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ABSTRACT. In this paper we investigate the wellposedness of a class of Forward-
Backward SDEs. Compared to the existing methods in the literature, our result
has the following features: (i) arbitrary time duration; (ii) random coefficients;
(iii) (possibly) degenerate forward diffusion; and (iv) no monotonicity condi-
tion. As a trade off, we impose some assumptions on the derivatives of the
coefficients. A comparison theorem is also proved under the same conditions.
This work is motivated by studying numerical methods for FBSDEs.

1. Introduction. In this paper we study the wellposedness of the following For-
ward Backward SDE (FBSDE):

t t
Xt:as—l—/ b(w,s,Xs,Ys,Zs)ds—&—/ o(w, s, Xs,Ys, Zs)dWs;
0 T 0 T (1)
i =gl Xo) + [ flos XY Z)ds — [ Zuaw
¢ ¢

where W is a standard Brownian Motion. The first seminal work on BSDE theory
s [15]. Since then BSDEs and FBSDEs have been extensively studied and their ap-
plications have been found in many areas, including finance and stochastic control.
In particular, [16] studies decoupled FBSDEs where b and o do not involve Y or Z.
We refer the readers to [6] and [7] for more details on BSDE theories, and [13] for
FBSDEs .

There are mainly three approaches for the wellposedness of FBSDEs in the lit-
erature, each of which has its constraints. The first one is to use the fixed point
theorem. This method works very well for BSDEs (and decoupled FBSDEs), but
for FBSDESs one has to assume that T is small enough (see, e.g. [1]) or to assume
some monotonicity conditions (see, e.g. [17]). The second one is the four step
scheme [13], which allows T to be arbitrary large, but requires the coefficients to be
deterministic and ¢ to be nondegenerate. To be precise, the authors assume that o
is independent of z and relate the FBSDE (1) to the following PDE

{ U + %02(t7x,u)um +b(t, z,u, 0(t, z, u)ug )us + f(t,x,u,0(t, x,u)u,) = 0;
u(T,z) = g(z);
in the sense that
}ft = U(t,Xt), Zt = U(t,Xt,U(t,Xt))’U,x(t,Xt).
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[5] also follows this line. The third one is the method of continuation, see e.g. [10],
[18] and [20]. This method allows T to be large and the coefficients to be random,
however, it requires some monotonicity conditions. For example, [10] assumes that,
for some constant 8 > 0 and for any 0; = (z;,y;,2:),1 = 1,2,

[b(ta 91) - b(t7 92)]Ay + [U(tv 01) - U(t7 02)]AZ - [f(t7 01) - f(ta 92)]A1‘
> BllAz? + Ayl + | Azf);
[9(21) — g(x2)]Az < —p|Az|*.

We would also like to mention that there are some works on linear FBSDEs (e.g.
[21] and [22]) and some works on FBSDEs with nonsmooth coefficients (e.g. [2], [8],
[9] and [14]).

Despite all these efforts, the FBSDE theories are far from complete. In this paper
we provide a different approach. This work is motivated by our study of numerical
methods for some FBSDEs, in which we need the wellposedness of a linear FBSDE
with random coeflicients. It turns out that none of the existing methods works in
our case. We think our new result is interesting in its own right and is potentially
useful in more applications, so we decide to publish it separately.

Our main idea is to obtain some uniform estimates of the solution to the FBSDE
over small time interval, and then prove by induction that the time interval can be
extended piece by piece while still keeping that estimate. Such an idea was also
used by Delarue [5]. While [5] relies heavily on PDE arguments (so its coefficients
have to be deterministic), we use purely probabilistic arguments. As a trade off, we
need to impose a key compatibility condition (3).

Another main result of this paper is a comparison theorem. Unlike the BSDE
case, in general comparison theorem does not hold true for FBSDEs. There are some
positive results along this line (see, e.g. [3] and [19]). We prove the comparison
result under the same conditions as for the wellposedness result.

The rest of the paper is organized as follows. In next section we state the main
theorems. In §3 we study the small time duration case, in particular we obtain the
key estimate in Lemma 2. In §4 we prove the wellposedness result and in §5 we
prove the comparison theorem.

2. Main Theorems. Assume (), F, P) is a complete probability space, Fo C F

and W is a Brownian motion independent of Fy. Let F 2 {Fi}o<t<r be the
filtration generated by W and Fy, augmented by the null sets as usual. We study
the following FBSDE:

t t
X, =X —|—/ b(w,s,0s)ds —|—/ o(w, s, X, Ys)dWg;
0 T 0 T (2)
Y: = g(w, X7) +/ flw,s,04)ds —/ ZdWs.
t t

where © 2 (X,Y,2), Xo € Fo and b, 0, f, g are progressively measurable. Moreover,

for any 6 = (z,y,2), b,0, [ are F-adapted and g(-,z) € Fr. For technical reasons in
this paper we assume all processes are 1-dimensional, and for notational simplicity
we will always omit the variable w. Some more general results are proved in an
accompanying paper [23].

Our main result is the following theorem.
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Theorem 1. Assume that b,o, f,g are differentiable with respect to x,vy,z with
uniformly bounded derivatives; and that

oyb, =0; by +ozb.+o0yf, =0. (3)
Assume further that

2

T

13 2 B{|1Xol? +19(0)* + / [6(£,0,0,0)[2 + | (£,0,0)[2 + |£(1,0,0,0) ]t } < oo.
0

Then FBSDE (2) has a unique solution © such that

T
AN
1012 £ B{ sup [1X:[2+ |v2l?] + / Ziat} < CI. (4)

sup
0<t<T
Remark 1. (3) can be replaced by the following stronger condition

1oy lloollbzlloe = 05 by lloc + [0z loo[|b2]lco + lloy[loo [l f2[loo = O ()
Remark 2. The following three classes of FBSDEs satisfy condition (5) (and (3))):

t t
X = Xp +/ b(s, Xs)ds +/ o(s, Xs)dWs;
0 0

T T
Ytzg(XTH/ f(s,Xs,Ys,Zs>ds—/ Z,dW,.
t t
t t
X, :X0+/ b(s, Xy, Z)ds + | o(s)dWs:
0 T 0 T
Ytzg(XT)-l-/ f(S,XS,YS,ZS)dS—/ ZdWs.
t t

t

t
X :X0+/ b(s,Xs)ds+/ o(s, Xs,Ys)dWs;
0

o T
Y: = g(X7) —|—/ f(s,Xs,Ys)ds —/ ZdWs.
t t

Also, instead of differentiability, it suffices to assume uniform Lipschitz continuity
in these cases.

Another main result of this paper is the following comparison theorem.

Theorem 2. Consider the following two FBSDFEs:

t t
X =Xot [ Ws0l)ds+ [ als, XL YW,
0 0 1=0,1.

T T
Y = g' (i) + / fi(s,00)ds — / Zidw,;
t t

Assume
(i) (b, fi,¢°),i = 0,1 satisfy all the conditions in Theorem 1;
(i1) for any (1,0, 9°(x) < g'(x) and fO(1,0) < f1(1,0).
Then Y < Y{.

3. Small Time Duration. It is well known that (2) has a unique solution when
T is small. For any function ¢, let L, denote its Lipschitz constant in (x,y, z).



930 J. ZHANG

Lemma 1. Assume Ly, Lo, Ly < K and Ly < Ko. Then there exist 69, Cy and C1,
depending on K and Ko, such that for T < &g, if I3 < oo, then (2) has a unique
solution and it holds that

[©] < Colo.

Moreover, the following estimate holds true:
T
B sup [P+ il + ([ |22}
0<t<T 0

T
< GE{IXol* + g0 + / [b(,0,0,0)[* + | (2,0, 0)[* + | (1,0,0,0) ]t };
0

given the right side at above is finite.

Proof. The existence and uniqueness as well as the first estimate are due to Antonelli
[1]. The second estimate is standard (see, e.g. [5]). O
The following result is the key step of this paper.

Lemma 2. Consider the following linear FBSDE:
t t
Xp=1+ / [l X, + LY, +~1Z,)ds + / (02X, + B2Y ]dWy;
0 0

T T (6)
Y; = GXp + / [0 X, + B3Y, + 2 Zs)ds — / ZdW,.
t t

Assume |od], |8, |V < K,i = 1,2,3 and |G| < Ko. Let §y be as in Lemma 1.
Assume further that
P =05 i +aiy + B =0. (7)
Then for T < &y, (6) has a unique solution (X,Y, Z) such that |Y;| < Ko|X|, where
Ko 2 [Ko + 1]e®K+EDT _ 1, (8)
In particular, |Yy| < K.
Proof. First by Lemma [1, (6) has a unique solution. For any ¢ € [0,7") and any
€ € L>®(F,), denote O, 2 0.5 € [t,T]. Then © satisfies the following FBSDE
X, =Xt + / (01X, + Y, 4 2, )dr + / (02X, + B2, ]dW,;
A A t T A A A t T A
Y, =GXr + / [ X, + B3Y, +~2 2, )dr — / Z.dW,.
By Lemma (1] again, we have
E{|Y:£[*} = E{|V:]*} < COE{|X.£°).

Since ¢ is arbitrary, we have |Y;| < Cy|X¢|, P-a.s., Vt. Moreover, both X and Y are
continuous, thus
[Yi| < Co| X¢|,Vt, P — a.s.

Denote
A A 1
T=inf{t>0: X4 =0}AT; 7, =inf{t>0: Xy =—-}AT.
n
Then 7, T 7 and X; > 0 for ¢ € [0, 7). Denote

~ _ ~ A _ ~ ~
YV, =YX, Z=Z X)) - Yo + 87Y); teo,T).
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Then |V;] < Cy and
Ay, = [X]7'dY; - V[X] 72X, — [X] 7 2d < X, Y >, +Y[ X, 3d < X >,
= ZJX] 7AW — [of + BYY: + 47 Zi[ X dt
~Yilal + BIY: + ) Z [ Xyt
—Yilof + BEVdWy — [of + BPY3) Zu[Xy) 7 dt + Yi[of + B7Y3)%dt
= ZdW, — [7;9’ +71Y; +a? + ﬂ?f/t} Zy[ Xyt
—[af + BY: + Yilod + B1Vi) — Vilaf + BVt
= ZaW, — |3} + 7Y+ of + BV Zude
— [ 2T+ of + B2V | Vila? + 5V dt
—[af + B3Y: + Vila} + G1¥3] — Vila? + G3Vi)?  at
= ZaW, |3} + 21V + of + BV Zuae
— [BATE 48+ oyt + BITE + of + B + oaIYe + of |t
= ZeW, — |5} + of) + [} + B1%e] Zudt = [[of + 67 + o}rfIYi + o |at,

thanks to (7).
For each n, we have

To= Yo [ Zawer [ | [ +adie i+ BT 2+ [lad 4 5+t Ficrad] .
0 0

Denote
t
M, =1 +/ M, [[TZ’ +a2l+ s +5§]Ys} LirssydWs;
0
t
Ft =1 +/ Fs[ai + ﬁg’ + a§’72]1{7>s}d8
0
Then
d(LyMYy) = (- )dWy — FtMtO‘fl{TN}dt’
and thus,

i}o = E{FTWMTWYTn +/ FtMtOégdt} (9)
0

Since |Y;| < Cp, M is a martingale and |I';| < eCE+E"E Noreover, if T = T,
then |Y;| = |Yr| = |GXr| = |GX;| < Ko|X,|. If 7 < T, then X, = 0, and thus
|Y;| < Co|X.| = 0. Therefore, in both cases it holds that |Y;| < Ko|X,|. By
standard arguments, we have

Yo+ Br, { / |Zi[2at }

:ETW{|YT|2 + 2/ Yilaf X, + B}Y: + Wf’Zt}dt}

Tn

T 1 T
<B. KA+ C [ 12 + ViPhde+ 5 [ 1z},
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Similarly,

ETn{|XT|2}§ETH{|XTH|2+C/ (X[ + Y[ dt+ﬁ/ 1,2t}

Thus .
mﬁ < B, 31X, P+ C [ 1P + viPlar).

Note that [X, | > =, then

v, |<KO+CET,L{/ IX PPt} < Kot CBL ] sup K+ ),

Tn Tn <t<T
where . A
Xt:Xt[XTn]_l; }/t :}/t[XTn]_l'

Now by (9),

~ T 2

Yo| < K/ eCEHED gy

0
1 _ _
+E{e(2K+K2)TMTn [KO + CE{ sup [| X% + V3|2 — Tn]}] }
T <t<T
< 6(2K+K2)T 14K, 6(2K+K2)T

—l—CE{MT,,LEén{ sup [|X|* + [V — Tn]}}

Tn <t<T

< Ko+ CEHIM, PYEH sup K + Gl — 7]}

Tn <t<T

< Ko+ CEH sw [+ WP} E I - 7).

Tn<t<T

Note that (X,Y) satisfies the following FBSDE:

X, = 1+f0 ailir, <} Xs + By Yo + 75 Lir, <5y Zslds
Jrfo « 1{7.n<s}X + 32 1{.,_n<s}Y]dWS,
Y, = GXT-l-ft o 1{7.n<s}X + 3 1{7.n<9}Y +751{7—n<s}Z ft Z,dW.
By Lemma (1)
B{ sw (%[ + Vi) < B sup X+ [} < O,
Tn <t<T 0<t<T
Thus

Yo| < Ko + CEH{|7 — 7).
Let n — oo, we get |§~/0| < K. That is, |Yy| < Ko|Xo| = Ko. Similarly, |Y;| <
Ky|X| for all t € [0,T]. O
The following result is important.

Corollary 1. Assume that all the conditions in Lemma 1l hold true; and that (5)
holds true. Let ©%,45 = 0,1, be the solution to FBSDEs:

t t
X} :zi+/ b(s,@g)dH/ o(s, XL YHdW,;
vi= g+ [ fseids— [ ziaw,
t t

Then |Yy — Y| < Ko|zy — 0|, where Ky is defined in (8).
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Proof. For 0 < A < 1, let © 2 (X, Y}, Z*) and VO £ (VX), VY, VZ) be
the solutions to FBSDEs:

t t
X} =20+ M1 — x0) + / b(s,©N)ds + / o(s, X2, Y dWy;
0 0

T T
Y2 = g(X2) + / F(5,0))ds - / Z>aw,.
t t

and
VX) = 14 [)[bu(s,00) VX2 +by(s,0)) VY +b.(s,00)VZ]ds
+ [Joa (s, eg)V)TQ +0,(s,00) VY dW,;
VY = J(XP)VXR A [, [fa(5,0) VXD + f,(5,02) VY (10)

T
s OV 2Nds [ V22w
t
respectively. One can easily prove that

1 d 1
ol —a!? :/ aeﬁdA = [21 —xo]/ VO dA.
0 0

In particular,
1
Yy - Yy = [21 — 1’0]/ VY;dA.
0

Note that (3) implies (7) for FBSDE (10). Then by Lemma 2 we have |VY3\| < K,
and thus

1
i = Y91 < fou — o] [ [9%1dA < Rolo = o),
0

proving the lemma. O

4. Proof of Theorem [1. We now consider arbitrary large 7. Let K and Ko be
as in Lemma [I, and Ky be defined by (8). Let dp be a constant as in Lemma [1]
but corresponding to (K, Ky) instead of (K, Ky). Assume (n — 1)dg < T < ndy for
some integer n. Denote T; S - 0,---,n. Define a mapping F}, : @ xR - R

n?

by F,(w,z) 2 g(w,x). Now for t € [T,,_1,T,], consider the following FBSDE:

¢ t
X'=z +/ b(s,07%)ds +/ o(s, X, Y )dWs;
Tn,1 Tn—l

Ty Ty
Y = F.(X7,) —|—/ f(s,07)ds — / Z7dWs.
t t

Note that Lp, < Ky < K, by Lemma (1! the above FBSDE has a unique solution

for any z. Define F,_1(x) 2 Y7 . Then for fixed z, F},_1(z) € Fr,_,. Moreover,
by Corollary [1l we have

LFn_l S Kl é [KO + 1]6(2K+K2)(Tn7Tn71) -1 S KO.

Next we consider the following FBSDE over [T},_2, T),—1]:

t t
X0 = [ bser st [ ofs Xy haw

Th_2 Tn-1
Tn_1

Trn_1
Y/ = Foa (X)) +/ f(s,07 1)ds 7/ Z" AW,
t t
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Similarly we may define F,,_2(x) such that
Lp,_, <K, 2 [Kl =+ 1]6(2K+K2)(Tn71_Tn—2) -1
= [Ko+1]e@KTENT-Tu2) 1 < K.

Repeat the arguments for i = n,--- , 1, we may define F; such that

Lp, < Kn—i 2 (Ko + LeGRHENT-T) 1 < [,

¢

Now for any Xo € L?(F), we construct a solution for (2) as follows. For i =
]-7 23 A2

X = XTi—l +/

T

t t

b(s,0;)ds —|—/ o(s, Xs, Ys)dWs;
Tiza t e [Tifl,Ti].

71-‘1' Ti
Y: = Fi(Xr,) +/ f(s,04)ds — / ZdWy;
t t

Obviously this provides a solution to (2). From the construction and the uniqueness
of each step, we know this solution is unique.
We next prove (4)). Denote

I 2 b(t,0,0,0) + o (£, 0,0)” + [ £(£,0,0,0)”.
By Lemma (1l and the definition of F;, we have

RO} < GE{IROF + [

Tia

T;
Ifdt}.

By induction one can easily prove that

wax E{RO)F} < GGE{g0F + [ " it} = cB{lgO + / ).

0<i<n

We note that n < % + 1 is a fixed constant depending only on K, Ky and T, then
so is C. Now for t € [Ty, T1], by Lemma 1]

T
B{lap+ i} < cB{xP+ InOP+ [ )
To

IN

T
CE{\XOF +1g(0)]? +/ Ifdt}.
0
Then by induction one can prove

T
sup E{[ X, + %) SC’E{|X0|2+|g(O)|2+/ r2dt).
0<t<T 0

Now by Ito’s formula,

T T
B{ el + [ 1ZPd) = B{if+2 [ Yise00at)
0 0

IN

T
(Ve + € [ 15,0,0.0P + 1,
0

1 T
+|Yt|2]dt+f/ |Zt|2dt}.
2 0
Then
T T
E{/ \Zt|2dt} gCE{|X0|2+\g(O)\2+/ Ifdt}.
0 0
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Finally, (4) follows the Burkholder-Davis-Gundy Inequality. O

5. Stability and Comparison Theorem. We shall prove Theorem 2/in this sec-
tion. First we establish the stability result for (2)).

Theorem 3. Assume (b%, 0%, f*, g%, X¢),i = 0,1, satisfy all the conditions in Theo-

rem 1. Let ©' be the corresponding solutions, A© 2 el -0 Ag 2 g1 — 9o, and
define other terms similarly. Then

T
AP < CE{|AXDP + |Ag(XhP + [ [|A6F +1A0] + |AF2] ¢, 0}t ).
0

Proof. For 0 < A < 1, let ©* and VO* be the solutions to the following FBSDEs:

X} = X3 +)\AX0 + [0 [b%(5,02) + AAb(s, ©1)]ds
—i—fo (5,02) + Mo (s, @1)]dWS,
Y2 = [0%X3) + MAg(XE)] + [0, 0)) + AAf(s,01)ds — [T Z2dW,.
and

VX = AXo+ fi [o20s, 0V X2 + 005, ©2) VY2 + Ao(s, Oh)] W,
+ fy [bg (5,00) VXD + b0 (s, 02) VY,
(s, 02)V 22 + Ab(s, O1) | ds;
Yy = [gx(X)‘)VX% +Ag(XR)] — [TV zrdw,
+ I s e v X +f°(s 0y
25,00V 22 + Af(5,0})|ds;

respectively. By the uniqueness of solutions, we know that the two definitions of
(©°,01) are consistent. Also, one can show that

1 1
A@t:/ i@QdA:/ VO dA. (11)
0 0

Since (b°,0Y, f0) satisfies (3), by Lemma 2/ we have

IVOA? < CE{|AXo[? +|Ag(XH)? + / 180 + 1Al +|AfE] (¢, 0}t },
0
which obviously proves the theorem. O

Corollary 2. Assume (b",0™, f™, g™, XJ),n = 0,1,--- satisfy all the conditions
in Theorem 1 uniformly; Xy — X§ in L?; for ¢ = b,o,f,g and for any (t,0),
O™ (t,0) — ©°(t,0) as n — oo; and
T
B{IX5-Xo+lg" =g PO+ | (170" 0P+~ FF)(2,0,0,0)dt} — 0
0
Let ©™ denote the corresponding solutions. Then
[©" — 0" — 0.
Proof. By Theorem 3,
lom -2 < CE{IXy - X512 + 19" — ¢"[A(x})

T
+ [ =R+ lo7 = o 117 = £ 00}
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Let n — oo and apply the Dominated Convergence Theorem we prove the result. O
Next lemma is the linear version of Theorem 2l

Lemma 3. Assume |of|,|3%,|7!| < K, |G| < Ko, and (3) holds true. Assume
further that € > 0 and n > 0. Let (X,Y,Z) be the solution to the following linear
FBSDE:

t t
X, = / [l X, + LY, +~1Z,)ds + / [@? X, + B2Y,]dWy;
0 0
T T
Y; = GXr+ €+ / (@3 X, + B3Y, + 732, + nslds — / ZdW,.
t t

Then Yy > 0.

Proof. We prove the result in several steps.
Step 1. Assume G =0,7=0. If Yj <0, let

Téinf{t:Y} =0} AT.
Since Ypr = £ > 0, we have Y; = 0. Denote
—i & 7i & i i D i
Qy = at1{7'>t}; B = 5t1{r>t}§% = ’Ytl{r>t}§
5 A = A N
Xe=Xont; Y1 =Yones Zr = Ztl{‘r>t}~
Then
%= [lalX, 4 B+l 20ds + [ 02K, + BT
9 0
v |
t
By uniqueness Y; = 0. Then Yy = Yy = 0, contradiction. Thus Yy > 0.
T
Step 2. Assume n =0 and |g| < C where G = F{G} +/ gidW;. Denote
0

T
[@3X, + B3Y, + 73 Z,)ds — / ZdW.
t

t
A ~ A = A
Gt:E{G}+/gdes; Y, =Y, - G Xy; ZtZZt—Gt[Oé?Xt—Fﬁ?Yt]—tht-
0

Then
(mt:[¢&+QM+@M+ﬁ%+@@&+@ﬁM+@xH%xmt
+ [0 X, + BRIV + G X)W
= [@X0 BV A2+ (62X 4 BT
and
dY, = —[0fXy+ B}Ys + 7 Zidt + ZudW, — gi[of X, + B7Yi]dt

—Gilod Xy + BLY, + L Z)dt — G2 X, + BRY,)dW, — g, X, dW,
= Z,dW, — [[0d + gio? + Gl Xy + [B2 + 982 + GeBL Vi + G X
+[V + Gl Zs + (g0 + Giod) Xy + G B2Y; + G X)) | dt
= (&} X, + BPYs + AP Z)dt + Zid W,



WELLPOSEDNESS OF FBSDES 937

where
1 A
& = af + Gif} + Geaiy! + |G + 90t
~ A
B = B + Gt = Bl
18 1.
Ve = Vi
&% £ a? + Gy
~5 A
7 = 67
~a A
&) = of + giof + Graf + (57 + 9157 + GiB ]G
+[v + Givtllge + Gia? + |Ge)?82);
~a A
3 = 32+ .87 + GiB} + GiB2E + |Ge|2 B34
~a A
=7+ Gt

One can easily check that &¢, 3°,5¢ are bounded and still satisfy (3). Note that
Y/ngzo. BySteplweknowYoszozo.

Step 8. Assume 7 = 0. One can find G,, such that |G,| < K, G,, — G as.,
and G, satisfies the condition in Step 2. Let (X™, Y™, Z™) denote the solution
corresponding to G,,. By Step 2 we have Y* > 0. Then by Corollary 2/ we get
Yo = lim Yg* > 0.

n—oo

Step 4. Assume £ = 0,1 <5 < m and T < § where § > 0 is a small constant

’m

depending only on K, Ky and m. By otherwise applying the Girsanov Theorem,
without loss of generality we assume 77 = 0. By standard arguments (see, e.g. [1]),
for and € > 0 we have

T
swp BN+ P} +B{ [ 1z Pa)
0<t<T 0

<ce'B{ | P+ ) + 2B / nar)

<Ce™'T sup B{|X;*+ \Y}|2} + Sm?T
0<t<T 2

We choose § = 5z and will specify ¢ later. Then for T' < §, we have

T
sup B{|X? + |Yt|2} +E{/ |Zt|2dt} < m2eT.
0<t<T 0

Moreover,
T T
BUXrP) < CE{| [ i+ Yt aizdar? + | [ (a2 X+ BYIdWiP)
0 0
T T
< OB(T [ 1P+ WP 412+ [P + P
0 0
< Cm?eT>.
Thus

T
Blax,+ /0 01X, + BV, |

<CE*{|X7|?} + CT sup EZ{| X, + |Yi|*} < Cmy/eT.
0<t<T
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Therefore,

T
Y, = E{GXT+/ [0} X + BYY; +77t]dt}
0

v

T
m T - |B{GXr + / o X, + 5t )|
0
> m T — Cmy/eT.
Now choose ¢ = C~2m™*, we get Y > 0.
Step 5. Assume % <n<mand T < § where § is the same as in Step 4. Denote

t t
X} = [ ladxt gl ol zlds + [ a2t YW
0 0

T T
vi-Gxpe [ ot e @yt eoiziias— [ zlaw,
t

t
and

t t
X = [lalx2 4 Y24 a12ds + [ a2X2 4 YW
0 0
T T
Y7 = GX7 +/ (3 X2 + B2Y2 + 377 + nslds — / Z2dW,.
t t

By Step 3, Y3 > 0, and by Step 4, Y > 0. Therefore, Yy = Y3 + Y2 > 0.

Step 6. Assume % < n < m. Let § be as in Step 4 but corresponding to
(K, Ko, m) instead of (K, Ko, m), and assume (n — 1)d < T < né. Denote T} = %
Denote G, 2 G,&, = ¢ Forte[T,-1,Ty], let

XY= 1+ [ [elXml 4+ Byt 441z ds
+ [ (02X 4 BRY AW
Y = GuXE [T a3 XD+ BV Rz ds — [T 20 W
and
X = n alXP? 4 B2 4l Z0%ds + [y [02X D2 + B2Y AW
Y = GuXR &t [ [03XD2 4 BV 443207 + 1) ds

— [ zm2aw,.

Denote G,,_1 = YT"’l1 yen—1 2 YT"’%I. By the proof of Theorem [1l we know |G,,—1| <

n— n

K < Kg. By Step 5, &,—1 > 0. We note that, for t € [0,7},_1], (X,Y, Z) satisfies
t t
X, = / [l X, + BLY, +~1Z,)ds +/ [@2X, + B2Y,]dW;
0 0
Tn—1 T
Vo= GuaXr 4G+ [ (X BV 42 kmdds — [ 2
t t
Repeat the arguments we may define G; and &; > 0, and it holds that
t t
X, = / [as X + BLY + 72 Z)ds +/ [0 X, + BIY|dW,;
0 0
Tl Tl
Y= GiXn + 6+ [ [dXe BV 42 bnlds - [ 2w
t t

By Step 5 again, Yy > 0.
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Step 7. In general case, denote ™ 2 (nAm)V % and let (X™, Y™, Z™) denote

the solution corresponding to ™. By Step 6, Yj® > 0. Then by Corollary 2,
Yo = lim Y™ > 0. O

m—0o0

Remark 3. In general one cannot expect Y; > 0.

Proof. Consider the following FBSDE:
t

Xt:/ stWS,

0 T T
Yt:XT+/ ds—/ Z.dWs.
t t

Assume Yr > 0. By the BSDE we have X = Yp > 0. Since E{Xr} = 0, we get
X7 =0 a.s. Then on one hand, by the FSDE we have Y; = 0. On the other hand,
by the BSDE we get Y; =T — t. Contradiction! O

Proof of Theorem 2: Let ©* and VO* be as in the proof of Theorem 3. Then
AXyg=0, Ab=0, Ac=0,Af>0, Ag>0.
By Lemma 3, VYy* > 0. The result follows (11) now. O
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a serious mistake in the first version of the paper.
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