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1 Introduction

Voting in political elections is often regarded as a moral duty, and trading votes for
money or favors can be seen as abhorrent. Similarly, voting rights in corporations
are a crucial way for shareholders to express their opinions on decisions that impact
their economic ownership. Decoupling voting rights from economic ownership may,
therefore, undermine the ideal of allocative efficiency in capital markets. Despite these
negative connotations, vote trading remains a widespread practice that can take various
accepted forms within legal and societal norms. For example, legislative logrolling is a
common practice where politicians exchange their votes on particular issues in return
for votes on other issues In the case of corporate votes, activist investors may borrow
shares for a nominal fee and use them to vote in favor of their own private agendas

Although commonly used in practice, the normative properties of vote trading are not
well understood. In a recent survey, (Casella_ and Macé [2021] highlighted that “Given

the prominence of vote trading in all groupHs’ decision-making, it is very surprising how

little we know and understand about it.”

!Early evidence of logrolling motivated by greed was found in the British parliament during the
1840s “railways mania.” Railway companies had to petition Parliament for a Private Act allowing
them to begin construction of their lines. During the railway mania, an early case of a technology
bubble, substantial funds were drawn from optimistic investors, including Members of Parliament
(MPs). Parliamentary rules prevent MPs from directly voting on private acts concerning companies
at arm’s length, aiming to safeguard against personal interests influencing the approval of projects.
Even so, evidence suggests that vote trading occurred between MPs, prioritizing individual interests
(see Esteves and Geisler Mesevage [2021]). More recent evidence of logrolling based on personal

connection has been reported in the US Senate (Cohen and Malloy [2014]) and in the US Congress

(Battagliniet-all12023]).
=2 - A

ZHu and Black [2005] offer an overview of the “decoupling techniques” that are used in practice

to unbundle the common shares’ economic interest from voting rights.
3Vote trading has complex welfare implications, with both known and unknown effects. It can

improve efficiency by allowing voters to express their preferences more precisely than with a simple
binary vote (Buchanan and Tullock [1962] and |Coleman [1966]). It can also hinder efficiency by

imposing negative externalities on others (Downs [1957]).



In this paper, we evaluate one form of vote trading, where prior to casting their
votes, the members of a committee make decentralized transfer promises contingent on
the vote outcome. The committee, whether it is a legislative body or the shareholder
base of a corporation, decides whether to enact a reform or reject it and retain the
status quo. In our analysis, the committee decision is based on a quota rule, such as
simple majority, supermajority, or unanimity. Committee members are fully informed
about all relevant information, yet they disagree on their preferred alternatives because
they derive different utilities from the passage of the reform. We assume that the
reform is socially optimal in that the sum of utilities for the reform net of that for the
status quo is positive. Before voting, however, members can freely make credible and
enforceable transfer promises contingent on the committee’s decision. The promises
are unconstrained and involve coalitions of any size ranging from a pair to the entire
committee. The promises alter the incentives to vote, but voters retain control of their
voting rights and cast their votes to maximize self-interest.

The transfer promises from our model capture some elements of the corporate
bankruptcy proceedings where creditors and sometimes shareholders are asked to vote
on a proposed plan of reorganization or liquidation, as opposed to resolving the issues
through court intervention. The wedge between the expected court rulings’ terms
and the proposal’s terms represents promises of transfers between stakeholders, as
we envision in our model. Our model also reflects a common practice in legislative
bodies, such as the US Congress, where bills are frequently amended before a final
vote. The final bill bundles the initial bill and the amendments, which we view as
transfers between congressmen that are only received when the bill passesH More

generally, the promises can represent favors (e.g., logrolling), legislative amendments,

4For example, the Patient Protection and Affordable Care Act (commonly known as Obamacare)
was passed by the US Congress in 2010. During the legislative process, the bill was amended in order
to gain enough support from both Democrats and Republicans. Several concessions to moderate
Democrats and Republicans were made, including removing a public option and scaling back the

scope of the bill.



terms of liquidation, monetary payments, or any commitment to certain future actions
that increase the advantage to the recipients of the promises.

To undertake our evaluation of the practice of promises contingent on vote outcome,
we formulate a two-stage game that we now describe informally. In the second stage,
committee members take the transfers as given and vote for or against the reform.
Since the vote is binary and the heterogeneity is single dimensional, it is natural to
assume sincere voting in the second stage game (Black [1958]). In the first stage, players
simultaneously announce transfer promises functions based on the vote outcome. The
transfer promises are non-negative, enforceable and credible. Once the promises are
made but before the voting occurs, we allow players to deviate in a coordinated manner.
Committee members are given the opportunity to form blocking coalitions, enabling
them to influence other committee members and coordinate their actions to achieve a
more favorable outcome for all involved. However, they are restricted from retracting
existing promises; they may only increase the transfer promises already in place or
establish new ones. This assumption is appropriate for committees, like respected
political institutions in democracies, where breaking a promise carries considerable
reputational costs[! We prohibit the formation of blocking coalitions in the first stage
game and assume, moreover, that the total transfers are minimized?. Our political

equilibrium is thus a strong Nash equilibrium of a certain game (Aumann [1959]),

Alesina [1988] and |Alesina and Speai [1988] model electoral competition as a dynamic game with
repeated interactions and demonstrate that the equilibrium of this game leads politicians to fulfill
their promises. Their model illustrates how dynamic interactions can sustain commitment, showing
that the behavior of not retracting can emerge as an equilibrium outcome rather than being imposed

as an assumption.

5By minimizing transfer promises, we reduce the unmodeled transaction costs associated with
them. For instance, in politics, limiting amendments to a bill helps avoid deviation from its original
purpose, especially if many changes might displease constituents or donors. Similarly, in logrolling or
corporate liquidation, promises of future transfers can create uncertain costs and benefits. Minimizing
these promises reduces uncertainty and related costs, and in some contexts, such as 19th-century

British parliament during the “railways mania,” it can also minimize the risk of detection.



which in addition minimizes the total transfers by all committee members. We call
such equilibria Strong Minimal equilibria or “SM” equilibria.

In the absence of transaction costs and informational frictions, a “Coasean in-
tuition” suggests that committee members should be able to contract to achieve an
efficient outcome (Coase [1960], IStigler [1966]). However, this intuition has its limi-
tations within our framework. While it’s natural to model stable contracts using the
strong Nash equilibrium in environments where coordination among group members
is feasible, the criteria for achieving a strong Nash equilibrium is known to be quite
demanding. Their existence is not always guaranteed, meaning that we cannot always
ensure efficiency will be achieved, and the Coasean intuition may not necessarily hold
(see, e.g., Medema [2020]). A key contribution of this paper is to hold the Coasean
intuition to scrutiny in our environment. In doing so, we provide an instance where
strong Nash equilibria do exist and where we can visualize them and contrast them with
Nash equilibria (see Panel A of Figure[dl). Moreover, we offer novel predictions about
the expected amounts and directions of the equilibrium transfers for the environments
where our assumptions on the transfer promises are valid.

Our first result is to provide a complete characterization of the Strong Nash equi-
libria of our two stages game. The characterization allows a detailed analysis of these
equilibria. The first insight is that multiple Strong Nash equilibria exist and achieve
the social optimum, meaning the reform is enacted. The efficiency result is a natural
outcome, given that the entire committee has the ability to deviate, which implies
that any strong equilibrium, if it exists, must be efficient. A more significant result
is the identification of a set of relevant assumptions that guarantee the existence of
strong equilibria. The key assumptions for ensuring existence are the irrevocability of
promises and their dependence on the vote outcome. In the absence of these condi-
tions, we show that the very existence of Strong Nash equilibria may be compromised.
Our existence result indicates that the practice of transfer promises contingent on vote

outcome promotes efficiency when committee members can coordinate their actions



and commit to not retract their promises. We also show that SM equilibria exist
and are indeterminate: while reducing the set of strong equilibria, the minimal total
transfer assumption does not imply uniqueness. The indeterminacy arises from the
multiple ways to divide the total transfers among the promisers and to distribute the
promises among the recipients. However, the assumption of minimality implies that
all equilibria share common characteristics. Specifically, in all equilibria SM, there is
a critical voter who is a reform supporter, such that the promisers have weakly larger
utilities than that member while the promises recipients have lower utilities than that
member. In all SM equilibria, the transfer promises flow from committee members
with higher utilities to those with lower utilities. Promisers are always reform sup-
porters. The recipients of the promises, however, can be either reform opponents or
supporters, depending on the distribution of utilities and the quota rule.

When the reform is defeated in the absence of transfer, all SM equilibria share
the common characteristic of being in “the reaching across the aisle” type where the
promisers support the reform while the recipients of the promises oppose it. In these
equilibria, reform supporters compensate the reform opponents with the total disutility
that they experience when the reform passes. Thus when committee members are more
polarized, we expect the equilibrium total transfer to increase. Recently, earmarking,
which refers to the practice of legislators allocating funds for specific projects in their
district or state, has been revived in the US CongressH Given that earmarks provide
lawmakers with incentives to vote for legislation they may not support otherwise,
they can be broadly interpreted as transfers within the framework of our model. The
observed increase in polarization within the US Congress, coupled with the restoration
of earmarking, aligns with the predictions of our model.

In the alternative scenario where reform supporters possess sufficient voting power
to enact the reform, blocking coalitions can exist where opponents of the reform en-

tice reform supporters with the weakest utilities, with transfer promises contingent

Thttps://www.science.org/content /article/congress-restores-spending-earmarks-rules-remove-odor



on defeating the reform. These promises can persuade weakly motivated supporters
to switch stances on the reform. When these blocking coalitions are present, transfer
promises made by reform supporters with the highest utility become crucial. These
“higher order” promises help prevent the reform from being defeated after such coali-
tions form. We also show that when the reform is defeated without transfers, SM
equilibrium transfers can be of the “circle the wagon” type. This happens in equilib-
ria where reform supporters with strong utility make some transfers to other reform
supporters with lower utility.

Related literature. The primary contribution of this paper is to demonstrate the
feasibility of assessing the practice of transfer promises based on voting outcomes. We
focus on a decentralized setting where voters can coordinate their actions when making
promises of transfers to one another and when retracting these promises once they are
established is not an option. Our results intersect with three streams of literature.

First, our findings relate to the literature on political failures, which aims to identify
inefficiencies in political operations and achieve Pareto improvements (see, e.g., Becker
[1958] and Wittman [1989]). By demonstrating the success of transfer promises con-
tingent on vote outcome, our study contributes to this literature by reporting a formal
mechanism to improve the overall efficiency in collective decisions when the problem
of majority coercion is an important concern. More broadly, inefficiencies can arise in
general games with externalities, such as the Prisoner’s Dilemma. [Jackson and Wilkie

[2005] demonstrated that, in the absence of coordination among players, inefficiencies

8In these equilibria, when a committee operates under majority rule, reform supporters who are
close to the median voter receive transfers from the strongest reform proponents. An example of
this dynamic can be seen in the U.S. Senate, which is currently closely divided between Republi-
cans and Democrats. Senator Joe Manchin, a moderate Democrat from West Virginia, exemplifies
this situation. His support is frequently pivotal for advancing legislation. For instance, Manchin
played a crucial role in shaping and passing the Inflation Reduction Act. His influence on the bill
is described in https://www.politico.com/newsletters/playbook,/2022/08 /08 /how-it-really-happened-
the-inflation-reduction-act-00050279.



can arise when they engage in transfers before participating in these games (See also
Ellingsen and Paltseva [2016]). They show in a very general context that Nash pre-
stage contracting may not always lead to efficient outcomes. Our framework differs
from lJackson and Wilkie [2005] in two key ways: 1) players are allowed to retract the
promises in place in their model, whereas our promises are irrevocable, and 2) they
consider equilibria that are robust to Nash unilateral deviations, whereas we consider
equilibria that are robust to strong Nash coalitional deviations. These differences
explain why our results on efficiency differ from theirs. Importantly, our approach pro-
vides a complete characterization of equilibria, including predictions of the expected
transfers. Moreover, our analysis is specifically tailored to voting games and addresses
the political failure of majority coercion, an aspect not covered in lJackson and Wilkie
[2005]

Second, we contribute to the literature on vote trading. Despite the significant
strides made in the 1960s and 1970s, the subject of vote trading has somewhat faded
from scholarly focus in recent decades. A pivotal argument in the development of this
literature is that the voting externality can make vote trading undesirable (Riker and Brams
[1973]). However, mechanisms such as vote storing (Casella [2012]) and quadratic vot-
ing (Eguia et al.! [2023]) have been shown to enhance efficiency, offering a more fa-
vorable perspective on the practice’. (Casella and Palfrey [2019] also provide a positive
perspective on vote trading. They consider committee settings where members vote on
multiple issues and sequentially trade votes on one issue in exchange for votes on other
issues We extend this literature by examining a decentralized framework, similar

to that of |Casella and Palfrey [2019], but focusing on trading through simultaneous

9While we focus on the strong Nash equilibria, we nonetheless characterize the Nash equilibria of

our game-and-found-that, the-eutcome may be inefficient as in|Jackson and Wilkid [2005].
19Philipson and Snyder [1996] also offer a more positive result on vote trading in the context of an

organized centralized vote market where the vote buyers could be party leaders or committee chairs.
See also Xefteris and Ziros [2017] for a similar message under different assumptions on the market for

votes.



promises. We view this addition as important because many pre-vote interactions in
corporate votes, referenda, or political elections can be thought of as transfer promises
contingent on the vote outcome.

Finally, we contribute to the literature on promises for political decisions, e.g.,
Myerson [1993], |Groseclose and Snyder [1996], Dal Ba |2007], Dekel et _al. [2008], [Dekel et al.
[2009], and more recently |Chen and Zépal [2022], [Louis-Sidois and Musolff [2024] and,
Domeénech-Gironell and Xefteris [2024]. This literature has largely concentrated on
models with political representatives and revolves around leaders vying for votes by
making pledges or campaign promises. Within this framework, much attention has
been devoted to leaders’ capacity to utilize budgetary resources to manipulate vote
results and gain profits while in office. Through varying assumptions about the game
structure, these studies have made significant advancements with an emphasis on the
sequencing of promises. Our study offers a different perspective by investigating the
potential advantages of outcome-contingent promises in a decentralized setting. In our
context, promises happen simultaneously within the committee (or the electorate) and
without a designated leader. Rather than examining this practice solely within the po-
litical agency framework, we demonstrate how pre-vote interactions through promises
can facilitate agreement and drive efficient outcomes in direct democracies. By ex-
ploring the potential benefits of vote-contingent promises in this distinct context, our
research underscores the need for a broader examination of this practice.

The paper proceeds as follows. Section 2 sets forth the general setting, Section
defines Nash equilibria and strong Nash equilibria. Section @ characterizes and
contrasts both type of equilibria, Section [0 defines the Strong minimal (SM) equilibria
and shows their existence, indeterminacy and implications. We illustrate more detailed
implications of SM equilibria in Section [l and discuss the assumptions and extensions
of the model in Section [[. We conclude in Section [§. The appendix provides the
proofs of the paper’s propositions. The supplemental appendix presents additional

generalizations related to the discussions in Sections [6] and [7.



2 The model

We consider a committee I = {1,--- I} of I members or players. The game has
two stages. In the first stage, players make decentralized promises of transfers. In
the second stage, players take the transfers as given and engage in voting. We now
describe in detail the game starting with the second stage.

Stage 2: The voting game. In the second stage game, a collective decision on
whether to accept a reform or reject it in favor of the status quo is taken by the
committee. Each player ¢ must vote for the reform (v; = 1) or against it (v; = 0).
We consider the pure strategies space X = {0,1} and the associated set of strategy
profiles X?. We denote by v; and v = (vy,..,v;) generic elements of X and X!. The
committee is ruled by a quota rule with threshold x € I whereby the reform is enacted
if at least k committee members vote in favor. The threshold for adopting the status
quo is denoted as kK where Kk := I — k + 1. The reform is defeated if the number of
reform opponents is greater than or equal to K. We denote the set of vote outcomes by
O ={R, S}, where O = R (resp. O = 9) indicates that the reform is adopted (resp.
defeated). When the strategy profile v is played, the vote outcome is given by O = R,
when ). v; > K and, O = S, otherwise.

In the absence of transfers, player i’s utility is a function U; : X! — R defined by

Ui(o) = U; if > v > k; )

0, otherwise;
where we have normalized the (cardinal) utility derived from the status quo for each
voter to 0 and denote u; the utility experienced by voter ¢ when the reform is adopted.
We order the utilities u; < -+ < uy and denote the utility vector by u = (uq, - ,uy).
Voters are divided in their stance on the reform and we denote by n the number of
reform opponents with 1 < n < I. We denote the coalition of reform opponents as

C% = {i:u; <0} ={1,---,n}. The coalition of reform supporters is denoted by
Ch={i:u; >0} ={n+1,--- ,I}. From a utilitarian standpoint, we assume that

HBreaking the tie u; = 0 by favoring the status quo instead of the reform or by randomizing the



adopting the reform is efficient while rejecting it is deemed inefficient:
> ui>0. (2)
i€l

Stage 1: The transfer promises game. In the first stage game, each player ¢ an-
nounces a transfer function defined as a vector of functions t; = (t;1,...,t;;), where
tij - O — R* represents the non-negative transfer function that player 4 is promising to
player j conditional on the vote outcome, with t;; = 0. Transfer promises are assumed
to be credible, enforceable, and irrevocable. That is, any transfer promises contingent
on a specific voting outcome must be honored by the initiator of the promises, the
“promisers,” in favor of the recipients, the “promisees,” if that outcome is realized.
Importantly, promises of transfers aimed at a player cannot be refused by that player.
However, any transfer recipient can neutralize that transfer by making a transfer in
the reverse direction to the promiser.

We denote the set of admissible transfer promises A and the set of admissible
transfer promises profiles A/['3 Let ¢; and t = (¢y, ..., ;) denote generic elements of A
and A’, respectively. We denote the set of one-sided transfer promises contingent on
adopting the reform as Ag, defined by Ap = {t; € A| £;(S) = 0}. We use A% to refer
to the set of one-sided promises profiles. Let t = (¢, ...,19) represent the degenerate
transfer defined by #);(0) = 0 for all O € O and for all 4, j.

Given a transfer ¢t € A’ the net transfer r! (resp. st) is the sum of all transfers
promised to member ¢ by other committee members minus the transfers that member

i has promised to others contingent passing (resp. defeating) the reform. We have
=Y ti(R) = Y ti(R), shi=) t(S) = Y ti(S).
J J J J

When 7f > 0, committee member 7 is a net promisee, and she gets a net utility increase

of r! when the reform is adopted by the committee. When r! < 0, committee member

committee’s choice between the two policies does not change the main conclusions of our analysis.
12The set A is isomorphic to the set Rfr X Rfr because each transfer function within it comprises

a vector of transfers contingent upon reform adoption and another vector contingent upon reform

defeat.
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i is a net promiser, and her utility decreases by |rf| when the reform is adopted by
the committee. Symmetric results hold for the promises contingent on reform defeat
st. Observe that, for any ¢t € A!, the net promises profiles r® = (rf,--- rt) and
st = (st,- -+, sh) must belong to the budget set P := {x € R | }_, z; = 0}.

Transfer promises alter the incentives to vote for the reform, but voters retain their
voting rights in the second stage game. If the promise profile ¢ is in place and the
voting profile v is played, then the payoff to player i is given by
wi+rl it > v >k

mi(v,t) ==

st otherwise .

77

3 Definitions of the equilibria

Our definition of equilibrium is based on subgame perfection of the overall two stages
game. It is natural to define it by backward induction. We define both Nash equi-
libria in the absence of coordination between players and strong Nash equilibria when
coalitions can form and coordinate.

In the second stage voting game, players take the transfers as given and confront a
binary collective decision (R vs S). We consider sincere voting as a natural equilibrium
of that game Fixing the transfer t € A’ and denoting the indicator function 1 equal
to one when a condition holds and zero otherwise, the equilibrium voting strategy of

player ¢ in the second stage game and the corresponding vote outcome are
vi(t) = 1ui+7’fZSf> O(t) =R 1Z¢ vi(t)>r + S 1Z¢ vi(t)<w- (4)

We now define the equilibrium in the overall two stages game associated to the

transfer ¢t € A!. Using sub-game perfection, the payoff profile is denoted by 7(t) =

13The median voter theorem (Black [1958]) applies because the heterogeneity is single dimensional
and the vote is binary. As a result, voting sincerely whereby each player votes to maximize personal
preferences without strategic considerations constitutes an undominated Nash equilibrium in this

setting.
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(m1(t), -+ ,7(t)), where 7;(t) = m(v(t),t). We recall that v(t) = (vi(t), -, vr(t))
where v;(t) is defined in equation () for each i. Therefore, the first stage game can
be seen as a one period game with payoffs profile function 7 : A — Rf. We refer to
7i(t) as the post-transfer utility of member 1.

Our equilibrium definition applies under conditions where players cannot punish
each other with negative transfers and where promised transfers cannot be revoked.
Once promised, players cannot retract transfers but can only deviate by raising the
promised transfers relative to the existing promised transfers. With this assumption
in mind, we now define sub-game equilibria and strong sub-game equilibria.

A transfer t € Al is a sub-game perfect Nash equilibrum or simply Nash equilibrium
if no single player ¢ can unilaterally deviate by promising additional transfers ¢; € A

and improve her payoff, that is,

~

Wz(t) < /ﬁz(tz + ti,t_i),

where the transfer promises ¢_; denotes the individual transfers of all players except i,
and where (¢; +1;,t_;) denotes the transfer function (¢, -+ ,t;_1, ti+t;, tiz1, -+ ,t1) €
AL We denote by N the set of Nash equilibria.

To define strong equilibria, we first define the blocking coalitions. We say that a
coalition of committee members C C I blocks the transfer function ¢ € A’ if there exists
an (incremental) transfer £ € A’ such that (i) only the players from the coalition C
are allowed to launch the incremental transfers; that is, #; # 0 if and only if i € C,
and (ii) the deviation benefits all members of C; 7;(t) < 7;(t +¢) for all i € C. If
the conditions (i) and (ii) are satisfied, then C is a blocking coalition for the transfer

function t Notice that an implication of this definition is that if a blocking coalition

exists, it must overturn the committee’s decision

Note that the recipients of transfers from the deviation ¢ are not considered part of the blocking
coalition if they do not promise any transfer to other players. This aligns with the assumption that

players cannot directly reject a transfer promised by another player.
15 Overturning the committee’s decision is a result of the definition of blocking coalitions, not a

12



A strong sub-game perfect Nash equilibrium is a transfer function ¢ € A such that
there exists no coalition C that can block it. We will qualify these equilibria as strong
equilibria and denote their set by 8. Notice that every strong equilibrium is also an
(Nash) equilibrium and, therefore, & C N. This relationship can be seen by considering

a deviation of the I singleton coalitions.

4 Equilibrium characterization

We begin by examining equilibria within the set M. For any transfer function ¢ € A?,
let u! := u; + 1! — st be referred to as the post-transfer net utilities. After the transfers,
we assume that m players oppose the reform, and we order the post-transfer net utilities

with the permutation o : I — I as follows:

ul §~-~§utm<0§ut <<l (5)

g Om+1 — — ar

Therefore, O(t) = R if and only if m < &. Using these notations, we characterize the

set NV in the next proposition.

Proposition 1. [Characterization of Nash equilibria] A transfer function t is
an equilibrium, t € N, if and only if one of the following two conditions holds:

(1) The transfers induce the reform to be adopted (m < k) and —u’, < Z?:mﬂ ul,..

g1 —

defining characteristic of them. To see this, consider a blocking coalition C that deviates with the
incremental transfers ¢ so that 7;(t + %) > 7;(¢) for all i € C. Assume further that the committee
decision is not changed by the coalition, O(t) = O(t+%) = R, for instance. In that case, 7;(t) = u; +rt
and 7;(t + ) = u; + ! + 7} for all i € C. Therefore 0 < r{ for all i € C, which implies 0 < 3, 77

Since all members of the blocking coalition are transfer promisers, ¢; # 0 if and only if i € C, we have

Yo=Y (Zfﬁ(R)—Zfij(R)) =>. (Z@AR)—Z&,-(R)) == > (B =0,

ieC iec \ jel jel ieC \jec jel i€C jel/C
where the inequality is implied by the fact that transfers are non-negative. This contradicts the

assertion that 0 < ... 7f. A similar reasoning by contradiction applies to the case where O(t) =

Ot+t)=5.

13



(i4) The transfers induce the reform to be defeated (m > &) and uly, < 37" (—uf.).

1=K

The first type of equilibria presented in Proposition [l occurs when m < k and
results in reform adoption. It is characterized in condition (i) of Proposition [ If
a player deviates from ¢ by offering additional transfers to others, her payoff can
only improve if the reform is defeated. If the group decision remains unchanged, the
deviating player’s payoff should be lower than before the deviation because she has
transferred resources to others. Hence, the deviations can only be initiated by reform
opponents who aim to sway additional players to vote against the reform. The member
with the strongest incentives to make such a deviation is player o; with the lowest post-
transfer net utility u}, . The pivotal coalition of reform supporters that is “cheapest”
to entice to vote against the reform and sway the committee into rejecting it is formed
by the members o,,.1, - ,0z. The inequality in condition (i) of Proposition [ says
that a unilateral deviation to persuade players o,,11, - - , 0z to vote against the reform
is not profitable for player o;. The characterization in condition (ii) of Proposition [
is supported by symmetrical intuitions as those underlying condition (i).

The restrictions in Proposition [Il also suggest the existence of multiple equilibria
which do not always lead to the adoption of the reform. If many supporters have small
stakes in the reform while only a few opponents have large stakes, unilateral Nash
deviations by reform supporters can be suboptimal due to the prohibitively high cost

of persuading the opponents. The following example illustrates this scenario.

Example 1. Consider a three-member committee where decisions are taken by una-
nimity: k = 3 and kK = 1. Utilities are given by u = (uy, us,us) = (=4, 2, 3). The
reform is socially optimal since Y, u; =1 > 0. In the absence of transfers, the reform
is defeated because committee member 1 vetoes it. The degenerate transfer t° = 0 is
however an equilibrium, t° € N'. Deviations from t° by either member 2 or member 3

necessitate a transfer of more than 4 units to member 1 to dissuade her from vetoing

16We will show in Proposition2lthat the set of strong equilibria, 8, is indeterminate. Consequently,

the larger set N is also indeterminate as S C N.
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the reform. Such deviations are suboptimal, since any unilateral transfer exceeding
4 units by either member 2 or member 3 results in a negative payoff, reducing their

posy-transfer utilities compared to not initiating any transfer. Hence t° € N.
We now provide a characterization of the set of strong equilibria.

Proposition 2. [Characterization of strong equilibria] The set of strong equi-

libria 8 is non-empty and efficient, O(t) = R for allt € 8. Moreover,

S={teA| Zuz + 1t > st for all coalitions |C| > i} (6)
c

It is well-known that the conditions for Strong Nash equilibria are highly stringent.
Proposition 2 demonstrates that Strong Nash equilibria exist within our context. This
existence result is novel and provides a rare instance of a game where such equilibria
actually exist. This proposition also reveals that Strong Nash equilibria are both
indeterminate and efficient, as they facilitate the approval of the reform. The successful
coalitional cooperation mitigates the “majority coercion” political failure inherent in
the binary voting system. By introducing transfers before voting, reform supporters
can modulate their transfer promises, influencing opponents by leveraging transfers
that are contingent on the reform’s approval. The Coasean intuition is, therefore,
valid in our game. As we will discuss in Section [7.2] the assumption of no retraction
on promises as well as the assumption that promises are contingent on vote outcome
are crucial for the result.

The characterization in ([6]) ensures that in a strong equilibrium, once the transfers
are implemented, the reform remains socially optimal for any coalition that has the
power to overturn it. Strong equilibria are defined by the system of linear inequalities
@) on net transfers, forming a convex polyhedron within the set (r,s) € P2 This

framework enables a detailed analysis of strong equilibria The system of inequalities

1For example, notice that the inequalities (6) hold for %, and they will also hold for any quota &’
such that ¥’ > K. This means that, for any quota «, the set of strong equilibria under the quota rule
K is a subset of the set of strong equilibria under quota rule k — 1. In particular, the set of strong

equilibria under the unanimity rule is a subset of the set of strong equilibria under the majority rule.
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(@) restricts the transfer functions ¢ solely through the net transfers (rf,s'). The
system has in general multiple solutions suggesting the indeterminacy of the strong
equilibria. Observe that if the net promises (r,s) € P? satisfy the inequalities (6]
then, by linearity, the one-sided net promises (7 = r — 5,5 = 0) also satisfies those
inequalities. Hence any one-sided transfer function ¢t € AL satisfying rt =7 is also a
strong equilibrium. This means that one-sided transfer promises contingent on reform
adoption are sufficient to reach efficiency. We discuss an example to illustrate the

results of Proposition 2l

Example 2. We revisit Example[ll of a committee with three members operating under
unanimity with v = (—4,2,3). We recall that the degenerate transfer t° is a Nash
equilibrium.  Proposition [@ implies that the transfer t° is not a strong equilibrium
because uy = —4 < 0 and kK = 1. This occurs because members 2 and 3 can create a
blocking coalition of the transfer t° by compensating member 1 to support the reform,
thereby enabling the committee to enact it.

Consider now the one-sided transfer t defined by to1(R) = 1, t51(R) = 3 and zero
otherwise. The associated net transfers are given by (r* = (4,—1,-3),s' = 0), the
resulting payoff is w(t) = (0,1,0) and hence, O(t) = R. Moreover, the transfer t
defined above constitutes a strong equilibrium, as it satisfies the inequalities Q).

To illustrate the difference between strong equilibria and Nash equilibria in the con-
text of this example, Panel A of Figure[l depicts the set of Nash equilibria N and the
set of strong equilibria 8. We plot in Panel A the net transfer rs on the y-axis versus
the net transfer r1 on the z-axis, assuming the transfers are one-sided, t(S) = 0. The
inequalities ([B) show that a one-sided transfer t is a strong equilibrium if and only if

r =rt satisfies:
—4—|—7’120, 2—|—T220, 3—|—’f’320, Tl—l—’f’g—l—’f’g:O.

As shown in Panel A of Figure[l, the light blue triangle represents the set of strong
equilibria. For the Nash equilibria, however, besides the strong equilibria where all post-

transfer utilities are nonnegative, we may allow one member has negative post-transfer
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utility. The resulting transfer does not meet the strong Nash requirement but can still
qualify as a Nash equilibrium, provided that no single player can benefit by deviating
to entice any member into supporting the reform. For example, when member 1 has
negative post-transfer utility, that is, oy = 1 in Example[d, then, by Proposition [ (ii)

with m = k =1, we have
241y < —(=44mr), 3+r3<—(—4+mr), r+ro+r3=0.

This set is shown as a dark blue triangle in the upper left corner of Panel A in Figure[ll
The set is partially visible due to figure truncation, with the true set forming a cone
extending from the triangle. Similarly, Nash equilibria in which member 2 or 3 has
negative post-transfer utility are represented by dark blue regions in the upper right
and lower right corners of Panel A. Notably, the reform is defeated in all of these dark
blue regions (Nash equilibria), while it is enacted only within the light blue triangle
(strong equilibria) in Panel A.

Panel A Panel B
- ‘ - .
—9 =3 ‘ i
—4 \ 1
rs —3 T3 : |
—5 | Strong Minimal
—4 _6 equili:bria SM R
m Nash Equilibria N 1 1
_5 Strong Nash Equilibria & _7 | Strong Nash Equilibria Sg
2 3 4 5) 6 1 2 3 4 5) 6
™ 1

Figure 1: The two panels describe the set of equilibria for a three members committee in a
the plane (11, 73). We consider in Panel A the case u = (—4, 2, 3) of a committee operating
under the unanimity rule (covered in Examples [[l and [2). In Panel B, we consider the case
u = (—4,1,5) of a committee operating under majority rule covered in Example Bl In both

panels, we assume that the transfer are one sided: ¢(S5) = 0.
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In the remainder of the paper, we focus on strong equilibria, given that our study
involves committees where members can coordinate their actions. This approach of-
fers new theoretical insights, as applying strong equilibrium analysis to evaluate vote
trading represents a novel contribution to the literature to our knowledge. Since each
strong equilibrium can be linked to a one-sided strong equilibrium transfer, we will
focus on one-sided transfer promises contingent on passing the reform and express the
constraints of strong equilibria in terms of the net transfers r € 77. We then consider
the set of strong equilibria that minimizes total promised transfers, resulting in the set
of strong one-sided equilibria that achieves this minimization. The next section will
formally define this set, demonstrate its existence, and highlight the general properties
of strong minimal equilibria. The minimality assumption will aid in predicting the

types of transfers associated with strong equilibria in the subsequent analysis.

5 Strong equilibria with minimal transfer (SM)

We now define the set of Strong Minimal (SM) net transfers r € P denoted by SMp.
We first denote by Sg the set of strong equilibrium net transfers, defined as the set of

net promises that can be supported by a one-sided strong equilibrium transfer:

Sp={reP | 3tc A} such that t € S and ' = r}.

18Gince the equilibrium restrictions are defined by the difference between net transfers contingent
on the adoption of the reform and those contingent on its defeat, the impact of strong equilibria is
reflected in these differences. Therefore, given that utility is linear in net transfers, it is appropriate
to focus the analysis on net transfers associated with the reform’s adoption. For net transfer, r € P
there exist multiple transfer promises ¢ € A{% such that r* = r. To see this, consider the linear system
ri= 3t (R) — 32, tij(R) with I equations and I? — I unknown consisting of ¢;;(R). Given the
large number of unknowns, the system admits multiple solutions. Consider any solution ¢;;(R) of
that system and observe that the one-sided transfer profile ¢;;(R) 4 C is also a solution of the system
of equations for any constant C' > 0. Then, for C sufficiently large, we have ¢;;(R) + C > 0 and thus

{tij(R) + C}i; € AL is a one-sided transfer promises that produce the net promise r.
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For any r € P, the total transfers associated to r is defined as

To=5 Il @

A net promises profile » € P contingent on the reform is a Strong Minimal equilibrium
or “SM” if (i) it is strong equilibrium, r € Sg, and (ii) it minimizes the total promises

transfer among all strong equilibria,

SMR = {TESR ‘ T, = inf 7;./}

r' €Sy

The following proposition shows that the Strong Minimal equilibria exist.

Proposition 3 (Existence). The set of SM equilibria net transfers SMpg is a non-

empty convexr and compact subset of P.

Relative to the set Si of Strong equilibria, the set of SM equilibria SMp adds
the restriction that the equilibria are achieved in the “cheapest possible way.” The set

SMyp, is a subset of the set Si as the following example illustrates.

Example 3. Consider a committee consisting of 3 members, ruled by the majority
rule, Kk = R = 2, and with utilities w = (—4,1,5). Inequality (@) shows that the net

promise transfer r € P is a strong equilibrium, that is, v € Sg, if and only if:
T1+7’223, T1+7’32—1, 7’2+7’32—6, T1—|—T2—|—T3:O.

The set S is depicted as the light blue triangle in Panel B of Figure 1. Moreover,
for any r € Sg, T, = 5(|r1| + |r1 + 73| + |r3]) > |rs| > 3, and the inequality holds as
an equality if and only if r3 = —3 and 2 < r; < 3. Thus, the set of strong minimal
equilibria SMpg, is represented by the horizontal side of the triangle bounded by the
points (2,—3) and (3, —3), with T, = 3.

Example B illustrates that a multiplicity of strong equilibrium net transfer persists

even when we focus on the transfer promises that minimize the total transfers ().
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However, by examining these strong minimal equilibria, we can uncover general prop-
erties of the net transfers. The next proposition shows that there exists a critical voter,
defined as a reform supporter k, € C such that all promisers of transfers belong to the

coalition {k,, -+, I}, and all transfer recipients belong to the coalition {1, -, k,—1}.

Proposition 4. [Top-down equalizing transfers| There exists a critical voter k, €

CT such that any SM equilibrium net transfers profile r € SMg\{0}, satisfies
—u; <r; <0<r;, and w+r,<u;j+r; forall @<k, <}, (8)

and the total transfers associated to the SM equilibrium r satisfies:
ﬁzzriz Z(—Tj)- (9)
i<k >k
Proposition [ demonstrates that, in any SM equilibrium, only the reform support-
ers whose utility weakly exceeds that of a critical voter k, can promise a transfer.
Additionally, these transfer promisers are constrained by the individual rationality
condition, —u; < r; for j > k,, which prevents them from transferring more than the
utility they gain from the reform. The individual rationality condition is guaranteed
by minimality
Proposition M further reveals that transfer recipients must belong to the coalition
{1,-+- , k. — 1}. When this coalition includes some reform supporters, the recipients
of transfers may be either opponents or supporters of the reform. In the latter case,
reform supporters with higher utility promise transfers to other reform supporters
with lower utility. The utility rank of the critical voter k, among other committee

members is influenced by the voting rule and the distribution of utilities. The final

YTn example Bl the net transfer » = (6,1 — 7) is a strong equilibrium resulting in payoff # =
(2, 2, —2). In that equilibrium, member 3 transfers 7, an amount that is larger than her maximal
utility from the game, us = 5. These “excessive” transfers are consistent with the strong equilibrum
equilibrium since, once they are in place, players who initiate them cannot renege on them. However,

excessive transfers are eliminated with the minimality requirement.
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SM equilibrium restriction, given by the middle inequality in (8], requires that any
member of the promisers’ coalition {k,,---, I} must have a post-transfer utility no
lower than that of any member of the recipients’ coalition {1,--- k., — 1}. Minimal
equilibria do not overturn the ranking of utilities between promisers and promisees.
Because of the endogeneity of the critical voter k., Proposition 4l remains agnostic
regarding both the magnitude of transfer promises and the identities of the committee
members involved in these transfers. In particular, the promise recipients can be
reform supporters or reform opponents. The total transfers depend on the distribution
of utilities u; and the majority threshold x. In the next section, we provide more

detailed descriptions of the SM equilibria.

6 Strong Nash Minimal equilibria implications

In this section, we examine both the magnitude and direction of SM equilibrium trans-
fer flows and explore how multiplicity arises in various scenarios. We first examine the
case where the reform is defeated without transfers, and then discuss the scenario
where the reform passes without transfers. The discussion and presentation of the
principles are illustrated using specific numerical examples. However, these principles
are general, and a detailed exposition of the general results, along with their proofs,
can be found in the Supplemental Appendix SA. Before proceeding, we define the
aggregate utility (resp. dis-utility) of the reform supporter (resp. opponents) by

n

Up =Y |wl= Y w, Us=> |u|=> (—u). (10)

CR i=n+1 cs i=1
6.1 Equilibrium implications when the reform is defeated

We examine scenarios where the reform lacks sufficient support without transfers,
specifically when | C® |< x and O(t°) = S. In this context, the critical voter from
Proposition [ is identified as k, = n + 1. Thus, only the opponents of the reform can

receive transfers. The minimum total transfer is given by 7, = Uy, indicating that
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reform supporters must compensate reform opponents sufficiently to cover their total
utility loss from the adoption of the reform. Additionally, Proposition 4l demonstrates
that, following these transfers, the utility of any reform opponent cannot exceed that
of any reform supporter. In general, there are multiple SM equilibria because there are
various ways to allocate the cost of transfers among reform supporters and different
methods for distributing the transfers among reform opponents. However, when reform
supporters are at least two members short of reaching the quota «, all equilibria involve
compensating each reform opponent sufficiently to make each one of them indifferent
between the reform and the status quo, r; = —u; for all i € C°. To illustrate this

subcase, consider an example.

Example 4. Consider a committee consisting of three members, with utilities u =
(—2,—1,10). We have C® = {3}, C% = {1,2}, and Us = 3. In an SM equilibrium,
member 3 must transfer 3 units of utility to members 1 and 2, regardless of whether
the committee operates on a majority or unanimity basis.

When the committee operates under the unanimity rule, the coalition C¥ is two
members short of being decisive. In this case, all SM transfer promises t yield the
same net transfer r = (2,1, —3) and the same post-transfer utilities 7(t) = (0,0,7).

When the committee operates under a majority rule: k =Kk = 2, there are multiple
SM equilibria because the coalition C* is one member short of reaching the quota 2.
The transfer of 3 units of utility initiated by member 3 can be arbitrarily distributed
among member 1 and 2. For example the net transfers r = (3,0, —3) and r = (0,3, —3)

are both SM equilibria.

6.2 Equilibrium implications when the reform is adopted

We now assume that the reform has sufficient support to be enacted without transfers,
O(t°) = R or equivalently that the number of reform supporters is large, | C¥ |> k.
Members of the coalition C° can promise transfers contingent on defeating the reform

to some members of the coalition C* to increase the support for their preferred policy S
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and lead the committee to defeat the reform. The members of the coalition C* who are
more susceptible to being enticed to vote for the status quo are those with the lowest
utilities in the reform. When the enticements are persuasive, some reform supporters
are converted to reform opponents, and these conversions represent a pivotal event if

a blocking coalition exists. We denote the coalition of these reform supporters by
Cti={n+1,.,%} (11)

Since C% U CH = {1,..,R}, members of C* are numerous enough to defeat the
reform if they vote against it with the reform opponents. Denote by U := ZQR U =
Zf:n 11 U; the aggregate utility for the reform of the coalition CE.

For the members of the coalition C®, the incentive to entice members of the coalition
C™ to vote for the alternative S arises only when there are gains from trade. Specifically,
by switching from the decision R to the decision .S, members of the coalition C® gain the
aggregate amount U®. To entice members of the coalition C® to vote for S, members of
the coalition C° incur the aggregate utility cost U¥. Therefore, we define the aggregate
gains from trade of the members of the coalition C* as

G5 =U"-U" =~ Z uiE—Zui. (12)
iccSuCR i=1
The sign of G° is the key factor in characterizing the equilibrium transfer.

When the gain from trade G is non-positive, the only SM equilibrium is the
degenerate transfer t° since the reform opponents have no incentives to entice the
members of the coalition C* to vote against the reform.

When G° > 0, transfers are necessary to prevent coalitions of reform opponents
from blocking the transfer t°, enticing some reform supporters into opposing the reform
and coercing the remaining reform supporter.

Assuming | C® |> k and G¥ > 0, two cases can occur. To describe them, we define
the aggregate surplus of utility of the coalition C*\C relative to member ke C% by

AUz = > [uj—uz] = ) [u; — ug]. (13)

jeCR\ck J=R+1



The variable AUz represents the maximum aggregate transfer that members of the
coalition Cf\C® can promise while keeping their after transfer utilities above that of

member k.

6.2.1 Case 1: First order preemption.

We assume that | C® |[> k, G® > 0 and AUz > G°. When AU; > G, the members of
the coalition CF\C* can afford to promise a total transfer of G¥ while maintaining their
post-transfer utilities above that of all the members of the coalition of promises C5UCE.
In this case, members of the coalition C° UC can be compensated for the forgone gain
realized by forming a blocking coalition, i.e., G, without creating new targets for
enticement against the reform. The critical voter is thus k, = k + 1 and all equilibria
involve a total transfer of 7, = G* from the coalition CF\C* = {k + 1,---,I} to
the coalition C5 U CH = {1,--- ,&}. In all SM equilibria, the post-transfer individual
utilities remain larger for all members of CH\C® than that of any member of the

coalition C% U C®. To illustrate this case, we examine an example.

Example 5. Consider a committee with 4 members governed by the majority rule
k = 3 and utilities u = (=5, 1, 2, 10). In this case, k = 2, C° = {1}, C¥ = {2, 3, 4},
cft = {2}, c®/Cct = {3, 4}, and G° = 4. The aggregate surplus of utility of the
coalition {3,4} is AUy = (2 — 1) + (10 — 1) = 10 > G° = 4. Therefore the coalition
{3,4} can afford to promise a transfer of 4 without violating the ordering condition
of the post-transfer utilities from Proposition[§ In any SM equilibrium, the coalition
Cl/CR = {3,4) should promise a total transfer of G = 4 to the coalition {1,2}.
The critical vote trader from Proposition []) is thus k., = 3. There are multiple SM
equilibria. For example, the net transfers r = (3, 1, 0, —4) is an SM equilibrium.
It produces the post-transfer utilities w(r) = (=2, 2, 2, 6) and includes a “circle the
wagon” transfer, as it involves a transfer from reform supporter 4 to another reform
supporter, member 2, who has a weaker utility. The net transfer v’ = (4, 0, 0, —4) is

also an SM equilibrium as it produces the post-transfer utilities 7 (r') = (=1, 1, 2, 6).
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The net transfer r" = (2, 2,—1,—3) achieves the minimum total transfer promises
T = 4 but is not an SM equilibrium. This is because the post-transfer utilities 7(r") =
(=3, 3, 1, 7) violate the ordering condition T2(r") < w3(r”). Since w (r") + 7w3(r") =
—2 < 0 after the net transfers v are implemented, member 3 becomes a new target
for enticement by member 1. Thus the coalition {1} can block the net transfer r”,

indicating that the net transfer " is not a strong equilibrium.

6.2.2 Case 2: Higher order preemption

We now assume that | C¥ |> k, G® > 0 but this time AUz < G°. When AUz < G°,
if the members of the coalition CF\C® promise a total transfer of G° to compensate
the coalition C¥ UC® for not undermining the reform, they violate the ranking of post-
transfer utilities. Consequently, some members of the coalition CF\C* become targets
for new transfers aimed at enticing them to vote against the reform. These additional
opportunities of transfers will require second-order compensation. For this reason, it is
intuitive that the total transfer of SM equilibria must be larger than G°. The results

from the supplemental appendix SA show that the critical vote trader is a member

k, € C* defined by

1
U, —1 < Uy < Up,, where wu, = 7 Zuj >0, (14)
jel

and that the total transfer for any SM equilibrium net transfer r is given by 7, = T, :=

> ik [uj — u*} > G°. To illustrate this case, we discuss an example.

Example 6. Consider a slight variation of Example [, where a committee with 4
members is ruled by majority rule, kK = 3, and where the utilities are now given by
u = (=5, 1, 2, 3). In this case & = 2, C° = {1}, C* = {2, 3, 4}, ¢ = {2},
Ch/CR = {3, 4}, and G° = 4. We have AUz = AU, = 3 < 4 = G5 and thus
the coalition {3,4} cannot afford to promise the transfers of 4 without creating new
targets of enticement. In the first step, members 3 and 4 will promise a transfer to

member 1 in order to equalize their utilities with that of member 2. The net transfers
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are therefore 1 = (3, 0, — 1, — 2), which result in the post transfer payoff 7(r!) =
(=2, 1, 1, 1). The net transfer is not an SM equilibrium because it is not strong Nash:
7 (r') + Ta(rt) = —1 < 0, and thus additional transfer promises need to be made.
Using the symmetry of this specific ezample, we conjecture that for an SM equilibrium,
each member of the coalition {2,3,4} must transfer an amount x to member 1, which
results in the net transfer r*> = (3x, —x, — x, — x) and thus the post-transfer
utilities T(r* +1?) = (=2 + 3z, 1 — 2, 1 —x, 1 —x). If we select x = 1, the net
transfer r' +r% = (6, — 1, —2, —3) is a strong equilibrium in which total transfer
T2 =6 is too large. To achieve the minimum total transfer, we solve the equation
(=2 +3z) + (1 —z) = 0 and get the solution x = 1/2. The net transfers promise
r'+r? = (9/2, —1/2, —3/2, —5/2) is an SM equilibrium with total transfer
Tripr2 = 9/2 > 4 and payoff #(r* +r?) = (=3, L, 3, ). The critical voter is thus
ke =2.

7 Discussion

In this section, we discuss some additional implications of the equilibrium transfers
and the restrictions on the types of transfers we have considered. We also discuss the

dynamic implementation of our equilibria.

7.1 Reaching across the aisle transfers

The discussion in Section [0l shows that when the reform lacks sufficient voting sup-
port to be enacted without the use of transfers, transfer recipients are always reform
opponents and thus all transfers are reaching across the aisle in that case. In cases
of weak voting support for the reform, promises involving “circle the wagon” transfers
are, therefore, not expected to occur in SM equilibria.

The analysis in full generality is done in Proposition from the Supplemental

Appendix B where we provide necessary and sufficient conditions under which all
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equilibrium promises are of the across the aisle type. The proposition shows that when
the reform has sufficient voting support without transfers, circle the wagon transfers
where some transfers are directed to reform supporters with the weakest utilities exist
in the set of SM equilibria. Circle the wagon transfers are excluded in the knife edge
cases where a specific subset of reform supporters with the weakest utilities have equal

utilities.

7.2 Alternative transfer promises

A key assumption in our definition of blocking coalitions is that members cannot re-
tract their transfer promises. The assumption is particularly relevant for committees
where reputation is very important for future interactions, making the cost of reneging
on promises prohibitively high. The assumption is also crucial to get our existence
result. To see this, assuming retraction is possible, we say that a coalition C C T is
a blocking coalition with retraction of the transfer function ¢t € A’ if there exists a
transfer function ¢ € A! such that (i) only the players from the coalition C are allowed
to deviate from t, C = {i | #; # t;}, and (ii) the deviation benefits all members of C;
7i(t) > 7i(t) for alli € C. A strong Nash equilibrium with retraction is a transfer func-
tion that is immune to any blocking coalition with retraction. Under this definition,
the requirements for a strong Nash equilibrium become more stringent compared to one
without retraction. In particular, if a strong equilibrium with retraction exists, then
it is also a strong equilibrium with no retraction. The following proposition demon-

strates that the requirements of strong Nash with retraction can become excessively

demanding, potentially jeopardizing the existence of such an equilibrium.

Proposition 5. [Non-existence of Strong Nash equilibrium with retraction/
Consider the committee in Example [f], consisting of three members with utilities u =
(—=2,—1,10) and operating under majority rule, k = 2. In this scenario, no strong

Nash equilibrium exists if members can retract their promises.
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The no-retraction assumption in our strong Nash equilibria implies that promisers
commit to a minimum level of transfers, defined by the transfers already in place. In
contrast, in strong equilibria with retraction, the commitment is less stringent; players
need only commit to a non-negative transfer amount, as they are allowed to reduce
their promises when deviating. When punishment is possible but limited, players
commit to a maximum penalty rather than a specified level of non-negative transfers.
Our model precludes retraction and demands, thus, the highest level of commitment
among these variations, leading to a novel existence result for strong Nash equilibria.
Proposition Bl shows that if the commitment requirement is slightly relaxed by allowing
retraction while maintaining non-negative transfers, strong Nash equilibria no longer
exist. A corollary of the proposition is that strong equilibria with punishment do not
exist in the context of the example studied in Proposition

In our study, transfer promises are restricted to be contingent on the voting out-
come. More broadly, transfers could be based on individual votes or even entire voting
profiles. Specifically, transfers contingent on the recipients’ votes, often involving up-
front payments, can reflect practices such as corporate vote trading. They can also
model the practice of clientelism, where a politician (i.e., a “patron”) distributes pub-
lic jobs in exchange for electoral support (see, e.g., Weingrod [1968]). The analysis
of numerical examples highlights a difficulty with transfers contingent on individual
votes: in the second-stage game, multiple equilibria emerge, and sincere voting is not a
natural equilibrium as in our current setting. When the transfers are contingent on the
vote of the recipients, we do not know whether strong equilibria exist and therefore we
do not know whether the Coasean intuition holds. In contrast, transfers based on vote
outcomes exhibit a “contracting on contracts” feature (Katz, 2006). While the trans-

fer promises made to a committee member are not contingent on transfers to other

29The non-existence of strong equilibria with punishment is perhaps not surprising in our decen-
tralized setting. Players who are punished may retaliate, potentially leading to a cycle of revenge

that hinders the existence of strong equilibria.
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members, they are still influenced by these transfers, as each one affects the overall
voting outcome. Intuitively, the interdependence of transfer promises contingent on
vote outcome ties the continuation utility of the promisers to that of the promises re-
cipients and supports the existence of a strong equilibrium. Our findings regarding the
success of transfers contingent on vote outcomes in promoting efficiency suggest that
institutions facilitating this type of promise and making retraction very costly will also
promote efficiency. Our results represent thus a first step that lays the groundwork
for a comprehensive analysis, providing a basis for validating the “Coasean intuition”
in the context of more general form of vote trading or potentially offering evidence to

the contrary.

7.3 Dynamic implementation

In our model, we assume that transfer promises are made simultaneously and do not ex-
plicitly model the game leading to equilibrium. However, once an equilibrium transfer
profile is reached, it cannot be overturned, while other transfer profiles do not exhibit
the same level of stability. In practice, transfers can take the form of amendments to
legislative bills, involving multiple rounds of negotiation. To better understand the
process through which an equilibrium is reached, it would therefore be useful to model
a dynamic game of sequential decentralized transfer promises that occurs in the first
stage, before the voting stage. A strong equilibrium ¢t € 8 can be thought of as the
summation of all the incremental promises that have been made sequentially. Starting
with the transfer t°, we can “implement” any strong equilibrium in at most two steps.
In each step, the members of a blocking coalition make some transfers, reverse the
committee decision and improve their individual utility relative to their utility prior
to the transfers.

When the reform is defeated in the absence of transfers, O(t°) = S, the equilib-
rium can be implemented in one step. In that step, the members of a coalition of

reform supporters promise transfers to some reform opponents in a way that leaves no
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possibility for the formation of blocking coalitions after the transfers are promised.
In contrast, when O(t°) = R, a blocking coalition in the first step must oppose
the reform. To do so at the cheapest cost, its members need to offer transfers to
the weakest supporters of the reform, contingent on defeating it. In a second step,
members of a blocking coalition of reform supporters promise transfers in response to
the first blocking coalition by first returning the transfers contingent on outcome S
received in the first step and then making new promises contingent on outcome R. We

formalize these implementations in the following proposition.

Proposition 6. Assume t° ¢ 8 and consider the net transfer r € SMp.

(i) Assume that |CE| < k. Then there exists a blocking coalition C C C® for the
transfer t° with corresponding t € 8 satisfying t(S) =0 and r* = r.

(ii) Assume that |CE| > k and AU > G > 0, as described in Subsection [6.2.]]
Then, there exists a blocking coalition C C C° for the transfer t° with corresponding
t € AL and a blocking coalition C C C® for the transfer t with corresponding t € AL,

such that v+t = r and s+t = 0.

The Proposition shows the construction of the sequence of blocking coalitions in
some cases. Constructing the sequence in the case of higher order preemption described
in Subsection [6.2.2] is more complex, and we do not develop it here. In the following

example, we illustrate the construction in the case (ii) of Proposition

Example 7. Reconsider the committee with 4 members in Examplel[d, where decisions
follow the majority rule Kk = 3, and members have the utilities v = (=5, 1, 2, 10).
Without transfer, the reform is adopted O(t°) = R. Consider the net transfer r =
(3, 1, 0, —4) € SMpg, which generates the payoff w(t) = (=2, 2, 2, 6) for any t
satisfying vt = r. We proceed now to implement the net transfer r in two steps.

In the first step, member 1 blocks the degenerate transfer t° with the deviation
t12(S) = 1 + & where € is a small number. The resulting net transfers are r* = 0 and

st =(-1—¢, 1+¢, 0, 0). Since 1 +¢ > 1, the committee decision is overturned,
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O(t) = S, and the payoffs profile is w(t) = (=1 —¢, 1 +¢, 0, 0). Since the utility of
member 1 improves from —5 to —1 — e, member 1 forms the blocking coalition of the
first step.

In the second step, member 2 and member 4 form a blocking coalition and promise

the two-sided transfers t defined by
t0(S) =1+¢, t4(R) =3, t12(R) =1, and zero otherwise.

Notice that st = 0 because member 2 deviates by returning the transfer promised by
member 1 in the first step. This step is necessary since we aim to implement a one-
sided transfer promise where all promises are contingent on reform adoption. The net
transfer contingent on the reform is ri+t = (3, 1, 0, —4) =r. Hencet+t implements
the SM equilibrium r, and T(t +1) = (=2, 2, 2, 6). As a last step, we need to verify
that the coalition {2,4} improves the payoff of its members after deviating. This holds
true because member 2’s payoff increases from 1+ ¢ to 2, while member 4’s payoff rises
from 0 to 6 and, hence the deviation t results in a strict improvement of all coalition
members’ utility. As a result, the coalition {2,3} blocks the transfer t with the deviation

t. Thus we have implemented the equilibrium net transfer r. O

8 Conclusion

In this paper, we demonstrate the feasibility of analyzing pre-vote transfer promises
contingent on vote outcome within committee settings governed by a quota rule. To
obtain our results, we assume that the committee members can coordinate their action
by forming coalitions, that all committee members can commit to make transfers, and
that once the promises are done, it is impossible to renege on them. Under these
assumptions, we show that strong Nash equilibria that minimize the total transfer
exist. Thus, the practice of transfer promises contingent on vote outcome promotes
efficiency and addresses the political failure of majority coercion. Importantly, we

provide a detailed description of the type of transfers that are expected in equilibrium.
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Understanding the types of transfers needed to achieve efficiency is crucial for designing
institutions that facilitate the practice of promises and reduce the transaction costs
associated to them. It is important to acknowledge that other forms of political failures,
such as the tragedy of the commons (Olson Ji [1971]), voter ignorance (Downs [1957]),
and rent-seeking (Tullock [1967]), are also significant and warrant further investigation.
Therefore, there is still much work to be done in developing a comprehensive evaluation
of the practice of transfer promises, particularly in environments where informational

issues play a crucial role.
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Appendix: Proofs of the paper’s propositions

Proof of Proposition It Suppose that ¢t € A’ is such that m < &. Since O(t) =
R, condition (i) in Proposition [I] implies that member ¢; cannot gain by persuad-
ing the members 0,,,1,...,0% to vote against the reform. Given that the coalition
{Oms1,--.,0%} is the least costly to convince to vote against the reform, member oy
cannot induce any other coalition of size kK — m to vote against it. Since member o
has the strongest incentives to overturn the committee’s decision, no other member
can benefit from a Nash deviation. Conversely, if t € N, then condition () is satisfied,
indicating that member oy cannot benefit from a Nash deviation. A similar argument

holds for condition (i7) from Proposition [II

Proof of Proposition 2 We proceed in four steps. We will use the notation u} =
w;+7rt—stforallt € Aand i€l

Step 1. In this step we show that 8 is nonempty. First, define r € P by:

ngn uj
Zj>n u;

A reasoning similar to that in Footnote [[5 shows that there exists ¢ € AL such that

r=—u; >0, i<n, 1= u; <0, ¢ >n.

r* = r. We now prove that t € S. Note that s = 0, and that u! := u; 4+ r; for any 1,

we have

ut =0, i <n; u’?:[1+

> j<n Ui > jerly
<n Wj e1 Uj .
J=T = = u; > 0, 1> n.

u; =
Zj>n uj} Z Zj>nu]
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Given the promise ¢, all members in I vote for R. The promise ¢ is a strong equilib-
rium because any blocking coalition must defeat the reform, which would require the
promisers’ participation. However, since their utility was non-negative before the devi-
ation and becomes non-positive after, they would not join. Thus, no blocking coalition
exists, and t € S.

Step 2. In this step, we show that O(t) = R for all t € S.

Assume by contradiction that O(t) = S for some ¢t € §. Introduce

1
- _ t —
T = Ux — u;, where u,:= 7 EEH u; > 0.
j

Note that 3., 7 = 0, then there exists £ € AL such that 7 = 7. Note that

i€l

=l +rl—st=ul+7=1u >0 i€l

Then clearly O(t +t) = R. Moreover, since O(t) = S, we have

it +1) —mt) = (i) —st=ul+7=u,>0, iel

i

In particular, the above holds true fori € C := {i € I : {; # 0}. That is, C is a blocking

coalition for ¢, a desired contradiction with ¢t € §. Therefore, O(t) = R.

Step 3. We prove that if t € 8, then inequalities in the right side of (@) hold.

We proceed by contradiction and assume that there exists a coalition C satisfying
|C| > K such that ), . u! < 0. Following similar arguments from Step 2, by restricting
to all members in C and reversing the roles of R and S, there exist £ € A’ such that
t; = 0/if either i or j is not in C, £(R) = 0, and uf 4+ 1! = u! < st for all i € C. Since

|C| > k&, this implies that O(t +t) = S. From Step 1, we know O(t) = R, then
m(t+1) —m(t) = — (u+rh) =sl—ul >0, ieC.

In particular, the above holds true for i € C' = {i € C : t; # 0}. Then we see that C’

is a blocking coalition for ¢, contradicting with the assumption that ¢t € S.
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Step 4. We prove that if a promises profile ¢t € A’ satisfies the inequalities (@) for
every coalition of size |C| > K, then t € S.

First, observe that if inequalities () hold, then O(t) = R. This is because if
O(t) = S, then there must exist a coalition |C| > & whose members vote unanimously
for the status quo. This cannot be true because when >, (u; +7f) > ", sf, we cannot
have u; + 1! < st for all i € C.

To prove that t € 8, we proceed again by contradiction and assume the opposite,
that is, there exists a blocking coalition C for ¢, with corresponding incremental transfer
t € AL Since O(t) = R, any blocking coalition C must overturn the reform: O(t+1) =
S. That is, |C| > &, where C := {i : u/** < 0}. Notice that for all i € C, we have
ul < st —rl.

Moreover, by the definition of blocking coalition, we have 7;(t+) = S;HE > w1t =
7:(t), for all i € C. Hence, u! < st for all i € C.

Noticing that |C UC| > |C| > &, the inequality () applied to C UC gives

0 < Zuf:Zuf+Zuf

iecuC ieC i€C\C
t t t i t i i
< E 5; + E (s; —1j) = E S; — E == E S; — E T, (15)
ieC ieC\C iecuC ieC\C i¢CuC ieC\C

where the last inequality is due to the fact that s € P. But the last term of this
inequality must be non-positive because rf > 0 and sf > 0 for all ¢ that are outside
the blocking coalition C. This is because only members of the blocking coalition can
initiate promises, while outsiders are either recipients of promises or do not receive any

transfers. Therefore we get a contradiction since the last term of (I5) must be positive

and at the same time non-negative. O

Proof of Proposition Bt First, note that Sgp = {r* — s' : t € §}. Then by Proposi-

tion [2 we see that Sy is non-empty and closed, with

Sp={rep: Z(uZ +7;) > 0 for all coalitions |C| > &}. (16)

ieC
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Fix an arbitrary r¥ € Sg, and denote Sg(r°) := {r € Sg : 7, < T0}. Since T, >
Tro for 1 € Sg\Sg(r?), then SMyr = {r € Sg(ry) : T, = infes o) T}, The
continuity of the function » — 7, implies that Sg(r°) is closed and bounded, and
thus compact. Consequently, the set of minimizers SMp is non-empty and compact.
Finally, for any 71,72 € SMpr C Sg and any 0 < a < 1, denote the convex combination
r = arl + (1 — a)r? € P. Note that if r r? satisfy (I6), the net transfer r also
satisfies (I6) and hence r € Sg. Moreover, since r!, r? are minimizers, we have

T, < aTma+ (1 —a)T,2 =inf,es, Trv. Then r is also a minimizer, and thus » € SMp.
This proves that SM g is convex. O

Proof of Proposition 4t In the subsequent proofs, we will work directly with
the net transfers r € P since the characterization of strong Nash equilibria from
Proposition 2 only depend on the net transfers r* — st. We will use the abuse of
notation O(r) = O(t), 7(r) = 7(t) with the understanding that r* = r.

The proof relies on the following three lemmas.

Lemma 1. For any equilibrium net transfer promises r € SMg\{0}, there ezists no

pair of members (i,j) such that
r <0<r; and m(r)<m(r). (17)

Proof. Assume by contradiction that (I7) holds true. For some small € > 0, set

ri=r,+¢<0, 75=r;—e>0, and 7, =ryforall k#1,j. (18)

Notice » ;7 = > ;7 = 0 and hence, 7 € P. Next, for any |C| > &, since r € SMp C
Sr, using ([I0) and inequality (I7)) gives

> (up+re) >0, ifijeCori,jéc

. keC
Z(Uk—i-m) = (19)
keC Z(uk+rk)—|—6>2(uk+7‘k)20, ifieC,j¢C.

keC keC
For the last case that j € C,i ¢ C, by setting ¢ < 7;(r) — m;(r), we have m;(r) <

7j(r)—e = u;+7;. Then, since the cardinal of the coalition (C\{j})U{i} is also larger
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than ®, we have
S (up+i) > Y (wp+iy) >0, ifjeCi¢cC (20)
ke ke(C\{7})u{i}
Combining (I9) and (20)) and recalling that C is an arbitrary coalition satisfying |C| > &,
by (I6]) again we see that 7 € Sg. Note further that

il =—ri=—ri—e=|r|—e, |r|=7j=rj—e=Irl—e, |fl=lril, k#1,7].
Then
1< 1
Tr = §Z\fk| :E[Z,‘”H‘”‘ —e+rjl—e| =T, —e<T,.
k=1 k#i,j
This contradicts the minimum total promises transfer property of r € SMp. O

Lemma 2. For any equilibrium promises profile r € SMpr\{0}, there exists no com-

mittee member i such that
ri <0 and Tm(r)<0. (21)

Proof. Assume by contradiction that (2I]) holds true. Since r € P, there exists j # i
such that r; > 0. Then by Lemma [ we have 7;(r) < 7;(r) < 0. Define the net
transfer 7 by (I8) again. Note that u; + 7; = m;(r) + ¢, u; +7; = 7;(r) — . Then for
€ > 0 small enough, we have u; +7; < u; +7; <0.

Following the same reasoning as in Lemma [Il, we prove now that the inequality
> rec(ur +7) > 0 must hold for every coalition |C| > &. First, observe that by (1G],
we have ), - 7(r) > 0 and hence, there exists m € C such that 7,,(r) > 0. Notice
that, since 7;(r) < 7;(r) < 0, we have m # i, j.

When i,j5 €C,ori,j ¢ C,oricC,j¢C, ([9) remains true and hence ), . (ux +
7r) > 0. In the last case where j € C,i ¢ C, since Uy, + Ty = Uy + 7 > 0> u; + 75
and |C\{m}) U {i}| > &, we have

Swe+m) > > (wtm) = Y. (utr) >0,

keC ke(C\{m})U{i} ke(C\{m})u{i}
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This, together with equations (I9) and (I6), implies 7 € Sg. Then, following the same
argument on the total transfer used in the last step of the proof of Lemma/[l], we derive

the desired contradiction. 0
Lemma 3. For any equilibrium promises profile r € S\{0}, introduce

k, := max{i|r; > 0}, k., := min{i|r; < 0}. (22)
Then

k, <ky,, and 1,=0 foralk*<k<k,. (23)

Committee member k, is a reform supporter, k. € CE®, none of the committee members
j >k, is transfer recipient and when they are promisers, they do not transfer more

than their utility,
—u; <r; <0, forallj> k.. (24)
None of the committee members i < k, is a net promiser
r; >0, foralli <k,. (25)

The post-transfer utilities w(r) = u + r are ranked across the coalition of promisers

and the coalition of promisees, that is,
T(r) <7(r) forall i<k, <k.<j (26)

Proof. First, since r; < 0, by Lemma2we have ug;_+r; > 0, which implies uz; > 0.
That is, k. € CF.

Next, since ;. < 0 < 7, by Lemma [l we have w, + 7, < ug_ + 74, and thus
uy, < ug,. Then by the ranking condition u; < up < --- < wuy, we obtain k, < k. The
inequality k, < k, and the definitions (22)) imply that r, = 0 for all £* < k < k,, and
this proves the statement in (23]).

We now prove the statements in (25). Assume by contradiction that r; < 0 for

some ¢ < k,. Since 1, > 0, we must have ¢ < k. Since the vector u is ranked, we have
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mi(r) < u; < ug, < Ty (r). This contradicts Lemma [I, and thus r; > 0 for all i < k,.
Similarly, to prove the inequalities (24]), assume there exists j > k, such that r; > 0.
Then we would have r; < 0 < r; and 7 (r) < uz, < u; < 7;(r). This contradicts
Lemma [I] and thus r; <0 for all j > k.. Moreover, if rj < —u; for some j > k., then
7j(r) = u; +r; < 0. Since k. € Cf, then j € C%, and thus r; < —u; < 0. To sum up,
r; < 0 and 7;(r) < 0. This contradicts Lemma 2], so r; > —u; for all j > k,, and thus
(24) holds true.

We finally prove inequalities (26). Assume by contradiction that 7;(r) < 7;(r) for
some i < k, < k., < j. By [25) we have r; < 0 < r;. If r; <0 < r;, we obtain the
contradiction with Lemma [0l If r; = 0 < r;, we have r; < 0 < r;, and since the
utility vector is ordered, we have 7z (1) < uz < u; = 7;(r) < 7(r), contradicting
Lemma [l Similarly, if 7; < 0 = r;, we have r; < 0 < 7, and, since the utility
vector is ordered, we have 7 (r) > w,, > u; = m(r) > 7;(r), also contradicting
Lemma [l In the last case that r; = 0 = r;, we have r; < 0 < 73, and hence
T (r) < wup < u; = T(r) < m(r) = u; < u, < T (r). This again contradicts
Lemma (Il In summary, we obtain a contradiction with Lemma [Il in all the sub-cases,

and thus (26]) holds true. O

Proof of Proposition [4: We note that, from the proof below, we see that in
all the cases k, < k, < k,. In this proof, we allow k, to depend on r € SMg\{0}.
In the supplemental Appendix A, we show that a common k, can be selected for all
r € SMz\{0}.

We first prove the statements in (§). Define a := ming _;,;7;(r). By (23) we have
T(r) = uy for k, < k < k,. If a > 7;__,(r), then set k, = k.. Since the utility vector
is ordered, we have a > 7, _,(r) > @(r) for all k, < k < k., and by (26) we have
a > 7;(r) for all i < k,. Moreover, by (23) and (26) we see that r;, > 0 > r; for all
i <k, <j. Sok, =k, satisfies all the requirements in inequalities (§). We next
assume a < 7 _4(r). Since a > T (r), we may set k, = inf{k > k, : T(r) > a}.

Then k, < k, < k,, and since the utility vector is ordered, we see that 7(r) < a
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for all k, < k < k,, and 7,(r) > T, (1) > a for all k, < k < k,. Recall again (20),
then 7;(r) < a < 7;(r) for all i < k, < j, and by (23)) and (25]), we have r;, > 0 > r;
for all i < k, < j. This completes the proof of (). Moreover, since r € P, then
Dick, Ti = D jsp, (—7j), and thus we obtain ([@). O

Proof of Proposition [B: Assume that there exists a strong Nash equilibrium with
retraction t € A!. A strong equilibrium with retraction is necessarily a strong Nash
equilibrium. Proposition 2 implies that O(t) = R and, > .(u; + rf — s!) > 0 for all
coalition C satisfying |C| > 2.

Assume first that ¢ is a one-sided transfer contingent on the status quo, t(R) = 0.
Define the deviation t1;(S) = #5;(S) = 0, for all j and, # = ¢ for all other combinations
of (i) and O € {R,S}. Since O(t) = R, we have 7;(t) = —2 and m2(t) = —1. On
the other hand, for i = 1,2, we have s\ = #3;(S) = t3;(S) > 0. Thus members 1 and
2 vote for the status quo and O(f) = S. Then, for i = 1,2, we have 7;(f) = s > 0 >
7i(t). Therefore the coalition {1,2} blocks the transfer function ¢ with the retracting
deviation £. This is a contradiction.

We next assume t(R) # 0; that is, there exist ¢,j = 1,2,3 such that ¢ # j and
ti;(R) > 0. We will then consider two cases.

Case 1: t;;(R) > 0 and u; + 7% > sb.  Let us fix ¢ such that ¢ < ¢;;(R) and,
e < wu;+ 7";- — sz-. Consider the retracting deviation ¢ where member 4 decreases her
transfers to member j by . We have #;;(R) = t;;(R) — € and the transfer ¢ and ¢ are
equal in all other cases. If we denote {k}, the complement of {7, j} in the set {1, 2, 3},

we have, % =1l —¢, r{ = 1] +¢, 1, =1} and, s' = s". We have

ui+7“f =ui+ri+e >u+r;=7(); (27)
uﬁ—rﬁ =u;+rt—¢ >s§:s§. (28)
Equation (28) shows that member j votes for R after the deviation ¢, even though

her incentives to support R have diminished by ¢ compared to before the deviation.

On the other hand, at least one member from the pair (i, k) votes for R after the
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deviations. This is because the incentive to vote for R is raised by e for member
i and is unchanged for member k. Since O(t) = R, we know that at least one of
them votes for R prior to the deviation and, therefore, that member will still vote for
R after the deviation. To sum up, member j and at least one member of the pair
{i, k} vote for R after the deviation and hence, O() = R. Equation (27) implies that
7i(t) = u; + 71 > 7;(t). Therefore the singleton coalition {i} blocks the transfer ¢ with
the deviation ¢, contradicting that ¢ is a strong equilibrium with retraction.

Case 2: t;;(R) > 0 and wu; + r! < s!. The transfer ¢ is a strong equilibrium with
retraction, we must have t € & and the inequalities (@) hold for any coalition that
includes 7 and a second member. Therefore, we have u; + 7";-, > 33’ for all j" # i.
Consider the retracting deviation ¢ where member ¢ decreases her transfers to member
J by €, where ¢ is defined in the previous step of this proof. Then u; +r§ = u, +7’§- —e>

t

s; = sg- and therefore member j votes for S after the deviation. Denoting again by

{k} = {1,2,3}\{i, j}, and recalling that u; + 1% > s, for all j* # j, we have
witrt =+l +e> sl =, wp 4+ 1L = ug +rt > st = st

Thus both members i and k vote for R and hence O(f) = R. We have 7;(f) = u; +7! =
w+ 1t +e>u+ 1 =7(t). Again, the singleton coalition {i} blocks the transfer ¢

with the deviation ¢, contradicting that t is a strong equilibrium with retraction. [

Proof of Proposition [6: In order to avoid technicalities, we make the following two
relaxations in our convention and definitions. Firstly, we assume that, when a member
1 is indifferent between R and S, we assume he would vote for S in the first step of our
sequence of blocking coalitions. Second, we remove the strict dominance for a blocking
coalition C and only require a Pareto improvement, that is, 7;(t+t) > 7;(t) for a given

deviation t and for all i € C, and with strict inequality for some i € C !

21To understand why these relaxations are needed in some cases, assume [ = 3, k = 3, u = (=2, 1,2).
Then the net transfer r = (2, —1,—1) € SMp with #(r) = (0,0,1). However, in this case, member 2

does not strictly increase his payoff and thus cannot be a member of a blocking coalition if we require
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(i) By setting ¢(S) = 0 and r* = r, we have u + r* = u+ r. Since r € SMpg, we
have |C| > k, where C := {i : w; + r; > 0}. Then O(t) = R, and 7;(t) = u; +1; > 0 =
st = #;(t°) for all i € C. Moreover, since Y, ;(u; + ;) = 3, ui > 0, there exists
i € C such that u; + r; > 0, which implies #;(¢) > #;(¢°). This implies C is a blocking

coalition for t° with corresponding ¢, in our relaxed sense.

> 0 and define s € P by

ZjGQR Uj
2 jces lusl

(ii) Step 1. First, denote a :=
si=ou; <0,i€C% s:=u; >0, ieCl s:=0,iecct\C",

There exists t € A’ such that ¢(R) = 0, s* = s and ¢;;(S) > 0 can hold only when
i € C%and j € C¥, that is, the promises are made only from members in C¥ to members
in C*. We now verify that C° is a relaxed blocking coalition for t° with the promise
profile ¢. First, since G > 0, we have 0 < 7. _oru; < Y. ces [ui|. Then o < 1, and

thus w; < s; for i € C°. This implies that

t_ : s, t_ 0 R
u,=u—5<0,1€C’; u,=u;—s=0,1€C"

Due to our relaxation, |C% UCT| = & implies O(t) = S Moreover, O(t°) = R implies
7i(t) — 7 (t%) = s; —u; = (e —1)u; > 0 for any i € C°. Thus the coalition C* blocks .

Step 2. In this step we show that C := C® is a blocking coalition for t. We first
let the members in C* to return s* to the members in C%: #(S) := —t(S). Next, noting
that r* = 0, we set #(R) be such that 7/ = r. Then r'*! — s**f = 1 Since r € SMp,
then O(t + t) = R. Moreover, recalling that O(t) = S, we have for all i € CF,

i +ri —u =r; >0, i€ Ch
u; +1; >0, i € CFR\CH.

Rt 1) — m(t) =g+ — st = — s =
Since Y, o;(u; + ;) = >, ui > 0, by the order preserving property (§) we must have
u; +1r; > 0 for some i € CR\QR. This shows that ¢ + ¢ Pareto dominates ¢ on C. Then,

in our relaxed sense, C is a blocking coalition for ¢ with corresponding . O

strict utility improvements for all members of blocking coalitions. One way to avoid this issue is to
replace the strict dominance with Pareto dominance. Alternatively, if we insist on requiring a strict

dominance of blocking coalitions, we need to define e-equilibria, and the proof will become technical.
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Supplemental Appendix A (SA): SM equilibria implications

In this Appendix, we characterize SM equilibria for all subcases discussed in Section
of the paper using numerical examples. In all subsequent discussions, we will work
directly with the net transfers r € P since the characterization of strong Nash equilibria
from Proposition 2 only depends on the net transfers r* — st. We will use the abuse of

notation O(r) = O(t), w(r) = @(t) with the understanding that r* = r and #(S) = 0.
SA.1 The case of “majority coercion”: |C|< &

Proposition SA.1. [Equilibrium transfer promises with majority coercion/
Consider a committee with weak support for the reform, | C |< k with k > 2 resulting
in the reform’s defeat, O(t°) = SA net transfer profile r € P is an SM equilibrium,
r € SMg, if and only if

1. The promises are across the aisle: the promise recipients are reform opponents

and the promisers are reform supporters. Moreover the total transfer is given by

7; - US - chri - _ZcRTz"
2. For alli € CE, the individual rationality constraint —u; < r; < 0 holds.

3. All promise recipients are reform opponents, and the net transfers (r;);ccs satisfy:

(a) When |CE| < k — 1, each member i € C° is promised the transfer r; =
—u; > 0 just to make her indifferent between the reform and the status quo,
(b) When |CE| = k—1, the net transfer of the members of C° are non-negative,
r; >0 for alli € C° and the post-transfer utilities of members in C° cannot

exceed those of members in CE: 7;(r) < 7;(r) for any i € C° and j € C.

22 Assumption (2)) implies that at least one member supports the reform. The case k = 1 can be
excluded from the proposition, as the reform always passes in this scenario, resulting in no voting

inefficiencies.
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In all SM equilibria, the total transfer compensates reform opponents for the ag-
gregate disutility that they experience with the passage of the reform. The critical
voter k, from Proposition M is given by k, = n + 1, so that the reform supporters
are promisers and reform opponents are promisees. The equilibrium leaves multiple
ways for the members of the coalition C* to divide among themselves the total transfer
directed towards reform opponents. Whether there is an additional indeterminacy on
the side of the promises recipients depends on the size of the coalition C%.

If the coalition C® is short at least 2 members of being decisive (|C¥| < x —1), then
the distribution of equilibrium promises among promisees is unique. After receiving the
promises, all members of C° are indifferent between voting for or against the reform.

When the coalition C* is just one member short of being decisive (|C?| = k—1), the
transfers to the members of C¥ are indeterminate. In that case, multiple distributions
of promises across the members of the receiving coalition C° can form an equilibrium
provided that they satisfy the requirement 3.(b) of Proposition [SA.Il The requirement
restricts the promises directed to each member of the coalition C° to produce post-
transfer utilities that maintain the ordering across the coalitions of promisers and
promisees of the utilities prior to the transfer. Changing the ordering of utilities
across the coalition C and C® would create the incentives to engage in additional
rounds of promises and contradict the stability requirement of the equilibrium. When
|CE| = k — 1, the committee adopts the reform after the promises are made, but the

vote for the reform may not be unanimous.

SA.2 Committee with strong support for the re-
form: | CH|> &

In this subsection, we study the equilibrium when the committee would adopt the
reform in the absence of promises. First, the following results identify the unique

equilibrium promises profile when there are no gains from trade.
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Proposition SA.2. [No promises equilibrium in the absence of gains from
trade/ Consider a committee with more reform supporters than the k-magority require-
ment, | C? |> k. Assume the gain from trade defined in equation (13) is non-positive,

G® < 0. Then r =0 is the unique SM equilibrium, that is, SMpr = {0}.

We now consider the case where the gain from trade G* is positive with | C |> &.
We also assume without loss of generality that x > 2, see Footnote 221

In the following proposition, we show that the intuition in Example [ holds more
generally and provide conditions under which the coalition of promisers can afford to
preempt new rounds of promises and achieve stability.

Specifically, we demonstrate that when G° < AUz, all equilibria involve a total
transfer of promises of G° from the coalition C\C* to the coalition C* U C*. Im-
portantly, in all equilibria, the post-transfer individual utilities remain larger for all
members of C\C® than that of any member of the coalition C* U C®. Before stating

the proposition, we recall that C¥ UCH = {1,..,8} and C*\C* = {R + 1, .., T}.

Proposition SA.3. [Equilibrium promises with first order preemption.] Con-
sider a committee in which the support for the reform is larger than the k-majority

requirement, | C |> k with k > 2. Assume the gain from trade defined in equation
[12) satisfies 0 < G5 < AUz where AUz is defined in equation (I3). The net transfer
profile r is an SM equilibrium, r € SMg, if and only if

1. Members of the coalition C*\C® are promisors subject to individual rationality

constraints while members of the coalition C5 U C™ are promisees:

2. The post-transfer utilities of members of the coalition C5UCT cannot exceed those

of members of the coalition C\C"
mi(r) <m(r), Vi<k<j. (SA.2)
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3. The total transfer induced by r is given by

R I
T =G"=) r=->Y . (SA.3)
i=1 j=R+1

Proposition [SA.3 shows that, under the assumption |Cf| > k and 0 < G° < AUg,
all equilibria require members of the coalition C*\C* to promise a total transfer of G
to the members of the coalition C° U C. In particular, the critical member k, from
Proposition Ml is given by k, =k + 1.

We now consider the case where | C¥ |> k with k > 2 and with 0 < AUz < G”.

The following proposition characterizes the SM equilibria in that case.

Proposition SA.4. [ Equilibria with higher-order preemption | Consider a
committee in which support for the reform is in excess of k-majority requirement,
| CB |> k with k > 2. Assume the gain from trade defined in equation ([12) is not
affordable to promise, i.e., AUz < G° where AUz is defined in equation (13). A

transfer promises profile r € P is an SM equilibrium, if and only if

1. The critical voter k, from Proposition []] identifies with the k, defined in equa-

tion (14).

2. Members of the coalition {k,,--- , 1} are promisers subject to individual rational-

1ty constraints
—u; <1rj=—uj+u, <0 forall j>k, (SA.4)

and experience equal ex post intensities

mi(r) =u. >0 forall j>k,.. (SA.5)
3. Members of the coalition {1,--- k., — 1} are promisees, and their ex post inten-

sities cannot exceed those of promisers
ri >0 and Ti(r) <7(r) =u., forall i<k, <j. (SA.6)
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Moreover, equilibrium promises profiles are indeterminate, and they all generate

the common total promises transfer
T, = T. where T, := Z [u; —uw.] > G®. (SA.7)
J2kx

Proposition shows that in all equilibria, members of the promisers coalition
promise a transfer that is affine in their utilities as described in equation (SA.4]). This
implies that members with larger intensities promise a larger transfer and this results
in an equalized distribution of the post-transfer utilities among the coalition of promis-
ers. Therefore, in all equilibria, the distribution of transfer promises among promisers
is unique. This uniqueness is novel and contrasts with the cases covered in Propo-
sition and Proposition [SA.3| where the distribution of transfer promises among
promisers was indeterminate. The intuition of this uniqueness is that if the promisers
have unequal post-transfer utilities, some of them will become subject to enticement
to cast their vote against the reform and this, in turn, contradicts the strong Nash
requirement as additional promises are required to preclude additional enticements.
On the other hand, the multiplicity associated with the transfer distribution among
promisees remains valid as in the cases covered in Proposition [SA.3|

Proposition [SA.4] also shows that the total transfer is larger than the gain from
trade G as we illustrated in Example [6. More specifically, a direct calculation shows
tha the aggregate promises from the coalition C*\C#

I

Z ;= Z [uj — u*} = GS. (SA8)

jecr\ch j=k+1

This shows that members of the coalition C\C* will promise an aggregate transfer

of G%. An aggregate transfer of G° will be sufficient to achieve an equilibrium when

ZIndeed, by ([[4), the fact that & = I — x + 1, and (I2)), we have

I I I I I R
Z [uj —u,) = Z uj — (I —R)us = Z uj — (k— Duy = Z uj—Zuj:—ZuszS.
J=R+1 j=R+1 j=R+1 j=R+1 j=1 j=1
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the gain from trade is affordable. However, this is not the case since AUz < G°
and as a result, some members of C*\C® will have lower post-transfer utilities than
some members of C* and hence become targets for enticement. To preempt this from
happening, additional transfer promises are needed from the members of the coalition
{k,,..,R} C C" with interim intensities that are larger than those of some members of
CH\C®. The aggregation of these promises are given by Zf:k [uj — u*] > 0, which

results in a total transfer T, > G°.

SA.3 Proofs of the propositions in the Supplemen-
tal Appendix A

Proof of Proposition We start with the following lemma.

Lemma SA.1. For any promises profile r € P, the following holds:

(i) For any coalition C C I, we have T, > | ¥, 7il-

(11) Consider a coalition C C 1 such that |C| =R, u; +1; < uj+r; foralli € C and
Jj&C. Thenr € Sg if and only if Y, .o(u; +1;) > 0.

Proof. We first prove the statement (i). Since r € P, we have

o= [l ] 2 5[+ [
i¢C ieC
1
2

1eC 1¢C

I+ =20l =1

ieC ieC ieC
We next prove the statement (ii). First, if » € Sg, since |C| = &, by (I6) we have

Dicc(ui+1i) 2 0.

We now assume ) ._.(u; +7;) > 0 for C satisfying the conditions in part (ii) of
Lemma [SAJ] and prove that r € 8. Condition (ii) of Lemma implies that

; ) ) > ) ) > 0. .
Ijnélél(u] +rj) > I?Eacx(ul +17) >0 (SA.9)
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For any coalition C satisfying |é | > &, consider the partition of C defined by C =
C; UCy UC5. Members of the coalition C; belong both to C and é, that is, C; :=CnN C.
The coalition C is a subset of C \C such that when merged with the coalition C;, it forms
a coalition with cardinality &, that is, |Ci| + |C2| = K. Finally, the coalition Cs formed
by the residual members of C who do not belong to C; or C, that is, Cs := (f\(Cl UCs).
Note that u; +r; < u; +r; for all i € C\C; and j € Cy and that, |C\C;| = |C2|. Thus,
the inequality (SA.9)) implies

Z(“j +rj) > Z (us +73). (SA.10)

JECs i€C\Cy
Since C3 N C = 0, we have uy + 1, > max;ec(u; + ;) > 0 for all k& € C3, and hence

> kecs (Uk +7%) > 0. Using this last inequality and (SA.10) yields

Dluitr) = Y (wir)+ Y (uy )+ Y (u )

ieC i€Cy J€C2 keCs
i€Cq iGC\C1 ieC
Now it follows from (6] again that r € Sig. O

We now prove Proposition [SA.Il We first show that 7, > U® for any net transfer
r € Sg. Indeed, since |C®| < k, we have |C®| > R, then (I6) implies that > s (u;+7;) >
0. Therefore,
Dl =D =) (—uy) = U (SA.11)
iecs iecs iecs
Then it follows from Lemma (i) that
T >|) r| > U, forallr € Sp. (SA.12)
ieCS
We prove the equivalence in Proposition [SA.Il by considering two cases separately.
Case 1: |Cf| < k — 1. We cover first the “if” direction (<), then the “only if”

direction (=).
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If a promises profile r satisfies conditions 1., 2. and 3.a from Proposition[SA.1l then
it can be directly checked that r € P and 7, = U°. Moreover, by construction we see
that u; + r; = 0 for ¢ € C% and u; +r; > 0 for j € C*. Therefore, >, o(u; +r;) > 0
for all coalitions |C| > &K and hence, by (I6]) the promises profile r is a strong Nash
equilibrium, that is 7 € Sg. Since 7, = U®, inequality (SA.12]) shows that the promises
profile r achieves the minimum total promises transfer, and thus r € SM R

We now prove the only if part. That is, we assume r € SMp and prove that
conditions 1., 2. and 3.a from Proposition hold. Note that

Sl = (—r) =Y i >U, (SA.14)
ieck ieCk iecs
and combining (SA.I)) with (SA.14) gives
T s S+ S 2 S )+ S S ) > U (SA.15)
T 2 . (3 2 ' 1| — 2 . 1 2 ' (3 -_ . .
1eCR ieCs 1eCR ieCs
Since r € SMp has minimum total promises transfer, we must have 7, = U®. There-
fore, inequalities (SA.15) become equalities, that is,
< 1 1 1 1 ;
US=To=5 > Inl+5 D Inl=5 > (=r)+5 > () =U".
ieCk iecs ieCl ieCs
This in turn implies that inequalities (SA.II)) and ([SA.14)) are also equalities:
D_Inl=> ri=U% 3 Inl=) (=r)=U*.
ieCs ieCs 1eCR iech
Then
|7‘i| =71 1€ CS; ‘7”2‘ =—r; 1 € CR; and Z r; = Z |Tz| _ US,

iecs ieCR

24Tn particular, we note that the following promises profile r satisfies 1., 2. and 3.a from Proposi-
tion [SA.Tl and hence is an equilibrium with minimum total promises transfer:
US

7= —uy, i € CY; "= - R jeck (SA.13)
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and thus

re>0>r, VieCSjech and > r=U%=) (-r;).  (SA.16)
i€Cs jeCck
Moreover, the equality >, s 7 = U” implies that >, _.s(u; +r;) = 0.

Since |C%| > R, then for any iy € C°, |C%\{ip}| > R, thus by (I6) we have
> ices\fioy (witTi) = 0. This, together with 3, s (u;4r;) = 0, implies that u;,+r;, <0,
for all 49 € C®. Combining this with the equality Y, cs(u; +7;) = 0, we must have
u; +r; =0 orr; = —u; for all i € CS.

Finally, for each j € CE, since |C5U{j}| > R, then by (I8]) we have 0 < > icesugyy (Wit
r;) = u; +r;. That is, r; > —u; for all j € C*. To summarize, we have proven that,
in addition to the relations (SA.I6), r; = —u; for all i € C¥ and —u; < r; < 0 for all
j € CE. Thus, conditions 1 and 2.a from Proposition [SAT] hold. This concludes the
proof for the case |[C®| < k — 1.

Case 2: |CE| = k — 1. Notice that in this case, |C®| = &. First, if r satisfies
conditions 1 and 2.b of Proposition SA.T], then it can be checked as in Step 1 that
re P, T, =U% Y, s +r) =0, and r; > —u; for all j € C*. Moreover,
by condition 2.b of Proposition [SA.T] and property (ii) of Lemma [SA.Il we see that
r € 8. Since 7T,
hence r € SMR

We now prove the only if part. We assume r € SMp and show that conditions

= U, the net transfer » minimizes the total promises transfer and

1., 2. and 3.b of Proposition hold true. By the same arguments in Step 1 of this
proof, we see that (SA.I6) still holds true. Moreover, for any iy € C° and j, € CF,

25In particular, we note that the promises profile r constructed in (SA.I3) satisfies conditions
1 and 2.b of of Proposition [SAT] and hence it belongs to SMpg. In contrast to the case where
IC%] < Kk — 1 where all members of the coalition C® become indifferent between R and S after
receiving the equilibrium transfer promises, we note that in the case |C¥| = k — 1 it is possible that

u; +1; > 0 for some i € C5.
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note that |(C%\{io}) U {jo}| > &, then by (I6) we have

0< S (witr) = > () = (wig + 1) + (g, + 1)
€(CS\{io})U{io} iecs
(wjo + 750) — (Wiy + 14)-
Thus, w;, + 7y < uj, + 1, for all iy € C¥ and j, € C® and hence, Condition 3.(b)
of Proposition is satisfied. With the exception of the inequality —u; < r; for
j € CE, all other properties in Condition 1. and 2. from Proposition [SA.l are implied
by (SA.I6). To prove this last property, note that if >, _.s(u; + r;) = 0, then there
exists 49 € C* such that wu;, +7;, > 0. Condition 2. from Proposition implies that

uj +1; > U, + 15 > 0 for any j € C% and thus r; > —uy, for all j € Ch. O

Proof of Proposition [SA.2t Note that in this case Zle w; = —GS > 0. It can be
verified that the conditions in Lemma [SATl (ii) for C = {1,---,k} and r = 0 hold.
Then 0 € Si. This degenerate transfer r° has zero total transfers and hence it is

unique, SMp = {0}. 0O

Proof of Proposition The proof proceeds in four steps. In the first step,
we show that 7, > G° for all r € Si. In the second step, we prove the "if” part of
Proposition In the third step, we give an example of across the aisle equilibrium
promise that satisfies 7, = G°. The example is used in the fourth and last step where
we prove the "only if” part of Proposition

Step 1. We first show that 7, > G for any r € Sp. Since |C% U CF| > &, by ([I2)
and (I6]) we have

0< Z [w; + 1] = -G+ Z ;. (SA.17)
ieCSuch ieCSuCh

Then by Lemma [SATI (i) we have T, > | >, ccsyer Til = Y ieesiern i = GS.

Step 2. We next prove the if part: assume conditions (SA.T]), (SA.2) and (SA.3)
hold and prove that r € SMpg. Let r € P satisfy (SA.I), note that r, > —uy
or u, + i > 0 for all k € CH\C¥, and by the calculation in (SA.IT7) we see that
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> icesuer Ti(1) > 0. These observations, together with condition (SA.2) show that all
conditions required in Lemma (ii) are fulfilled, and therefore we have r € Sg.
Condition (SA.3]) and Step 1 of this proof show that in addition to being a strong Nash
equilibrium, the net transfer r achieves the minimal total promises transfer 7, = G*,
and thus r € SMp.

Step 3. In this step we construct an equilibrium r € SMpz. Consider the following

across the aisle net transfer r:

R GS . S. . . R, A GS R R A
r; = —ﬁui, ieC’; rj=0, 7€l 1= _AUg[uk_uE]’ k € C*\C".(SA.18)

We can show directly that it satisfies conditions (SA]), (SA2) and, (ISED Then,
using the result in Step 2 of this proof shows that the promises profile r is an SM

equilibrium.
Step 4. We now prove the only if part. Let r € SMp and prove that r satisfies

conditions (SA.T)), (SA.2)) and, (SA.3)). Applying Step 1 of this proof shows that, since

#6T0o see this, first observe that r € P since, using (I0) and (I3), it can be checked that > r; = 0.
Noticing that uz > 0, G5 < U, and G5 < AUz, we have for any i € C%, j € C¥, and k € CF\CF,

G
riz 0, =0, mp <0 = - =
K

and therefore r satisfies condition (SA]). Moreover, we have,

o~ s =
mi(r) =[1— GU_S]“i <0< ug, 7(r) =u; <ug,

%k(T) = U — AG—lfg[uk — UE] > up — [Uk — UT{] = ugp:
and thus condition (SA2) is satisfied. Finally,

S
ZiECSUQR Ty = % Ziecs[_ui] = GS,

EkECR\QR Tr = _AG—US';_ EkECR\QR [uk - UE] = _AG(;Q AUz = _GS;

and hence condition (SA.3) is satisfied. To sum up, the net transfer r satisfy conditions (SA]), (SA-2)
and, (SA.3), and therefore it is an SM equilibrium.
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r € 8, we have 7, > G®. Recall (SA.I7) and note that

Yooz > m>=6% (SA.19)

iecsuch iecsuct

SNooml= DY )= Y n=aS (SA.20)

kecR\cF keCcR\cF iecSuct

Combining (SA.19) and (SA.20) gives
=2 el Y el Y ol Y et sam)
r 9 ) 9 k| Z 9 ) 9 k) —Z . .
iecSuch kecR\cF iecSuch kecR\cF
Since 7, > G for any equilibrium net transfer, and since the equilibrium net transfer
defined in ([SAIR) achieves the total promises transfer G°, it must be that 7, = G*
for any r € SMp. When 7, = G, inequalities (SA.2I]) become equalities:

G=T=5 Y Ity X Inl=g X rty 3 (n)=¢

iecSuch keCR\CF iecSuch kecR\cF

This, in turn, implies inequalities (SA.19) and (SA.20) are also equalities:

o= Y m=65 Y = Y (mr) =G5

icCSUCE ieCSUCR jecr\ct jecr\ck

Then similarly to the approach used to prove (SA.1d), we deduce that |r;| = r; for all

i€ CYUCH and |r;| = —r; for all j € CE\C". Hence
r;<0<m, Viec’uct jech\ch

Recalling that C¥ U C" = {1,..,&} and CF\C" = {K 4+ 1,.., I}, we see that the last

equation is equivalent to

Moreover,

T = Z 7”2‘5;7”2‘: Z (—r;) = Z(—rj):Gs.

iecsuch jeCR\c J=R+1
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Using (I2)), observe further that
S )= wt Y wt+ Yy m=-US+UR+G¥ =0
iecSuct ieCS ieCh iecsuct

To verify the individual rationality constraint —u; < r; for any j € C\C", observe

that |(C5UC™) U {j}| > Rn, then by (I6) we have
ie(CSuc)u{s} ieCcSuck

which implies 7; > —u;. So far, we have shown that the net transfer r satisfies (SA.I))
and (SA.3).

All that’s left to prove is that (SA.2) also holds. For any j € C5UCT and k € C*\C*,
note that |(C% UC® U {k})\{j}| = &, then by (I6) we have

0< Y (witr) =D (wi+r)+ (un+rk) — (uj+15) =7Ful(r) — 75(r).
ie(CSuctu{k\{j} iecSuch

Thus, 7;(r) < T (r) for all j € C¥UCH and k € CF\C", and the net transfer r satisfies

(SA.2)), which completes Step 4 and thus concludes the proof. O

Proof of Proposition We start the proof with two preliminary lemmas.

Lemma SA.2. Consider a committee operating under the k-majority rule with |k| > 2
and such that G° > AUz. The following statements hold:
(i) Recalling the utility u, defined in (I4]), we have

Uy < Uz (SA.22)

~

(i) There exists a unique group member k, € C%, i.e., n < r, < R, such that

inequalities (I4) hold, that is, uy, 1 < Uy < Uy, .
(iii) The constant T, defined in (SAT) satisfies the inequality

T. > G°. (SA.23)
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Proof. To prove that (i) holds, observe that

G° =AUz = 3 fw—u] = D [~ ug)

= (I —R)uz —u = (k — 1)[uz — ul. (SA.24)

where we have used ([SA.S)), the definition of AU in (I3)), and the relation K = I —k+1.
Since G° > AUy, this establishes inequality (SA.22) in part (i) of Lemma

By the relations (I4]), and (SA.22)), we have u,, < 0 < u, < uz. Recalling that the
utilities u; are ordered, there exists a unique k, € C?, i.e., n < k, < &, such that the
inequalities (I4]) hold. Indeed, k, := min k such that u; > u,. This proves part (ii) of
Lemma [SA.2

Finally, observe that the total promises transfer 7, defined in ([SA.T) satisfies

R 1 I
To= -]t Y luy—uwl> Y fuy—u] =G (3A.25)
J=ku j=r+1 j=r+1

where the first inequality is due to (I4), and the last equality is due to (SA.8). This
establishes inequality ([SA.23)) in part (iii) of Lemma O

Lemma SA.3. Consider the across the aisle net transfer profile r defined by

ry = —%ui, Vi<n; rp:=0,Vn<k<kg r=—[u;—ul, Vj> k. (SA.26)

where we recall that k, is defined in part (i) of LemmalSA.2. Then the net transfer

ris zero sum, r € P and satisfies the conditions (SAA)-(SAT) of Proposition [SAJ
Moreover, the net transfer profile r defined in (SA.20) is a strong equilibrium.

Proof. First, r € P since

n 1
Zri: ;:;Z(—uz)— Z[uj—u*] =T.—T.=0.
i=1

i€l =k

Second, the statements in (SA4), (SALD) and (SAT) can be directly checked from the
definition of the net transfer r given in (SA.20).
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Next, to prove (SA.M), we need first to prove the preliminary result that 0 < 7, <
US. Using (SA27), observe that

US = To=U% = [u; —u] - G°.

j:k)*

Using the definition of G° given in (I2)) yields

US =T, =U"=> [y —u]=U"=> u;+ (R — k. + Lu,. (SA.27)
j=k« =k,
Since k, € QR, we have n < k, < R and hence U¥ — Zf:k u; > 0. Moreover,

n < k, <& also implies that (F—k,+1)u, > 0. Thus, using (SA27) gives 0 < T, < U%.

Now we are prepared to prove (SA.6). For i <n, n < k < k., and j > k,, we have

/71\'1(7”) :ui—l—n: [1— g’g]ul §07

%k(r):uk_l'rk:ukzo; /ﬁj('/“):’u]‘—‘—’l“j:u*>0,

where the first inequality is implied by 0 < 7, < U®. Thus, we see that the condition
(SAL4)) is satisfied for the net transfer profile r defined in (SA.26]).

Finally, to show that r is a strong equilibrium, set C := C% U C in Lemma
(ii) so that |C| = R. Using condition (SA.6) and observing that u; + r; = w. for all
J > k, shows that we have u; +1; < wu;+r; forall i € C and j ¢ C.

Moreover, since r € P, by (SA.22) we have

Z(UZ—FTZ) = Z Ui — Z Ty = Z Ui — Z [—Uj+u*]

1eC iecsSuch jecr\ch iecsuch jecr\ch
= Zuz — (k= 1Du, = 0.
il
Then by applying Lemma (i), we see that r € Sg. O

Proof of Proposition We proceed in two steps.
Step 1. In this step, we prove the only if part: we fix an equilibrium net transfer

profile r € S8g, and show that r satisfies conditions (SA.4))-(SA.T) of Proposition [SA.4

SA-15



Notice that Proposition [3] shows that the set Sy is not empty, and thus it is possible
to select a net transfer profile from Sg.

Recall Lemma [ and let k&, € CF satisfy
k, =max{i:r; >0} <k, <min{i:r, <0} =k, (SA.28)
and the requirements (§]) (In this proof, we reserve the notation k, for the requirement
(I4) instead of the requirements (8))), that is, —u; <r; <0 <r; and 7;(r) < 7;(r) for

all i < k, < j. Moreover, we assume k. is the largest one satisfying the requirements,

and thus

either r; <0, or 7z (r) > min, 7;(r) (SA.29)
J>kx«

because otherwise &, + 1 would also satisfy the desired requirement.
Step 1.1. We first show that k., < k,. Since k, < K, this implies k, < &. Assume
by contradiction that l;;* > k,. Then by () we have

Uj + 15 2 U, + Ty 2> Up,, for all 2];‘*
Moreover, in the case k. > R, recalling that the utilities u; are ordered, we also have,
uj+1r; >u; >uy, forall K<j< k..

So in all the cases we have u; +7; > uy, for all j > K. This, in turn, implies,

Z r; > Z[uk — ;] = —AU, > —G5.
jecr\ck J>F
Thus, since r € P,

[w; + 1] = U; — ri < -G+ G% =0.
) > o

iecsuct iecsuct jECR\CR

2TTo see this, assume the opposite of statement (SA.29) holds, that is, 7. = 0 and 7y, (r) <
min,_; 7;(r). Condition (8) implies that r; < 0, and hence the assumption r; > 0 implies that
TR, = 0. Thus, we have k, < I~€* +1<k, and, —u; <r; <0< r; foralli < l;* + 1 < 4. Finally, the
assumption 7 (r) < min, ; 7;(r) implies 7;(r) < 7;(r) for all i < k. +1 < j. Hence k. + 1 also

satisfies the requirements (SA28) and ().

SA-16



This contradicts (I6)), which is required here because r € Sg and |C% U CF| = &.
Step 1.2. In this step, we prove that the post-transfer utilities of the members

] = /~f*, -+, I are equal:
T (r) = =7(r). (SA.30)

Consider for notational convenience, the order statistics of {7;(r)}; ;<

~

e (r) <o

~

Ty (T)>

IN

where {l; ,---,l;} is a permutation of {l;;*, cee T}

To simplify the exposition, we proceed in two substeps. First, we show that
T, (r) = --» = T, (r). Second, we show that the equality m, (r) = - = 7(r)
is also true.

Step 1.2.1. In this sub-step we show that
T, (r) =T, (r) and hence m_ (r)=---=m, (1) (SA.31)

Notice that we are considering the term [z, 1, rather than [;.

Assume by contradiction that
%lz;* (ry <m.., (r). (SA.32)
We claim that

r. <0. (SAB?))

E*
Indeed, recall (SA.29). In the case r; < 0, by the definition of order statistics and

recalling that the utilities u; are ordered, we have

Uy

p T Sup, g, <ug, Sug

which implies (SA.33)). In the case r; = 0 and 77 (r) > min;_; 7;(r), by the ordering
of the utilities u; again, we have

ug, = T (r) > min@(r) = @, (r) = w + g 2w,
JZRx



implying (SA.33]) again.
Clearly r; > 0 for some i < k,, and assume without loss of generality that r; > 0.

We now modify r as follows: for some ¢ > 0 small,

ri=ri—e>0, 7. =mr._+e<0, and 7 =r; foralliz#11 .

Set C={1,--- k., — 1} U {lz.,- - Iz} and notice that IC| = %. Note that, for ¢ > 0

small enough,

ul—l—f1<u1—|—r1§%lml(r); Uy~

P + ’l:l];* = %l];* (’f’) +e< /ﬁlﬁ+1 (’l“);

ui + 7 =ug +rg <, (r), i€ é\{lvlk*h uj Ty =y 2 W, (1), C.

Thus u; + 7 < 7, (1) < uy + 75 for all i € C and j ¢ C. Note further that, since
r e SMpr C Sg,

S luit ) = Y w4 [y = ) + (=7 )] = D w2 0

ieC 1eC 1eC
Then by Lemma [SA] (ii) we have 7 € Sg. However, as in the last part of the proof for
Lemma [I, we have Tz = 7, — ¢ < 7,. This contradicts the assumption that r € SMpg
has the minimum total promises transfer. Therefore, (SA.31]) holds true.

Step 1.2.2. Now we proceed to prove (SA.30)). Assume by contradiction that, for

the order statistics in the previous step,

~

T (1) ==, (r) <7y, (r) < <@, (r), forsomer+1<ky <.

First, by (SA.33]) we also have
r; <0, forall j= e, ko (SA.34)

Again assume r; > 0. We then modify r as follows: for € > 0 small,

T=r1—[k—ki+1le >0, ry =, +e<0, j:]%*v"'vk%

Flyy i1 = Tleyin — [ka —Rle < 0; 7 =r; for all other i.
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One can check that r € P:

k
Z@:Zm—[7%—/%*+1]e+226—[k2—ﬁ]6=0-

i€l i€l =k«

Similarly to Step 1.2.1, we see that, for all ¢+ < k. and 7> ko + 1,
ui + TAZ S ul]'e* _'_ TA‘l]'C* == ulk2 _'_ f‘le < ulk2+1 + TAlk2+1 < ul] _'_ 72[]7

where the second inequality holds for ¢ > 0 small enough. Now for the same C =

{1,--- k,—1}U {lz., -+, Iz} with IC| = % as in Step 1.2.1, we have
w; + 7 < uy, +flz; <w;+7;, for allieé, J ¢é,
Slui+7] =Y fuitr] —F—k+1e+ > e=> [u;+ri] > 0.
ieC ieC j=ku ieC

Then by Lemma [SAT] (ii) we see that # € Sg. Moreover, note that

ko

1r,. . N
T =T = 5 [‘T1| - |7‘1‘ + ZHTG‘ - |,rlj|] + ‘le2+1| - |le2+1‘]
j_];)*
1[ [k — 5+Z + [k ]5] R—Fk.+1e<0
- — K = — |k — R« ’
9 2

Jj= k*
where the last inequality is due to k. <7 from Step 1.1. This contradicts the assump-

tion that r € SMp has the minimum total promises transfer, so equation (SA.30)
holds true.

Step 1.3. We now collect all the results from the intermediate steps to show that

r satisfies conditions (SA.4)-(SA.T) of Proposition [SA.4l
Let y, denote the common value in (SA.30). Then r; = y, —u; <0 for all j > k..
On one hand, since k. <k,<Rr by Step 1.1,

0 < Zumtm Zu, ZT] Zui—Z[y*—Uj]

i<k i<k >k i<k >R
= Zul (k= Dye = (k= 1)(uye — ys)-
1€l
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Therefore, y, < u,. On the other hand, by (9),

Tr = Z(—Tj) = Z(—Tj) = Z[Uj — Y] > [u; — u.] =T, (SA.35)

>k JZk« =k =k

Since the net transfer profile 7 minimizes the total promises transfer, and we already
constructed a stable promises profile in Lemma [SA.3] with total promises transfer 7,
then we must have 7, = 7, and thus all the inequalities in (SA.38) are equalities. In
particular, the second inequality in (SA.35]) implies that u, = y.. Moreover, by (SA.29)
and ([SA.30) we have 7, < 0, so that the first inequality in (SA.35) implies that k, = k..
Now it can be directly checked that the conditions (SA.4)-(SA.7) of Proposition
hold. This concludes the proof of the only if part of Proposition SA.4l

Step 2. In this step, we show the if part: we fix » € P that satisfies conditions
(SA.4)-([SA.6)) of Proposition and show that r € SMp and that (SA.7) holds.

To show that r € Sg, set C := C°UC* in Lemma (ii) so that |C| = K. Using
condition (SA.6) and observing that w; + r; = u, for all j > k, (condition (SA.H))

shows that we have u; +1; < u; +r; for all i € C and j ¢ C. Moreover, since r € P

and 7; = —u; + u, for j > k,, we have
St = X ou- o= ¥ ou- X butal
ieC iecsuct jeCR\C iecsuct jECR\CR
i€l

Then by applying Lemma (ii) we see that r € Sg. Moreover,
T=> (=)= ly—w]="T.
2k >k«
By Proposition [3] there exists r* € SMpg. By Step 1 (the only if direction), the net
transfer profile r* satisfies conditions (SA.4)-(SA.T), in particular, 7.~ = 7T, thus T,
is the minimum total promises transfer for all » € 8. Finally, if r € Sy satisfies
(SA4)-([SAL6), we have T, = T, so r matches the minimum total promises transfer,
and thus r € SMp. O
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Supplemental Appendix B (SB): Reaching across the aisle transfer

promises.

In this appendix, we provide necessary and sufficient conditions under which the
SM equilibrium transfer promises are of the reaching across the aisle type. The fol-
lowing proposition generalizes the discussions from sub-section [.I] on whether the
equilibrium rules out circling the wagon transfers where some promises recipients are
reform supporters. We state the proposition, discuss it and provide its proof.
Proposition SB.1. [Reaching across the aisle equilibria.] When k > 2, all the
SM equilibrium transfer promises are of the reaching across the aisle type if and only

if one of the following conditions hold:

1. Reform supporters lack voting power to enact the reform, |CE| < k, as in Propo-

sition [SA.

2. Reform supporters have enough voting power, |C%| > k, and G° < AUz as in

Proposition[SA.3, and one of the two following conditions are satisfied

(a) G5 = AUy, and the weakest reform supporters C*' = {n 4+ 1,--- K} have
equal utilities: up11 = -+ = uz.
(b) G° < AU; and the reform supporter & + 1 has a utility that is equal to that

of the members {n+ 1, -+ [K}: Upy1 =+ = Uz = Upy1.

3. Reform supporters have enough voting power, |CE| > k, and AUz < G° as in

Proposition and Uppq = -+ = Up,—1 = Uy.

Proposition shows that in the case of a majority coercion covered in Proposi-
tion [SA.Il promises recipients are reform opponents in all SM equilibria. Despite their
multiplicity, equilibrium transfers share the common feature of being of the reach-
ing across the aisle type. By contrast, in the cases covered in Proposition and

Proposition [SA.4l where there are enough supporters to enact the reform to begin with
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(|Cf| > k), we show in Proposition [SB.l that for the SM equilibrium transfers to
always be of the reaching across the aisle type, additional restrictions are required. To
rule out circle the wagon type transfers, we broadly need a stale distribution of inten-
sities among a specific subset of reform supporters with weakest intensities. In words,
the proposition shows that when the weakest reform supporters derive uniform util-
ity from the reform, then equilibrium requires that all promises recipients are reform

opponents. We now give the proof of Proposition

Proof of Proposition When |Cf| < k, it is clear from Proposition that
all promises recipients are reform opponents, and thus statement 1 in Proposition
holds.

We now prove statement 2 of Proposition We first show that properties 2.a.
and 2.b of Proposition [SB.I] imply that any r € SMp belongs to the reaching across
the aisle type.

Consider now the first subcase where u,; = --- = u; and GY = AU;. Note that
Uj—|—7”j :/ﬁj(r) Z;T\,g(’/’) Zu,%, Vj > A
Then

To=3 (=) € 3w — ) = AU = G5,

J>R >R
Since 7 € SMp, then T, = G° ( Proposition A3 condition 3.), and thus equality
holds above. This implies that —r; = u; — uz, and thus 7;(r) = u; for all j > £. Note
further that w; < 7;(r) < 7;(r) = u; for all n < i < & < j. By the assumption in this
subcase, we see that r; = 0 for n < ¢ < A. Then the net transfer profile r is of the
reaching across the aisle type.
Consider the second subcase where w41 = --- = uj; = ug, ;. By Proposition
Part 1, we have r; > 0 for n < ¢ < & and 12,1 < 0. Then 7;(r) > w; = uzyq >

Tz11(r). By Proposition Part 2, we have 7;11(r) > 7;(r), and thus we must have
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Tar1(r) = m(r). Thus, r; = 0 for n < i < &, and therefore r is of the reaching across
the aisle type promise.

We next prove the only if part of statement 2 in Proposition To do so,
we assume that both statement 2.a and statement 2.b are false, and construct an
equilibrium promises profile r € SMp where some promises recipients are reform
supporters. Note that, when both statements 2.a and 2.b are false, the assumption

that 0 < G° < AU, implies that one of the following two statements must be true:

Upir <uz and 0< G < AUg; (SB.1)

Upp1 = =uz < uzy1 and 0< G° < AU,. (SB.2)

Now let 0 < & < G° and we modify the equilibrium promises profile in (SAIR) as

follows:
S _
T = —qui, 1€ CS; Tntl i= €;
ri =0, n+1<j<k 7rpi=-— [uk—ug],kECR\QR.

AUz
It can be directly checked that r € P and satisfies conditions ([SA.]) and ([SA.3]) from
Proposition SA.3], so to establish that r is an SM equilibrium, we only need to prove

(SA2).
In the sub-case (SB.Il), assume further that ¢ < uz — u,+1. Then one can check
mi(r) <0 <7(r) <wuz <7(r), foralli<n<j<i<k.

S

In the sub-case (SB.2), assume further that ¢ < [1 — %—][usy1 — uz]. Then using

AU
Upt+1 = Uz one can see that, for all i <n < j <k <k,
s
/71\'1(7”) S 0 S ;T\j(’/’) S Uz + € S Uz + [1 — m][u,g_;_l — ’UJ,%] S /ﬁk(r)

To sum up, in all subcases, the promises profile r defined in (SB.3) also satisfies the
condition (SA.2]) of Proposition[SA-3when ¢ is small enough, and as a result, r € SMpg.
We conclude then by observing that since r,.; > 0, the reform supporter n + 1 is a

promise recipient, and therefore the equilibrium r has some circle the wagon transfers.
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We now prove statement 3 in Proposition [SB.1l We first show the if part. Fix an
arbitrary r € SMp. By Proposition [SA4l we have r; > 0 and u; < 7;(r) < w, for
n+1 <1 < k. However, since we assume ,; = --- = Ui, 1 = U, here, we must have
ri =0forn+1<i <k Since r; = —(u; —u,) > 0 for j > k,, we see that the net
transfer profile r is of the reaching across the aisle type.

We now prove the only if part. Recalling that the utilities u; are ordered, we assume
Un+1 < uy and we shall construct an r € SMp which has some circle the wagon type

transfers. Let 0 < ¢ < 7, and we modify the promises profile described in (SA.20) as

follows:
Ti—e . < c
Tii= Uy, 1SN Tnt1 = &
/s +1 (SB.4)
T =0, n—|—1<k‘<k’*7 rp = _[uk_u*]7]2k*

Assume further that € < u, — u, 11, then one can check that

mi(r) <0< 7(r) <u,=m(r), foralli<n<j<i<k.

It can be checked that r € P and satisfies all the other requirements in Proposition
[SA-4 We conclude by observing that r,,,; > 0, and therefore the SM equilibrium net

transfer profile r constructed in (SB.4)) has some circle the wagon transfers. O
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