e d k
a®) — v t,r,a")| <e; — x;) — Ji(t,Z,a")| <e
-l ma] Sa g3 el it b <o

1
m Z [JZ (t, x,
i=1
Note that L. is fixed, in particular it is independent of k. In light of Remark BJ(i)
and denote &% (s, z) := ak(s,az,,uo‘k), then p& = 1. Similarly to (1), by ©Z1) we
have
/ [J(t , &8 x, ak) — v(u“k;t,x)]ugk(dx) <e1+Cr.by,
Rd
1

[ (o) = 165,65 ) < 22+ €t

)],u(dx) S €1 + CLEQJ%[]C + CWl (Mi*vkvﬂ),

1%719 + C@WI (/uLi-\./v’C N /J)

Then, by Lemma and ([6.I) we have

/]Rd [J(t,u,&k;x,&k) —v(p

/ ‘4,0( ) — J(t, p, &%z, aF ‘,u dr) <e; +Cp
R4

Now choose k large enough (possibly depending on € and ¢) such that
1
Cr.0%, + CoWi(uy* 1) < e

1
CL eﬁfk + CWl(IU/]kanu) S €1,
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7158 MELIH iSERI AND JIANFENG ZHANG

Then we have
/[J(t,,u,dk;z,dk) v(p w(dz) <a/|g0 J(t, p, &% x, a" },u (dx) <
R

This implies that a* € MS,,,(t, 1) and ¢ € V&, (t, ;1) Since ¢ > 0 is arbitrary,
we obtain ¢ € Veon: (¢, p). O

7. APPENDIX

7.1. Some examples. In this subsection we first construct an example in discrete
setting such that Vo C Viate C Vparn C Vieq, with all the inclusions strict, where
Vpatn are defined in an obvious way. In particular, Vy is empty.

Example 7.1. Set T'=2, S = {z,7}, A = (3, 3), and

1
(0,2, p,a;2) = ¢(0, 2, p,a;7) = 5, q(Low,pyasz) = a, q(liw,p,a;7) =1-a
F(0,z,u,a) =0, F(l,z,u,a)=Fi(a) :=a[l —a]l, G(z,u)=px).
Then for any u € Po(S), we have V = {(y,y) : y € WA/} for V = Vo, Vsiate; Vpatn,
Vrelam, and

. A 5 13 8
V0(07/'[/) - Qv Vstat(i(ov/’(‘) - {57 Ev 5}
- o2 o 112
(71) Vpath(ovﬂ) T {A M(£)+)‘M(a‘.)+§ . A7)‘E {37575}}7

Vretan (0, ) = {A pe) X @) +o: AXe 1 7] }

Proof. Since |S| = 2, for any pu € Py(S) clearly it suffices to specify pu(z).
(i) We first compute Vo(0, ). For any o, & € Agtate, it is straightforward to
compute:

e (@) =Y u(x0)q(0, xo, p, (0, 0); ) = » u(xo)% = %;

zoES zoES

1
(7.2) = pf(@)g(, 2, 68, a(l,21);2) = 3 > a(l,a);

T €S x1 €S
o, 5 1
P ’07w07a(X1 = g) = Q(Oaan;u,&(vaO);g) = 5
Then

‘](Ov My Q5 X0, d) = EPM e |:G(X27 ﬂg) + Z F(t’ Xt? u“?v &(t’ Xt)):|
=01

= g (@) +E” "7 {Fl(@(l X1))}
1
z1E€S Ileg

Given a, we see that infg J(0, u, o T, &) = 3 Ymes (1, 1)+5, 2 and the minimum

is achieved when &(1,21) = 4,2, Va1 € S, which are not included in A. Thus
Mstate (0, 1) = 0, and hence Vi (0, ) = 0.
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(ii) We next compute Vgiqee(0, ). Fix € > 0 small. By 2I3) and (73] it is
clear that

2
(7.4) af € M%,,.(0, ) if and only if Z Fi(a®(1,21)) < 9 +e,

mleS

and in this case, for any z¢ € S, by (Z3]) again we have

J(0, p, a%; g, %) = Z Fi(af(1,21))

Ileg
where Fy(a) :=a+ Fi(a) = a[2 — a].

In particular, this implies that V¢,,,.(0, 1) = {(y, )y € Ve, (0, ,u)} where
Verate(0,1) 1= {Jo(0%) £ 0" € My (0,10) .

2
Recall again that irelfA Fi(a) = g By (), o € M, ,.(0, p) if and only if there
a

exists a function x. : S — R such that Fi(a(1,21)) = 2 + xc(z1) for all z; €S,
and

(7.5) X=(2),X=(T) > 0, X=(2) + Xe(T) < 26
This implies that

GXE(xl)
1+ /1 —=36x:(z1)

1 2 N
045(1,,@1) = g +X€("E1) or g - Xs(xl)a where Xs(xl) =

Note that F} is strictly increasing for a € A. Then, by (ZId) we have, for ¢ > 0
small,

4
Vitate(oa :U’) = U U (yl — &Y+ 5)3
Xe =1
17~ ,1 -1 ]
Y1 = B 1(3 +Xs(£)) + 1(§ +Xs($)) )
17~ ,1 -2 W]
Y2 1= 51 1(3 +Xs(£)) + 1(§ - Xs(x)) )
11~ ,2 ~ 1 W]
Vs =5 1(§ —x-(z)) + 1(§ +Xe(:b))_,
17~ ,2 -2 W]
vai= 5| 1(§ —x-(z)) + 1(§ —Xx=(T)) |,
where the first union is over all x. satisfying (Z.0). Note that 0 < x:(z), x(T) < 2e.

Then by (Z1I4)) it is obvious that Ve (0, 1) = {(yvy) 1y € Virare (0, )} and
N ~ 1y 1.~ /1 ~ 2 ~ 2 5 13 8
Vstate (0, 1) = {Fl(g)v 51F(3) +F1(§)]’F1(§)} {9 18’ 9}
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(iii) We now compute Va5 (0, p). For any o, & € Apqun, we still have p§(z) = 3
and P#*i020.&( Xy = z) = 1 for all 2y € S. Moreover,

Ng(i): Z u(xo)q(O,xo,u,a(O,xo);xl)q(l,xl,u?,a(l,xo,xl);g)
Z0,T1 €S

:% > plxo)a(l, mo, z1);

T0,T1ES

T, s 00,6) = B [G (0, 15) + F(L, X, i 61, Xo, X))

= g (@) + B[R a1, Xo, 1))

(7.6) =Y pulE) x % > a(l,io, 1) +% > Fi(a(1, o, 21)).

ToES 1 €S x1 €S

Similarly to (4],

1 2
0 € Mo, (0,p) if and only if - > Fi(ef(1,20,11)) < g T eI ES.
r1 €S

Furthermore, by abusing the notation x., the above is equivalent to that there
6xe(T0,21)

exists xe : S X S — A such that, by denoting Y. (xg,x1) := W’
—9o0Xe(Zo,21

XE(anml) > O,V«IQ,Il € S7 and XE(I()’&) + X€($07§) < QSaVIO S S?

1. 2
a8(17$07x1) = g +X5($07$1) or g - XE(',I:Ou:El)-

Following the same arguments as in (ii), we can easily see that V,q:, (0, i) consists
of pairs (J(O,u,a*;;v,a*),J(O,u,a*;f,a*)) for all a* : S? — {%, %} Note that

Fl(%) = Fl(g) = %, and %Zmlesa*(l,jo,xl) takes 3 possible values: %,%,%.
Then by (7.6]) we have

(7.7)  J0,p, %20, 0") = A p(z) + A u(@T) + =, where A\ Ae{, -, 2}

NoTR N
Wl =
DN | =
wl o

Again this is independent of zg. Then V., (0, 1) = {(y, y):y € Vpath (0, u)} and

N — 2 — 112
Vpath(ovﬂ) = {A ,LL(Q) + A ‘LL(T) + § : A,A € {37 53 g}}

In particular, we see that Vsmte(O,u) consists of the elements of @path (0, ) with
A = )‘7 and Vpath(07 ,U/) = Vstate(ou /14) when ﬂ(&) = :U/(f)
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(iv) Finally we compute V, .02 (0, 1). Fix 7,5 € Ayelaq, it is straightforward to

compute:
y 1 1
My (&) = Z M($0) Q(07x07/’6aa;£)7(07x0;da) = Z /’(‘(xo) X 5 = 57
A
€S zo€ES
. 5 N 1
PrEOT (X = 1) = / 9(0, 20, p1, a; 2)7(0, o3 da) = 33
A
13 (z)
= Z M(II;O)/ Q(07x07ﬂua0;$1) (1 $17M1>a1a ) (O .’I,'(),dao) (1,.’1:0,1}1;61@1)
:Co,ﬂl'lES A2
1
=5 X nta) [ ar(1,mn,arido)

z0,71€S

J(O0, 730, 3) = X7 G (X 1) + Y / F(t, X, 1}, a)3(t, X; da)
t=0,17A

= () + BP0 [/AFI(CLW(L X; da)}
:% Z u(iO)Aav(l,io,xl;da)+% Z /AFl(a)’?(l,xo,xl;da).

io,xleg x1 €S
Similarly to (4],
(7.8)
2
v € M. 10 (0, 10) if and only if Z / Fi(a)y* (1,20, 21; da) < 9—|—5 Vo €8,
z1€S

and in this case, for any xg € S,
(79) J(Ovﬂu’ys;xOy’YE)

1 -
= 5 Z /L(xo)/ (1 xo,fcl,da Z/Fl ]. xo,xl,da).
A

Zo,71E€S 301ES

Let M,cjae denote the set of v S? — 73({% %}) and set
A 1 1 1 2 2 2
1 Y) = |:_ - ) ) ) 5 :| —.
(7.10) J() 5 Zesﬂ(xo) 37 (zo,1; 3)+ 37 (w0, 71 3) Ty
To,T1

We claim that, for any v* € MZ_,..(0, ), there exists ° € Meiaz such that

< Cy/e.

(7.11) ‘J(O,uﬁs;xoms) - J(5)

On the other hand, for any v* € /\;lrelaz, denote

11 2 2
(112)  Afi= (53 +vEL A5=[o—VE ), Af = A\(A5UA)
and set ¢ € A,¢jqe such that

1 . 2
v (1, g, z1;da) := )14z (a) + " (w0, 21; 5)1,4; (a)}da.

L
m v (x(bxlag
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7162 MELIH iSERI AND JIANFENG ZHANG

Note that F(a) < (1 —1—\/_)(2 —Ve) =2+ ﬁ —¢&, v°(1,z9, x1;da)-a.s. Then it is
clear that v¢ € /\/l

relaz - Moreover, one can easily verify that

‘J(O7 122 ’-YE; Zo, ’YE) - j(;}/s)

<Z Z xo,xl;é)‘%/g ada ——‘—i— —e < Cye.

360790163

This, together with (ZII)) and ([@3), implies that Ve (0, p) = {(y,y) y €
Vretar(0, 1) } and, by denoting A == 432, 5 [ $7" (@ 21 3)+ 377" (@ 21 3)| € [3,3]

and similarly for \,

Vretar01) = {17) 17" € Myt } = LA u@) + X @ + 5 - AXel3, 2]

It remains to prove (TII)). Let 4° satisfies (Z.8). Then, for any xg € S, we have

e> = Z/Fl 1x0,x1,da ——:—Z/ - __a) 5(171‘0,$1;da)

xleS z1 €S
1 2
Z = )5 —a)r* (1,20, 215 da)
: 3 3
z1 €S
> VE(x — Vo)s Z/ “(1, w9, 215 da).
- — = o, T a
= 2 — 0,213

Thus
/ v¢ (1,20, z1;da) < Cy/e, Vaxo,z1 €S.
Ag

Recall [(I2)) and set 4° € Metaz by:

1 e (1, g, 215 A7) e 2 v (1, z0, 215 A3)

g) = 2 ! o7 (900,1’1;5) = =3 : -
Zi:l 76(17x0aI1;Ai) Zi:l 76(171‘05I1;Ai)

Then Fi(a) = 2, 4% (2o, #1; da)-a.s., and thus

’J(Ovﬂa’)ﬁ;an’ys) - j(’?e)

¥ (o, 1;

2 .
1 - - Uoen .
< 25 > ul@o)| / gaf(l,xo,xl;da) — 27 (0,13 A7)
=1 Zo,x1 €S i
1 - 2
- Z ,u(:co)/ v (1, o, x1;da) + Z/Fl °(1,z0,x1;da) — =
2:60 x1 €S A 9

2
SCZ"}/E(l"%O’xl’A’L) ’y xval, |+C\/_

=1

1= 3% (1, B, 715 A9) C\/_
<C ! e +Cf< +CVe < Cye.
Z?:l 78(17x0,$1aA5) \/_

This proves (ZI1)). O
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Our next example shows that the left inclusion in (B.I3) fails if we remove the
L-Lipschitz continuity requirement, as mentioned in Remark B.8|(ii). This justifies
our uniform regularity requirement on the admissible controls in order to have the
desired convergence as in Theorem Recall V¢ and V€% in Remark [B8](ii).
Example 7.2. Let TS, ¢ be as in Example [T and

1 2 20 _ 20 _
A:[_v_]v FEO; G(%M):——@L(E)a G((E,,LL): ——3#(%)
33 9 9
Then, for any p € Po(S) and pl € Py(S) with pf — p, (0,0) is in
ﬂ Nm v 0, 4 and ﬂ hm Vstate(O pd), but not in Ve (0, ).
—00
e>0 €>0

Proof. (1) We first compute Viaie(0, ). For a, & € Agpate (which do not depend
on ), similarly to (ZI]) we have

1 1 a, 5 1
(T13)  wi@ =5 w@=5D alz), PUO0NX =g) =,
T €S
PHUOT0S (X, = ) = Y PPN (X = an)g(1, 21, 4, G(1, 21); 2)
Iles
1Yt
Ileg
Then
J(0, p, oy g, &) = EWQ;D’”’&[G(XQ,@)]
20 @, ~
= 5 PO (X = ) () — BP0 (X = T3 (7)
20 5 ~ 1 1 - 1
=373 a(l,z1) % 5 Z a(l,xl)—3[1—§ a(l,xl)] [1—5 Z a(l,xl)}
z1 €S z1 €S z1 €S z1 €S
- 3 7
= |:3 42 1 , L1 :| Za(l,ml)—FEZa(l,xl)—g.
1 €S z1 €S 1 €S

Note that, when ) g (1 x1) > 3, infaea,,u,. J(0, i, ; To, @) is achieved at & =

%. Since Emes % = % , then o = % is an equilibrium with
2 2 2 3 2 7 1
J(0, i, =; g, [3 4 } -+ = ———=—-=, V S.
(,ugxo Z 23+QZ3 9 3 To €
x1 €S x1 €S x1 €S

Similarly, when Y (1, 21) < 3, infaca,,,,. J(0, 1, ; x0, @) is achieved at & =

%. Since Y eies 3 =2 <3 then a = 3 is also an equilibrium with
1 1 7 1
J(O,,u,gxo, [3 4y }Z— —Z§—§:§, Va, €°S.
1€ x1€S z1€S

Moreover, when leeS a(l,z) = %, then all &, including & = «, are minimizers of
J, and thus such « is an equilibrium. In this case

3 7 3
J(07Maa;x0;a) = 5 Z 04(1,.231)— § = 5

1 €S

Put all cases together, we have Vyae (0, 1) = {(—3,-3),(3,3). (5, 2)}.

X
NS
|
©l -
|
|
<
8
m
%)
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7164 MELIH iSERI AND JIANFENG ZHANG

(ii) We next show that (0,0) € (..o Imy_e0 V50, 1), Set

, 1 2
ot 2, p) = alp) = gliu<ty + 31 u@>1)

BY = il @) < 50 B = (e @) > 5},

where a does not depend on (¢, ). Then, for any & : T x S x P(S) — A, recalling
the setting in Subsection Bl and denoting P? := PY%(*®)i e have

. - i i 20 i .
Ji(O,CL‘, (o, @);) = E* [G(X2>/Jév)] = 9 E" [5M£V(§)1{X§:g} + 3/"?(‘%)1{X§:E}]

20 1 _u 1 pi
=5~ NE Blixg-n +3Lxi-m] — 5 %:E [51 (xy—xi=ay T 3L (xs=x1-7})
V)

20 1 P’ Ny~ i N N ~ i N 1

=5 — 7 B [sa(ul)a(, X1, ul) + sfi-a(ul)1-a(, X1, 1)) | +O(5)
ii

20 1 . T 1

=5 —EF [[2 — ga(l,Xl,u{V)]lE{v +[1+ ga(l,Xl,u{V)}lEév} +O(ﬁ).

Notice that, under each P*, X},---, XN are i.id. with P/(X] = z) = Pi(XJ =

T) = % Thus we may use a common P, under which X, has the above distribution,
such that

(7.14)  J;(0,Z, (o, &);)
_ —IEPMZ - l&(1 X1 a1y + [1+ zd(l X H{V)]1EN} +O(i).
9 3 Y 1 3 Y 2 N
If we ignore the term O(%), clearly & = « is the minimizer of the above J;. Then
for fixed € > 0 and for N large enough, « is an e-minimizer for all ¢, and thus « is an
e-equilibrium. Note that Nyl (z) = Ef\il 1{xi—y has distribution Binomial(N, 1)
under P. Then P(EYY) = 1 when N is odd, and

Ji(0, %, ) = 9" 3P<E1 ) — KI_P(E2 ) +O(N)
=2 - %[137+§]+0(\/%) -0(—)

Since Y — u € Po(S), we have uY € Py(S) for N large enough. Then, in light of
B.3),

JN(O,xo,ug,a)zO( Vo € S.

This implies that (0,0) € (Voo Emy—oe Vi (0, 1),

s
state
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(iii) We finally show that (0,0) € (.., imy_ee V50, uY). Set

state

v 1 2 1 N
a(tz,p) = gl{u(&)ém} + gl{ﬂ(ﬁ)ZQN} + [g + 3(“@) =) Lo <pta)<an
where p]\,::l—i7 QN5:1+L
2 2N 2 2N
EY = {m' (@) <pn}, By ={m'(@) 2an}, B3 = {py <my'(2) <an}.
Then clearly o¥ € A%, ,.. For any & € A%,,., similarly to (ZI4) we have

20 1

- ~ P ~ i [ i
Ji(0,%, (o, &);) = 5 EP[[2 - ga(l,Xl,u{V)]IE{v +[1+ ga(l,)(l,uiv)]lgév

~ [Ba(u)a(1, X u) + 301 - L - 6L X)) Ly | + O().
Again, fix ¢ > 0 and consider N large enough. On E{V UEéV, it is optimal to choose
& = o™, up to the error O(%) Then

Ji(0,Z, (o, a);) — Ji(0,%,aN) < CP(EY) + O(%)-
When N is odd, EY = () and thus P(EY) = 0. When N is even,

P = B (@) = ) = g () = O()

So in both cases, we have

That is, o € MN’E’OO(O,;L;]EV) for N large enough. Thus Jn(0,-, u, o) €

state

VNS2(0,uY).  Then by similar arguments as in (i) we see that (0,0)

- N,e,
€ Neso MMy 00 Ve (0, ).

O

Remark 7.3. Consider the setting in Example [2(ii). Denote P* = P%%2 e have

P, N 1 & oy 1< P N
E™ [uz (&)]:NZP (X2:£):NZE [O‘(Nl )]

= %P(M{V(z) < %) + ;@(M{V(g) > %) = %;
N
E” (10 @) = 3 > B(X} = X{ = )
Q=1
1 N 1
= 52 2 B [o(u])] + 5 D EF [la(u)P?]
=t i#j
_ 4_
_ %P(M{V@) < %) + 5Bl @) > %) +0(5) = % (%)’
o 5 1 1 1 1
Var™ (1 () = 5 +O(5) = (3)* = 35 + O(5)-

Then we see that the random measure g’ under P, which is an O( \/Lﬁ)—equilibrium
measure of the N-player problem, does not converge to a deterministic measure.
This explains why [32] introduced the weak mean field equilibrium when considering
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7166 MELIH iSERI AND JIANFENG ZHANG

the convergence issue for all measurable controls. However, we shall emphasize
again that, as pointed out in Remark [B:8(iii), measurable controls/equilibria are
not desirable for numerical or practical purpose.

7.2. The subtle path dependence issue in Remark [4.3l In this subsection
we elaborate Remark [3(ii) and (iii). Throughout the subsection, ¢, F, G are state
dependent as in Section 2l As we saw in Example [TI] in general Vgiqie # Vparn,
confirming Remark [A3(ii). We now turn to Remark F.3[iii) for relaxed controls.
For simplicity we verify it only for raw set values. The equality for set values follow
similar ideas but with more involved approximations, as we saw in Example [T T[(iv).
Let Ayeiqr be the path dependent ones in Section l and A5%4¢ denote the subset
taking the form (¢, z, da). We emphasize again that here we are considering state
dependent ¢, F, G. Fix t = 0 and p € Py(S).

Lemma 7.4. For any v € Arelaz, define

(7.15)

- 1

S mda) = —— Y i r(s % da), where gd(@) = 3 pln ().
Hs (J?) xeXg:Xs=x xeXsxs=x

Then 7 € AGias and pl = p.

Proof. First it is obvious that

¥ _ ! I (x)y(s,x,A) = ! n(x)=
(s, z, A) = 12 (2) Z pin (x)7(s, %, A) ) Z pin (x) =1,

so 7 € Astete  Next, by definition pj = p = pj. Assume puJ = p?, then for s + 1,

relax*

W) =3 1l / a(s, &, 17, a3 2) (s, &, da)
zes

xeXs:xs=x xeXs:xs=x

> pla(x)y(s,x, da)

xEXs:Xs=T

T(z S, T, ), a;w L
= ui( )/A(J(, 3, 652) s

TES

=
@

= 3 ) / a(s, %0 17, a3 2)y(5,%, da) = 1, (x).
A

This completes the induction argument. (Il

Lemma 7.5. If v* € A,eiar is a relazed MFE at (0, ), then the corresponding
F* € Astate s g state dependent relazed MFE at (0, ). Moreover, in this case we

relax
have

(7.16) JO, p, v 52, 9") = J(0, u, 75, 7).
Proof. First, by Lemma [Z4] it is straightforward to verify that

/J(O,um;x,”y)u(dx) :/J(O,ufy;xﬁ)u(dﬂﬂ)-

S S
On the other hand, since v* € A,¢jqz, by the standard control theory we have
(7.17)
inf  J(0, 1,7 2,9) =v(p? ;0,2) =v(p? 30,2) = inf J(0, 1,71 7,7).
VA retas v eAL:
Then
[ 0055 utde) = [ 10,75 o) = [ 0730 2(da)
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Since J(0, 1, 7*;2,5%) > v(p? ;0,2) and supp(p) = S, then J(0,u, 752, 7*) =
v(;ﬁ* ;0,2) for all z € S. This implies that ¥* € AS19I¢ is a state dependent relaxed

relax

MFE at (0, 1), and consequently (TI7) leads to (ZI6). O

Theorem 7.6. The MFGs with state dependent relaxed controls and path dependent
relazed controls have the same relaxed raw set value.

Proof. By Lemma [T.3] clearly the path dependent raw set value is included in the
state dependent raw set value. On the other hand, for any state dependent relaxed

control 4* € Asldle " we may still view v* := 4* as a path dependent relaxed
control[] and it is straightforward to verify that the 7* € Astate corresponding to

~* is equal to 4*. Then, following the arguments in Lemma[75 in particular (Z17]),
one can easily show that J(0, u, v*; z,7*) = v(p? ;0,z) and thus * is also an MFE
among A,ciq. Therefore, J(0, u,v*;+,7*) belong to the path dependent raw set
value as well. (]

7.3. Some technical proofs.

Proof of Theorem B Let Vpare(t, 1) = N0 Ve, 10 (t, 1) denote the right side of
(ZI7) in the obvious sense. We shall follow the arguments in Theorem 2.4

(i) We first prove @State(t, 1) C Viare(t, ). Fix ¢ € @’State(t,u), e > 0, and set
g1 := £. Since ¢ € Vi},,.(t, 1), there exist desirable ¢ and a* € M}y, (To, ¥;t, 1)
as in (2.1I7), and the property (-, u%o) € Vil e (To, u%:) implies further that there
exists &* € M. (To, g, ) such that

lo = J(To, 3t 0% 0" oo < 1y [0 u,) = I (To, 1y, @5+, @)oo < €1

Denote &* := a* &7, &* € Asiqte. Then, for any a € Agpqte and @ € S, similar to
the arguments in Proposition 23)(i), we have

o™t ea * To—1 *
J(t,p, 6% a) =B 0T [J(To,u%o,d*;XTo,a) + > F(s, Xo, 18 (s, X))
s=t
a* To—1
>EF T {J(To,u%o,d*;XTo,d*) + Y F(s, Xo, g ,a(s,Xs))} —e1
s=t
o To—1
L sty Ot* a*
> B? (VX 15) + Y Fls, Xoop als, X,)| =221
s=t
= J(To, ¥ty p, a2, ) — 261 > J(To, s t, py 52, ) — 3eq
. Ty—1
_ E]Pw,‘* itz

UK ) + D0 Fls, X 0% (5, X)) - 321
s=t

To—1

| (Do iy &7 Xy, &%) + Y Fls, Xoopil 0™ (s,X,)) | 41
s=t

it,@,a

> Eﬂw"‘*,
= J(t,p, &z, &%) — €.

"While it is trivial that Ai’é‘;{ii - Afglt;lx ‘= Aprelaz, as stated here, in general it is not trivial

that Mstate ¢ AP hecause for the latter one has to compare with other path dependent

relax relax’

relaxed controls, which is a stronger requirement than that for M29%¢ . The rest of the proof is

state C Mpath

relax relax’

exactly to prove M
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That is, &* € M, ;. (t, u). Moreover, note that

I = J(t 1, 075, &) loo < €1+ | (To, 58, py @55 %) = J(t, 1, 675+, 67) oo

[w(XTonu’%;) - J(TOa,LL%;v&*;XTm&*):H S 25‘:1 é g.

u“‘*;t,:c,a
=€ +sup EF
TES

Then ¢ € V&, .. (t, 1). Since € > 0 is arbitrary, we obtain ¢ € Vg (¢, ).

(ii) We now prove the opposite inclusion. Fix ¢ € Vgae(t, ) and € > 0. Let
g1 > 0 be a small number which will be specified later. Since ¢ € VI, (¢, 1),
there exists a* € M3} ,,.(t, 1) such that ||¢ — J(t, p, ™5, a*)]|eo < 1. Introduce

state

Y(z,v) = J(Ty, v, a*; 2, a*). By (2I0) we have

I = J(To, 95t 1, @75+ %) oo = llp = J(E, 1, @75 5 7)o < €1

€

Moreover, since a* € M3} .. (¢, 1), for any o € Agpqie and x € S, we have

J(To,w;t,u,a*;x,a*) = J(t,/,L,Oé*;.’E,Oé*)
< J(t7u,a*;x7a@To a*) +é&1 = J(T,?/);t,ﬂ,a*;I7Q) +é1.

This implies that o* € M3}, (To, ¥; t, u). We claim further that
(718) T/J(aﬂ%:) € VCEI (TOMU‘%;)’

for some constant C' > 1. Then by (ZI7) we see that ¢ € V54 (¢, 1) € Ve, (¢, 1)

by setting &1 < &. Since € > 0 is arbitrary, we obtain ¢ € Vstate (t, ).
To show (CI8]), we follow the arguments in Proposition 2:3((ii). Recall v in (23]
and the standard DPP (2I1)) for v, for any « € S we have

a*:t,w,a* * « «
P I(Ty, ;05 Xy, 07)]
< inf EP T [0(T, 08,00 Xy, )] + e
state

— E]P# it |:’U(/1,a*;T07XTO)i| Yy

It is obvious that v(u® " ; Ty, -) < J(Tp, ﬂ%;,a*; -, a*). Moreover, since g > ¢, clearly

Pre stea” (X = F) > 07, for any & € S. Thus, for C := ¢~

)

0< J(To,u%;,a*;i“,oz*) —o(p® Ty, ©)

< CE™ " [T, w0 Xy 0) = (s To, X)L g, =39 |
< CEP“ o |:[J(TO7/'L%;704*;XT07Q*) - v(ﬂa*;TmXTo)H < Cey.

This implies that o* € Mﬁi@e(To, ,u%o) Si~nce ¥(-, ,u%o) = J(Tp, ,u%;,a*; Lar), we
obtain (I8 immediately, and hence ¢ € Va1 (t, p). O
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Proof of the claim in Remark 7. By (416) and (£I17) we have

5 1
V) (5%, da) = / QL (1% @)z (da) A7 (x, da)
/'Ls/\-(x) A;ath
1 s—1
= 7 = qT,i,MW,O{T,i;XT X(sas,i da)x
—= /[U ( (1, %)5%41)] % Bagas) (da)

T—1
wx) IT T 2(nx dar,%))]

r=t gext>

s—1
fyt( (;() /A o A [;!;[ q(rv X, :U’fyv a(T7 i)’ XTJFl)/Y(T" X, da(r’ i))] x

B Hsh-

[(5,1(5),;)((1(1)7(57 X, da(s, X)) H (s, X, da(s, )‘())] X
xeXE*\{x}

s—1 T-1
[H H v(r, %, do(r, x))] H H v(r, %, do(r, %))

=t gex{*\{x} =5 geXL*

s—1
_ ”(.}20 [E/AQ(T, %, 17, 8% 11)7(r, %, da)] x [y(s,%, da)]

5
22N

— )t (1%, 7y (s, %, da) = y(s, %
- MZ/\(i)Qs(NJ ) 77)7( ) ;dCL) 7(5, 7da).

That is, yA") = ~. O

Proof of Lemma [64l Clearly the uniform estimate for J(u®;-) implies that for
v(u®;-), so we shall only prove the former one. Fix (¢t,u) € [0,7] x P2 and
a,& € Acont, and denote u(s,x) := J(u*; &,s,z). By standard PDE theory u
is a classical solution to the linear PDE in ([6:4) and we have the following formula:
denoting X% := z + B, — By,

BT_BS

Opu(s, @) = E [[g(X3", 1) — gla, )| T ——

T
+/ [b(r, X%, it &, X07)) - Qgu(r, X77)

Then, by the Lipschitz continuity of ¢ and the boundedness of b and f,

|BT _BS|2

9pu(s, z)| < E[LO —

T B, — B,
+Co / [10su(r, X3®)| + 1] %dr}

T J—
<C+ COE[/ Ou(r, Xﬁ7””)||B;735|dr}.

— S
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Denote K, := e sup, [0,u(s,z)|, K 1= sup,c,cp K, for some constant A > 0.
Then
T —X(r—s) —)\(7" 9)
Ke
K, < CeM C/Tid < CeM CK/
< Ce™ + () Jr—s T e + : \/7Ts
—>\ (r—s) B Cn
CAS+CK/ dr:Ce’\S+CK/ Y=o+ Qg
0 Vr—s 0 0 VA

Thus K < \/C;S—AK—F CerT. Set ) = ﬁ so that \/C% = %, we obtain K < O :=

2Ce T | which implies the desired estimate immediately.

Proof of Proposition [6.1. Fix (t,Z,d,7,%) and i. For any & € AL . introduce
a(s,z,p) == a(s,x — T+ T, p), and denote
X;‘ ::;z=+Bi—B§, Xli=ua;+B —Bl, j#i, ;
j s_. . 1 s
A = < [0x D dxg) MY 1= ex (/bﬁdBﬁ——/ b12dr),'z1,where
PRI Pl 5/, b7 %dr ), j

J#i
b b(S Xshu’s ) (3 Xs’us ))a Bg@ = b(stgaﬂéVaaj(sanvﬂiv))ﬂj 7£ 1.
By the Girsanov Theorem we have

'\ a))
= [ﬂ 9(Xp, iy +/tTf(s,Xz,ﬂiv,a(s,X;;,ﬁiV»]ds}-

Jj=1

Qy

Jilt, (771, 7), (

Similarly define X?, i, M7, b%, b’ corresponding to (Z, &) in the obvious sense.
Then we have a similar expression as above and &(s, X%, u) = &(s, X%, u). There-

fore,
oM (1, (F,®), &) - it (3, 8), (@, )
(719) o - v
<t (5, 2), (67 6)) - Jilt (78, (@6) < S K+ Ko,
j=1
where

=B [[T] w2 [ TT 2| = 23], 5> 1

k<j k>j

[ Po(X5, 15 — 9(X, 1))

/ (5, X2, X ) — 5, X0 Y s, X2 )]
Denote Az := = — Z. Note that

Xi-Xi=da, wiEd ) < 5
(7.20)
X!

- CH L
’54(8 Xs?“s ) (3 Xs’us )} = }Q(S,X;,MS ) (S s’:u’s )| N|Ax‘
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By the required Lipschitz continuity, we have

(721) Ko< CEP[H \Am| + /Tu + %HAx\dsH < C|Az].

Next, introduce
rd = B[ T m4) [ TT 841 ae?), - ars = e[ [T a2 T] a2 o - vz 2]
k<j k>j k<j k>j
Note that BY,--- , BN are independent. By applying the Ité formula, we have
¥ —1+/ { I1 74 HMk |7, bﬁﬂdrﬁl—i—C/ T4 dr.
k<j t
Then I'J < C. Thus, by applying the It6 formula again we have
Arg:/ B[ T a2¥) [ TT 28 [379] — 75312 ar
k<j k>j
<c [ e[[T] o) [T 324] 187 — 587) + 32215 — 5]
t k<j k>j

<c/ Arﬂdr+c/ [HMk [T ] Mjlbj—bjl]}

k<j k>j
Note that, by ([20),
b= b = [b(s, X2 s, K2 ) — (s, X2 s, XL i) < Culaal

BBl < SEjaal, £

Then, since ') < O,

AT gc/ ATl dr + Cp|Ax)?,  ATY gc/ Arg;dr+%|m|2,j7éz‘,
t t

and thus
; . |Ax] AT
i< 2 7 |
AT < CplAz)?, K. < 5 + 2Aa] = < Cp|Axl;
(7.22) A
. (L Az NATY CL L
ATV < —Z|Az|?, KI< =2 5 < ZHIA .
S—N2| J"|7 S— 2N + |Ax| — | x|’ ]7&7/

Then, by (19), (Z21) and ([T22) we have
vt (@ 7),6) — it (877, 8), (67, 8) < Ko+ CKL+C Y K]
J#i
< C|Az|+ Cp|Az|+C Z'A—:”' < Cp|Az|
< L L2,y =% .
J#
Since & € AL is arbitrary, we obtain UNL(t, (f‘i,i),&') - UZN’L (t, (f‘i,i),&) <

Cr|Az|. Similarly we have ’UZN’L(t, (77%,2),d) —v(t,(F7",2),d) < CL|Az|, and

hence (G.16]). O
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