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Abstract

In this paper we propose a dynamic model of Limit Order Book (LOB). The main feature
of our model is that the shape of the LOB is determined endogenously by an expected utility
function via a competitive equilibrium argument. Assuming zero resilience, the resulting
equilibrium density of the LOB is random, nonlinear, and time inhomogeneous. Consequently,
the liquidity cost can be defined dynamically in a natural way.

We next study an optimal execution problem in our model. We verify that the value func-
tion satisfies the Dynamic Programming Principle, and is a viscosity solution to the correspond-
ing Hamilton-Jacobi-Bellman equation which is in the form of an integro-partial-differential
quasi-variational inequality. We also prove the existence and analyze the structure of the
optimal strategy via a verification theorem argument, assuming that the PDE has a classical

solution.
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1 Introduction

The effect of the liquidity of a security asset, both short term and long term, has been noticed
by practitioners and researchers alike for quite some time. Tremendous efforts have been made
in modeling the liquidity costs as well as its impact on the security prices (see, e.g., [4, 2 8 [15],
to mention a few). In a frictionless market model (Black-Scholes’ framework for example), one
assumes that the securities can be bought or sold at a quote price regardless of the trade size
and the actual availability of the securities. But this is far from being realistic. In practice, the
parity between the supply and demand often causes the actual trade price to deviate from the
fundamental price, leading to the bid-ask spread. As a consequence, some extra cost has to be
paid in actual trading, especially when the volume of the trade is relatively large compared to the
existing liquidity on the market.

Unlike the quote driven market models, in which a market maker sets the price upon which all
the trades are made, an “order-driven” market model is one that reflects more of the reality. In
such a model, both buyers and sellers are allowed to be “patient” in the sense that they submit the
“orders” containing the amount of the shares and the prices at which they are willing to buy or sell.
These orders are called limit orders. Unlike the “market orders”, which are executed immediately
at the “market price” whenever there is sufficient liquidity, the limit orders are executed only
when an opposite order with the matching price comes in. Obviously, limit orders are usually not
executed immediately, a limit order book (LOB) is thus formed. Intuitively, a reasonable model

of an LOB must contain the following basic elements:

(i) The best ask/bid price (the frontier of the sell/buy LOB);

(ii) The shape of the LOB (the volumes of the orders at each price).

There have been many papers in the literature trying to model and analyze the movement
of the LOB (cf., e.g., [I1] 13} 14} [16] and the references cited therein), as well as the optimal
execution/liquidation problems in which a large trader needs to acquire/liquidate a certain amount
of stocks in a given time horizon, with the minimal cost (see, e.g., [3, 12| [15]). Apart from the
usual factors such as the fundamental price (or mid-price) and the liquidity (often refer to the
total amount of shares available for trading), an important characteristic of an LOB is its “shape”,
that is, the “density” function of the LOB. This is particularly the case when the liquidity cost
is among the main concerns. However, in most of the existing works the shape of the LOB is
assumed to be exogenously given, either in the simple “block-shaped” (cf. e.g., [, [15]), or in a
general given shape that is supposed to be determined by empirical studies (cf. e.g., [3} 2, 17] and
the references cited therein). However, such an assumption obviously lacks the ability to adapt

to the changes of market movement, especially when the underlying price is volatile within the



concerned time horizon. A more ideal model would be such that the shape of the LOB could be
determined endogenously, through some more basic market factors such as the bid-ask spread,
the fundamental prices (the “mid price”, for example), and the market liquidity. This paper is
an attempt in this direction.

To simplify the argument in this paper we shall consider only the “sell” side of the LOB,
namely we assume that all the buyers are “impatient” in the sense that they only submit the
market orders so there is no “buy” side LOB. Our first objective is to develop a dynamic model for
the LOB whose shape is determined via the movement of the fundamental price, the instantaneous
trading size, as well as the liquidity. The guiding principle of our model comes from the idea of
equilibrium distribution, initiated by Rosu [16]. Roughly speaking, we assume that there exists a
competitive equilibrium among all the prices in the LOB. The existence of such an equilibrium
can be heuristically justified as a balance between the expected sell price and the cost of waiting
(for the order to be executed). The equilibrium could be affected by the fundamental price, the
execution of orders, and the arrival of the new orders, etc., and when an existing equilibrium is
broken, every seller in LOB will reposition until an equilibrium is reached. It should be noted

that this equilibrium is ¢

‘ competitive” in the sense that one trader’s deviation will be stopped by
others’ immediate undercutting. In other words, when the market is under monopoly, we should
allow the distribution to behave differently. In this paper we assume that the time of reaching new
equilibrium is negligible, that is, the impact has zero duration, or “zero resilience”, for simplicity.
We should note, however, that the issue of resilience is interesting in its own right (see, e.g., [4]
and also [I], 2]), but this is not the main purpose of this paper.

Mathematically, we shall assume that the equilibrium density process takes the form pj =
w (t, X, Qr,y), y > po, where pg is the lowest (selling) price, X is the fundamental value of the
asset, and (@ is the total volume of the LOB. We also assume that the equilibrium is “quantified’
by a common expected utility on each price, which depends on the fundamental price and the
total liquidity, and is denoted by U(X, Q). Our main premise is that, after each trade with size
a € [0, Q], the following two identities must hold:

ple) 1l

/p p (X, Q,y)dy = o, E/p yp* (X, Q,y)dy =U(X,Q — a). (1.1)

0 0

Here the first equality is self-evident: p(a) = p(a, X, Q) > po is the price in LOB at which the
accumulated volume of sell limit orders between py and p(«) is exactly equal to «; whereas the
second equality means that the average price sold should be equal to U (X, @ — «), the expected
utility for the remaining LOB (a more detailed argument will be given in §3). Using the equations
in (I.I)) we will be able to solve explicitly the process p* in terms of U, and from which we will

define the liquidity cost, and argue that, modulo a term that is of order o, where « is the trading



size, it is linear (although time inhomogeneous) in a. More importantly, once we obtain the
density function of the LOB, we can then evaluate the liquidity cost. We show that, under mild
technical conditions, the average price (including liquidity cost) exactly coincides with the supply
curve in sense of Cetin-Jarrow-Protter [§].

Our second goal of this paper is to consider an optimal execution problem. That is, finding
an optimal strategy of purchasing a large block of shares within a prescribed time duration [0, 7]
with a minimum cost. Such a problem has been studied by many authors (cf. e.g., [2 [l [6, 17],
and the references cited therein), but with the endogenously given shape of LOB, our problem
seems to be new. We shall consider only two types of actions: the (buying) action of the large
investor self, and an aggregated action of all the other investors, which is modeled as a compound
Poisson process, representing all incoming limit sell orders, canceled orders, and the market buy
orders. In other words, without the buying action of the investor, whose accumulated purchase
will be described by an increasing process, the movement of the total available shares in the LOB
is a continuous time pure jump process. We then show that the Bellman Principle of dynamic
programming holds in this case, and the value function is a viscosity solution of the resulting
HJB quasi-variational inequality (QVI). Finally, in the case that the QVTI has a classical solution,
we shall analyze the optimal strategy by proving a verification theorem. It is noted that the
continuous (or inaction) region in our model may not be simply connected, and as a consequence
the optimal strategy may contain multiple (even infinitely many) jumps.

The rest of the paper is organized as follows. In §2] we give the necessary technical background
and describe the basic elements of the model. In §3] we introduce the notion of equilibrium dis-
tribution, and analyze some important quantities that can be derived endogenously from such
distribution. These in particular include bid-ask spread and the liquidity cost that play the fun-
damental role in our optimal execution problem. In §we introduce the optimal execution problem
and study its various equivalent expressions. In §5] and §6l we prove the dynamic programming
principle, derive the HJB equation, and prove that the value function is a viscosity solution to the
corresponding HJB equation. Finally, §7is devoted to the construction of an optimal strategy, in

the case that the HJB equation has a classical solution.

2 Preliminaries

Throughout this paper we assume that all the randomness comes from a complete probability
space (2, F,P) on which are defined a standard Brownian motion W = {W; : ¢t > 0}, and a
standard Poisson process N = {N; :> 0} with intensity A. In what follows the Brownian motion

W represents the market noise that drives the fundamental value (or mid-price) of the underlying



stock, and the Poisson process N represents the frequency of the incoming limit orders. Therefore
it is reasonable to assume that W and N are independent. We shall denote F"V = {F}V : ¢ > 0}
and FV = {F) :t > 0} to be the natural filtration generated by W and N, respectively.
Throughout the paper, we denote 75 := 0 and let 0 < 71 < 70 < --- be the jump times of N.

We consider a finite time horizon [0,7]. For simplicity, we assume that there is only one
stock traded in an order driven market, and the interest rate is 0. We first give the mathematical

description of the basic elements involved in our model.

1. Fundamental Price. We assume that the underlying stock has a fundamental value (or
mid-price) which is known to the public. But the market price deviates away from it, due to the
possible illiquidity, which leads to the bid-ask spread. Since the fundamental value only affects
our model as a source of randomness, we simply assume that it is a diffusion, and satisfies the

following stochastic differential equation (SDE):

t ¢
Xe=x+ / b(s, Xs)ds + / o(s, Xs)dWs, t >0, (2.1)
0 0
where b and o satisfy the following standing assumptions:

(H1) (i) b(-,-) and o(+,-) are deterministic functions, continuous in ¢, and uniformly Lipschitz

continuous in z, with a common uniform Lipschitz constant L > 0.

(ii) z > 0, o(t,0) = 0, and b(t,0) > 0.

Remark 2.1 It is clear that the assumption (H1) guarantees the well-posedness of the the SDE
(1)), and solution satisfies X; > 0 for all ¢ > 0, P-a.s. The continuity of b and o in ¢ is mainly for
the viscosity property of the value function in g6 below. For notational simplicity, in this paper
we assume W is 1-dimensional, but all the results can be extended to higher dimensional case.
Moreover, we may even allow b and o to be random, and all the results in §] and §5] will still
hold true, after obvious modification. However, in this case the HJB equation in Section [6] will
become a backward stochastic PDE and the associated path dependent PDE. We refer to [10] for
the related theory. [ |

2. The Limit Order Book (LOB). We assume that there are patient and impatient investors
in the market, and they put different bid and/or ask prices to either liquidate or purchase the
given stock based on their preferences (see §3 for more discussion on this). Since in this paper
we consider the optimal execution problem for purchasing the stock, only the sell side LOB will
be relevant. We thus assume in what follows that all the buyers are impatient and only make

“market orders” (i.e., buying whatever is available on the market), and consequently there is no



“buy side” LOB. Moreover, we isolate one particular investor, referred as the investor, who will
carry out the optimal execution problem later.

We shall assume that the movement of the LOB depends solely on the investment activities,
namely the investor herself, and all other investors (buyers and sellers). For simplicity, we assume
that the activities of other investors are aggregated as a large investor whose investment activities
is described by a compound Poisson process Y; = vaztl A;, t > 0, where {A;}$2, is a sequence
of i.i.d. random variables with distribution v. We shall assume E{|A;|} < oo. We should note
that the large investor is allowed to make both (buy and sell) limit orders and market orders, and
can also cancel orders. Thus A;’s will take values in R (i.e., AY; < 0 is possible). It is useful to
introduce the following filtration: F = FV @ F¥ = {F/¥ v FY : ¢t > 0}, which will be the basic

information source allowed in our execution problem. We notice that FV ¢ F¥ c F.

3. The Inventory Process. We assume that the investor is trying to purchase a certain number,
say K, shares of the given stock within a given time horizon [0, 7], and denote the accumulated
number of shares up to time ¢ € [0,7] by m;. Then clearly 7 = {m; : t > 0} is an increasing
process, and we assume that it is F-predictable. Note that, with this assumption, all the jumps
times of 7 is predictable, and consequently Am. AY; = 0, since all jump times of N (and of V)
are totally inaccessible. In fact, for practical reason we could, and will, assume that N and Y

have cadlag paths but 7 is caglad, and then naturally we have
AmAY; = (e —m) (Ve — Ym) =0, vVt €[0,7], P-as.

Note that with such a definition the investor can observe the jump of Y and immediately jump
afterwards. Clearly, each particular realization of m could be considered as an execution strategy.
We thus define

o/ = {m: 7 is F-predictable, non-decreasing, has caglad paths, and mp < K}. (2.2)

We can now describe the dynamics of the total number of shares of the stock in the (sell)
LOB, denoted by Q = {Q : t € [0,T]}. We shall consider in this paper the simplest case in which
the dynamics of Q can be affected by only two factors: the order made by the investor herself,
m, and the orders made by the other large investor (or the aggregated action by all other market
participants), Y. Then, it is readily seen that, for a given strategy m € ./ and initial inventory g,
the movement of Q7 := Q™ is determined by: Qf := ¢, and

Qf == QF — (m — my,) for t € (74, Tix1); T =(Qr + AY;

Ti Ti41 Ti41— it+1

)T (2.3)



Remark 2.2 (i) Q™ is caglad in each (7;,7;41). However, at 7,41, Q™ can have left and/or right
jumps. So Q™ has both left and right limits, but in general it is neither left continuous nor right
continuous on [0, 7.

(i) When 7 is continuous, which will be the case in most of the paper, Q™ is cadlag. |

We note from (23] that @

can never be negative. However, not all 7 € &/ will guarantee that the corresponding QF > 0 for

gﬂ > 0. This is a natural constraint since the volume of the LOB

all t € [0,T]. We thus consider the following admissible strategies: given q > 0,
Haq(q) i={m e : Q71>0forall t € [0,T], P-a.s., where Q™ is defined by Z3)}. (2.4)
Throughout the paper, we shall denote
R, :=(0,00), Ry :=[0,00), O:=R; x[0,K)xRy, O: =R, x[0,K]xRy. (2.5

We remark that we do not take the closure for the first Ry in O.

3 Equilibrium Distribution

In this section we introduce the notion of “equilibrium density” of the LOB, one of the most
important ingredients in our model. Our idea follows from that of Rosu’s [16], which we now
describe. We assume that every seller comes into the market with the same amount of information
(this is different from the asymmetric information assumptions, cf. [5]). Each seller sets his/her
ask price based on the personal preference, which is the combination of the expected return of
the order and the possible lost value (or cost) due to, say, the waiting time for the order to be
executed. In an equilibrium we assume that every seller will have the same “expected return” (or
“expected utility”) of the order, which we denote by U (X, @), where X is the fundamental value
of the stock and () is the total number shares available.

The existence of such equilibrium could be argued as follows. Suppose two sellers do not
believe that they have the same expected return, then one of them (usually the one with lower
expected return) is going to cancel his/her limit order and resubmit it to the market with a
different ask price in exchange for a higher expected return. Then every seller in the market
will do the same until an equilibrium is reached. We should point out that such an equilibrium
approach only works when there is sufficient competition in the market. In fact, when the market
is under monopoly, we should not expect the distribution to behave like this.

Given the expected return U(X, @), we now introduce the concept of “equilibrium density”.

Recall that the density function of an LOB is a non-negative function u(y) > 0, Vy > 0, such that



w(y) =0, for y < pg, where py > X is the lowest (best) ask price, and that
o0
| utway=a (31)
Po
We note that if u(y) = pu, po < y < po + Q/u, is a constant, then the LOB is said to have
a “block shape” (see, e.g., [4] and [I5]). Another way to study the problem is to assume the
“shape” of the LOB is given exogenously (see, e.g., [2, [I7]). Our main idea is to show that the
shape function is determined by the following simple facts. Assume that a (large) market buy
order comes in and a-shares of the stock were purchased, where a € (0, Q]. We assume that the
lowest portion of « shares in the LOB is consumed. Thus, if we denote p(0) = p(0, X, @), to be
the lowest ask price, then we can find p(«) > p(0) such that

p(a)
/ u(y)dy = a. (3:2)
p(0)

On the other hand, we assume that, in equilibrium, the average price of the sold block should
have the same expected return of the remaining orders in the LOB, which has a total of Q — «

shares after the purchase. In other words, we assume that: for any « that 0 < a < Q,

! / " )y —U(X,Q - a) (3.3)
_ — ,Q — ). .
@ Joo) yuly)ay

Now taking derivative with respect to o in (B2 and ([B.3]) we obtain:

/ oU (3.4)
u(p(a))p'(a)p(a) =U(X,Q — ) — aa—@(X, Q—a).
Solving two equations in (B.4]) we have:
ou
pla) = U(X,Q—a)—a@(X,Q—a); (3.5)
1 02U oU -
o) = i = (aZ D@0 - 20 -a) (3.6)
We note that, by setting o = 0 in (3.3,
p(0,X,Q) =U(X,Q). (3.7)

That is, the “frontier” of the LOB is exactly the representative of the equilibrium, as expected.
On the other hand, since the function «a — p(«) is obviously non-decreasing, we can assume

further that it is invertible and denote h(y) = p~'(y), then (B8] becomes

1 92U oU -
i) = s = (MG (X0 - h) - 255 (@ -H) - 63



Namely, the equilibrium density p := x~? can be explicitly derived, as long as U(X, Q) is given.

We should remark here that the modeling of the expected return function U (X, Q) is itself an
interesting and challenging problem. For example, in [16] such an expected return function was
obtained explicitly by solving a recursive difference equation. Also, in a slightly different setting,
the relationship between the bid-ask spread and the liquidity was considered by Avellaneda-
Stoikov [5], in which an argument of indifference pricing was applied to construct the return
function U. In what follow we shall assume the existence of such a function U, and furthermore,

based on the discussion above, we make the following assumptions.

(H2) The expected utility function U : Ry x Ry + R, enjoys the following properties:

(i) U is non-decreasing in x, and 0oU = g—g <0, O%U = g%ﬁ > 0.

(ii) U is uniformly Lipschitz continuous in (x,q), with Lipschitz constant L > 0.

Remark 3.1 (i) By (B.0]), the properties of U in ¢ guarantees that p’(«) > 0, for all 0 < o < Q,
which leads further to the existence of its inverse so that the formula (B8] makes sense. Moreover,
by B1) we see that the function p(0) = p(0, X, Q) is uniform Lipschitz for (X,Q) € R, x R,.
This fact will be frequently used in our discussion.

(ii) (H2) obviously does not render the function U a true “utility function” in either variable.
In fact, the assumption (H2)-(i), which guarantees the positivity of the density function p (see
B1)), implies that it is decreasing and convex in @), hence a “cost function” on @ in a usual
sense. Of course, it would be reasonable to assume that U is concave in X, hence a utility on the
price, but we do not need such an assumption in the rest of our discussion.

(iii) In practice, it is natural to assume further that U(z,¢) > z, or limg_,oc U(z, q) = x. The
latter implies that the liquidity premium vanishes as the supply goes to infinity. But technically

we do not need them in this paper. [ ]

We conclude this section by observing that, given the density function pu = p*9, the cost for
buying « shares of stock can be easily calculated as
p()

C(X,Q.a) = / ) Wy = aU(X.Q ), (3.9)
P

where the last equality is due to ([B.3]). From this we obtain that
p(a)

liquidity cost = C(X,Q,a) —aX =[p(0) — X]a+ /(0) [y — p(0)]X P (y)dy. (3.10)



Clearly, we can see that the liquidity cost consists of a linear part (with respect to the trade size
«), due to the bid-ask spread; and a higher order part that is determined by the “shape” of the
LOB. More precisely, assume for example p’(a) < 0o, then we can easily derive from (BI0) that

C(X,Q,a) = p(0)a + O(a?). (3.11)

In particular, if we consider a purchase strategy m = {m;}, then ([BII]) amounts to saying that
C(Xy, QF, Am) = p(0)Am, + O((Amy)?). Consequently, for a continuous strategy 7¢ = {rf, t €
[0,T]}, the following calculation of the total cost will be useful in the rest of the paper:

t t t
/ C(Xo, QF dr®) = / p(0, Xo, Q7 ) = / U(X,, QT )drt. (3.12)
0 0 0

Remark 3.2 The following obversion is worth noting. Assume that the function U is sufficiently
regular, then by (B3] we see that, for each « € [0, Q], the process of “average price” of the stock
counting liquidity cost, defined by

Al
S(t,w,a) = EC(Xt(w),Qt(w),a) =U(X(w),Q1(w) —a), (t,w) € [0,00) x £,
is a semi-martingale. Furthermore, the assumption (H2) implies that it is convex and increasing
with respect to the trade size a. In other words, the process S is exactly the supply curve in the

sense of Cetin-Jarrow-Protter [§](!). [ |

4 Optimal Execution Problem

We are now ready to introduce the main objective of the paper: the optimal execution problem.
Consider the scenario when an investor would like to purchase K shares of the stock within a
prescribed time duration [0,7']. Given initial inventory ¢ > 0 and a purchase strategy = € <7,4(q),

we consider the following cost functional:
T
J(m) = IE{ Z C(Xs,QF, Ams) —I—/ U(Xs,QN)drs + g(Xr, K — wT)}, (4.1)
0<s<T 0

where 7¢ denotes the continuous part of 7, and g : Ry x [0, K] — R, is the terminal penalty
function. Clearly, the first term is the cost for the jump part of 7, and the second term is the

cost of the continuous part of 7. The value function is thus

Vo :=Wolq) == wel?{;(q) J(m). (4.2)

We shall assume that the terminal penalty function g satisfies the following assumption:

10



(H3) (i) g is uniformly Lipschitz continuous in (z,y), with Lipschitz constant L > 0.

(ii) For fixed x, g is increasing and convex in y. Moreover, g(z,0) = 0 and g(z,y) > U(z,0)y.

Remark 4.1 In the case mp < K, one is forced to purchase the remaining amount of shares
y := K — 7p at time T, regardless the liquidity. The terminal (penalty) g(z,y) > U(z,0)y for
y > 0 amounts to saying that this price would be more expensive than the highest market price
U(z,0), the price with zero liquidity. Furthermore, by (H3)-(ii) we see that g(x,y) — g(z,vy') >
U(z,0)(y —4') for 0 < ¢/ < y. Therefor if the final inventory is @), and the investor needs to
purchase a total of y shares, but decides to buy 0 < ¢’ < y A Q from LOB right before T" and buys
the remaining y — ¢’ using the penalty price, then his total cost would be: recall ([3.9]),

Clz, Q) +g(x,y—y) =U(z,Q =y )W + gle,y —y) <U,0)y +g(z,y —y') < g(z,y).

This again shows that it is disadvantageous to purchase everything at the terminal time. |

We now introduce two alternative expressions for Vj to facilitate the future discussion. First,

we define the set of continuous strategies by
(@) == {m € Hua(q) : t — m is continuous, P-a.s.}. (4.3)

Clearly, if 7 € @7¢,(q), then Q™ is cadlag and C'(Xy, QF, Am) = 0. We thus define

T
2w =B{ [ U QDdm + g(Xr K~ )i 7€ oalo)
0 (4.4)

vO.= inf J%n).
0 medC (q) ( )

Next, recall that p(0, X, Q) = U(X, Q) is decreasing in (). Thus, for 0 < o < @, it holds that
CX,Q,0) =aU(X,Q —a) = / UX,Q — a)du > / UX,Q —u)du=: D(X,Q,a). (4.5)
0 0

We now replace C(---) by D(---) in ({@J]) and define

T
J () = E{ Z D(Xs,QF, Amg) + / U(Xs,QN)drS + g( X, K — WT)}, T € Haq(q);
0<s<T 0 (4.6)

vi.= inf JYx).
0 7"'G'Q{ad(q) ( )

We note that since @¢(q) C aa(q), it follows from (@H) that Vi < Vo < Vg. Our main
observation is that the cost D(X, @, «) can actually be approximated by continuous strategies,

thus these inequalities should all be equalities. We substantiate this in the following theorem.

11



Theorem 4.2 Assume (H1)- (H3). Then, it holds that V) = Vo = V.

Proof. Since Vi < Vi < V{ holds by definitions, we need only show that V{) < V{!. To this
end, we fix arbitrary 7 € 7,4(q) and € > 0. We claim that

VO < J () 4. (4.7)

Indeed, for each m € N, define 73" := 0 and 7%, := inf{t > 77" : Am; > 1}/\T, 1 =0,1,---
Since 7 has right limits and the filtration IF is right continuous, we see that 7" are F-stopping
times, 7" < 7%, and Aﬂ'Tm > E whenever 7" < T'. Define

m2

Ty =T + Z Amrmlimegy, s €[0,T). (4.8)
i=1

Clearly, (7™)¢ = 7€ and 7™ < 7. This implies that Q™" > Q™ and thus 7™ € .%,4(q). Moreover,
since 2?51 Amrm > m on {1, < T}, we see that lim, . P(7]), < T') = 0. Consequently,

limy, 00 77" = 77, for all w. Now by the monotonicity of U and ([.I), we have

T T
/ U(Xo, Q7 )d(x™) < / U(X,, QT)drt
0 0

m?2
Y. DX Q7" A < Y0 D(X QA =) | D(Xem, Q. Artrn)
i=1

0<s<T 0<s<T
< ). D(X.,Qf,Am).
0<s<T
Furthermore, since obviously one has lim,, o g(X7, K — ') = g(X7, K — m7), we conclude that

im0 JH (™) < JY(7), and thus there exists M such that

€
JH (M) §J1(7T)—|-§. (4.9)
Next, recall again that Am,ANg = 0 and thus 7; # T , P-a.s. for all i, 7. Let § > 0 be a small
number. For each i = 1,--- , M?, let j; be the smallest j such that Tj > 7' . We remark that j; is
random and 7j; is still an F-stopping time. Define 7M0 recursively as follows. First, o e

for 0 < s <M. Forz'zl,---,M2,denote7'2-M’5::[ + 0] A 1/\73 , and define
M5
TMO Mo sAT " — 1M

= Toni + 7 —m M] + ATFTZM, se (M, %1] (4.10)

where we abuse the notation that Tn% 4= T. Tt is clear that 79 is continuous and 79 < M

This implies that 7 € 7% (g). Note that, by changing variable u := 7 + %(s — 7M), we have
M+5
D(X,Q,« / UX,Q— 5/ XQ——(s—TM))dS
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On the other hand, it is not hard to check that, for s € [t ZM 6] it holds that

M, S — T, S—TZM

Q = QWM — [m§ — WiiM] -

T c c
AWT@M > QTiM - [7Ts - 7T7—Z_M] - Aﬂ-riMy

and that limg_,q P(TZM’6 =7M +§) =1, thus we have lims_,g m{‘/’é = 7, P-a.s.

Now, by the monotonicity of U again and applying the dominated convergence theorm,
JO(ﬂ_M,é) _ Jl(’]TM)

T
- E{/o U(Xs, Ql’rM’&) = U(Xs, Q7)]dmg + [9(Xr, K — sz\“/[’é) —g9(X7p, K — )]

M2 M5 N
T M
+Z/ Ti lj()(syQTr )dS_D(XTlM7Q:I\/I7A7TTi]\/1)]}
M2 Mg AT _m
M,é E T;
< E{[g(XT,K—wT ) g(XT,K—wT>1+;/TM iy
AT m AT _m

|:p(07X57Q77;M - (7T -7 M) - (S — TM)) _p(()’XTzM’Q:ZM _

5i (s — TZM))}CZS}

LE{MTM"S_WT]—# Z/ ’XS—XTZ_M‘—F‘TI'E—F:M’}CZS} — 0, as 0 — 0.

IN

Setting § > 0 small enough such that JO(7?9) < JY(xM) + £. By (@9) and recalling that
M9 € o7¢(q), we prove ([@T), whence the theorem. [ |

We conclude this section with a dynamic version of the value function V. Let (¢,z,k,q) €
[0,T] x O (recall [2H)), and let X®* be the solution to II) on [t,7] with X; = x, a.s. Denote

o (t, k) := {m : w is F-predictable, caglad, non-decreasing, m; = k, and np < K}.

Denote 7¢ :=t, and 7}, i > 1, being the jump times of N on (¢,T]. For any 7 € o (t, k), let

QT = QT — (ma—my)  fors € (7 7ly);
i ; e (4.11)
QZ‘,T =q; Q:t = (Q:ﬁ _+ AY’T.’" )+7 (2 17
i+1 i+1 i+1
and define
Poa(t k,q) :={m € F(t,k) : Q31 >0, s € [t,T],P-as.}, (4.12)

0t k,q) == {m € Hyq(t,x,q) : 7 is continuous, P-a.s.}.

By Theorem [12], we now define the dynamic value function V' via two equivalent expressions:

Vi(t,x, k = t  J%%z,kqn)= inf JYt,z.k q; 4.13
(7'177 7q) ﬂ_e%lg(t ]{,‘,q) (7'177 7Q77T) ﬂ_e{%cllg(uk’q) (7'177 7Q77T)7 ( )
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where

T
P(txkgr) = Ef / VX", QT)dm, + (X5 K —ar) b (4.14)
t
T
Mewkgm) = B Y DIXEQLAm) + [ UK QIdrt + g(Xi K — )}
t<s<T t

Remark 4.3 (i) We note that the cost functional J(¢,z, k,q;m) in ([@I4]) uses only continuous
strategies. It will facilitate the argument when we prove that the value function V' is a viscosity
solution to the HJB equation in §5l and g6l

(ii) The cost functional J'(t,,k,q;7) will be useful when we investigate the existence of
optimal strategy in §7l Recall from Theorem the inequality V) < Vp < V{'. Thus an optimal
strategy, if exists, should also optimize J!. However, it is worth noting that cost function D(---)
does not have a practical meaning, as opposed to the cost function C(---), and in practice it
cannot be implemented directly. Nevertheless, combining the approximations (48] and (£I0]) in
the proof of Theorem [£.2] we will be able to find an implementable good approximation of optimal

strategy, as we shall see in 71 |

5 Dynamic Programming Principle

In this section we verify some properties of the value function V' and establish the Dynamic
Programming Principle (DPP). As we pointed out in Remark [3}(i), we shall consider the cost
functional J°. We begin by the regularity of V with respect to the “spatial variables” z, k, and

q, respectively.

Proposition 5.1 Assume (H1)-(H3). Then for each t € [0,T], the value function V (t,x,k,q)
is non-decreasing x, non-increasing in k and q, respectively, and uniformly Lipschitz continuous

with respect to (z,k,q) € O.

Proof. We first check the properties in . Assume x1 < z9. Then by the comparison theorem
of SDE, we have Xﬁ’xl < Xﬁ’xz, for all t < s < T, P-a.s. Since both U and g are non-decreasing

and uniformly Lipschitz continuous in z, for any 7 € @Z¢,(t, k, q) we see that
0 < Jtao, k,qm) — JOt, 1, k, g ) (5.1)

T
= E{ / [U(X5",QT) = UXL™, QD)]drs + g(X7™ K —mr) — g(X7™ K — 7TT)}
t

IN

CE{ max | X572 — Xﬁ’“]} < C(zg — 21).
s€[t,T)
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Switching the role of 1 and x2 we can easily deduce the Lipschitz property in x:
|V (t,xe,k,q) — V(t,x1,k,q)| < Clzg — x1], Va1, z9 € R. (5.2)

We next check the propertiesin k. Let 0 < k1 < ko < K. For any m € «7¢,(t, k1, q), consider the
strategy 7, := [k2 + (ms — k1) A K, s € [t,T]. Clearly, ' € <5 (t, k2, q), and it satisfies: /. > 7,
dr! < dms s € [t,T]. Consequently we have Q™4 > Q™4, JO(t,x ko, q;7') < JO(t,x, k1, q;7),
and thus V(t,x,k2,q) < V(t,2,k1,q). On the other hand, for any strategy m € (¢, ka2, q), let
' i=m— (ke — k1) € &5 (t, k1,q). Then Q™1 = Q™4 and thus:

Ptk ai7) = It o, kayasm) = E{g(XP", K = 7) = g(X", K = 7r) } < Clh = ). (5.3)

Similar to (B.2] this implies the uniform Lipschitz continuity of V in k.
It remains to prove the Lipschitz property in ¢q. As before we first assume 0 < ¢; < ¢o. It is
clear that @7¢,(t,k,q1) C % (t,k,q2), and for any m € &Z<,(t, k,q1), we have Q3" < Q5. Then

JO(t,z,k,qu;m) > JO(t,x,k,qo;m) for all 7€ Stk q1), (5.4)

which leads to V (t,z,k,q1) > V(t,2,k,g2). On the other hand, note that 7° = k € &5 (t,k, q1).
For any m € @7¢,(t, k, q2), denote AQ := Q™% — QF® and 7 :=inf{s >t : AQ,; < 0} AT. Recall
(#11), by induction on i one deduce easily that AQ is non-increasing on [t, 7]. Then

Tr — Tt = Z[FT/\TZ?5+1 - ﬂ-Tf]l{Tf<T} = Z[AQTf - AQTATf+1—]1{Tf<T}
=0 =0
< AQ - AQ— <AQr=gq — q1- (5.5)

Now define 7, := w01y, ;(s) + [ms — m7]1(; 7. Since 7 is continuous and 7° = k, by [@II) we see
that AQ, =0, as 7 < T. Then Qf’ql = QP < QT2 s e [t, 7], and Qf’ql =Qy"?, s e (1,7T).
Namely " € @7¢(t,k,q1). Moreover, (53] implies that 0 < 7p — 7/, = 7 — m < g2 — q1. Then
Jo(tv z, ka (h;ﬂ-,) - Jo(tv x, ka q2; 7T)
T
- E{- / V(XL QT + g(X5, K — ) — g(X§", K — mr) }
t

< CE{mr -7} < Clg2 — q1).
Since m € @S, (t, k, q2) is arbitrary, we obtain V (¢,z,k,q1) — V(t,z,k,q2) < C(g2 — q1). Reversing
the role of g; and g2 we obtain the Lipschitz property of V' in ¢, proving the proposition. |

We can now follow the standard arguments in the literature to establish the following simpler

from of dynamic programming principle, when the time increments are deterministic.
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Proposition 5.2 Assume (H1) - (H3). Then, for any 0 < t; <ty <T and (z,k,q) € O,

2
V(t17$7k7Q) = inf k )E{/ U(X?’x’Q?q)dﬂ-s + V(t27legl7m77Tt27er2’q)} : (56)
q t

medl (t1, 1

Proof. Let V(t1,z,k,q) denote the right side of (GB). We first show that V(ty,z,k,q) >
V(t1,z, k,q). Indeed, for any 7 € ¢ (t1, k, q), let T denote the restriction of m on [ta, T]. Then
t2,X, 17" Q5"

X, = X = Q% for s € [to, T]. In other words, @ € &S (t2, m,, Qf)%). This
implies that

T
IOt 2,k g ) = E{ U(X! QT 9)dm, + g(X4% K — WT)}

t1
to T t1,z 70 th,:c
= B{ | vt Qridn + B[ [ e, QU + g7 K — )| R}
11 to
to
= af [Tuear Qrn + 1 X0, Q5 )}
t1
to
> Bf [ UX0,Qrdr, + Vit X1 m,, QR |
t1

We remark that in the above the last equality can be proved rigorously by using the notion of
regular conditional probability distribution. Since the argument would be rather lengthy but
more or less standard, we omit the details. Now take infimum over 7 € &7, (t1,k, q) on both sides
of above, we obtain V (t1,z,k,q) > V(t1,z, k, q).

To prove the opposite inequality, we first fix € > 0, and consider a countable partition {O;}32,
of O and (w4, ki, q;) € O;, i =1,2---, such that, for any (z,k, q) € O, it holds that |z — x;| < ¢,
ki —e <k <k and ¢; < ¢ < ¢; + . Now for each i, choose " € & (ta, ki, q;) such that

JO(ta, i, kiy qi; ) < V(ta, ziy ki qi) + €.

For any (z,k,q) € O;, note that 7° — k; + k € &5,(t2, k, q;) C @ (ta, k,q). Then, by 1)), (53),
(E4), and applying Proposition (] for a generic constant C' we have

Jo(t27x7k7q;ﬂ—i_ki+k) S Jo(t27xi7ki7Q;7Ti)+C€§ Jo(t27xi7k’i7Qi;7Ti)+CE
< Vta,xi, ki, qi) + Ce < V(ta,x,k,q) + Ce. (5.7)

Now for any 7 € @7, (t1,k,q), define a new strategy 7:

Ts = 7"'sl[thtz](s) + [Z[ﬂ'; — ki + 7Tltz]lDi (X:217x7 WtQOgq) 1(t27T}(3)’

(3
It is clear that 7;, = k, 7 is continuous and non-decreasing on [t,T], and 7 < W% < K on each

O;. Moreover, Q51 = QT > 0 for s € [t1,ts], and for s € [ta, T], on O; we have
- i )T ;
Qi = Q;r @iy > QT4 > 0.
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Thus 7 € &5 (t1,k,q), and therefore, it follows from (B.7) that

V(ty, 2, k,q) < J(t,x, k, ¢; )

T
U(X0, Qut)dm, + B[ [ UK, Q) + (X", K — 7r)|Fia | }

to

{/
- E{ / U(XI", Q) dm, + 12, X127 QL) )
t

UX?’I,Q?’q)dﬂerZJO X0, QT i ) L, (X007, Q) |
7

t1
1)

E{ U, QT 4V (12, X Qu} + Ce,
1

IN

Now, since € > 0 is arbitrary and 7 € #7¢(t1, k&, q), we conclude that V(t1,z,k,q) < V(ty,z, k. q),
proving the proposition. |

As a corollary of Proposition 5.2l we shall prove the temporal regularity of V. We note that

this will be a crucial step towards the general form of dynamical programming principle.

Corollary 5.3 Assume (H1)-(HS3). Then, for any 0 <t; <ty <T and (z,k,q) € O, we have
V(t1,2,k,q) = Vit z,q)| < C(AL+ [z)ViE2 — 1. (5.8)

Proof. First note that the constant process k € #7¢,(t1,k,q). Then, by Propositions and .11

V(t1,$,k‘,q>—V(t2,$,k‘,Q) < E{V(t27 tl’ th )}—V(tQ,ﬂf,k’,Q)
< CE{IX;" — |+ 1057 — ql}-

Next, recall from §2 that the dynamics of @ (see ([Z3))) is driven by the compound Poisson process

Y, whose jump size A;’s and the jump times 7;’s are independent. Then one can easily check:

t2
E{|Xt1’ —z|} = ‘/ (s, X117) ds—i—/ O'(S,X;l’x)dWs‘}§0(1+|$|)\/t2—t1;
t1
BIQ — ) < (. MilLie<mcan } = 3 BUADE{L(,<rcun) (5.9)
=1 =1

= E{IMDE{ Y Lcnce | = EUMDE{ Ny = Ny b = AE{JAu [}z — ).
i=1
Consequently, we obtain

Vti,z, k,q) — V(ta,x, k,q) < C(1+ |x|)Vita — t;. (5.10)
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On the other hand, since U > 0 and V is decreasing in g,

Vitz,o, k) = Vitia,0) < Vibaka)—  inf  E{V( X[m0, Q5
(t2s:000) = V(tn,w0) < Vigoh) = b E{V( X 70, Q7))

— sup E {V(tg,x, k,q) — V(tg,szl’x,mz,Qg’q)}
WEWC (tl, ,q)

< ¢ s EB{XDT o+ Q5 -}
7r6<§z{acd(t1,k,q)

= CE{|X{" —al + [~ d "} < C(1+ 2V =1,
where the last inequality is due to (59). This, together with (BI0), leads to (B.8]). [ |

To conclude this section we give a general version of the dynamic programming principle.

Denote T; to be all the F-stopping times taking values in (¢, 7.

Theorem 5.4 Assume (H1)-(H3). Then, for any (t,z,k,q) € [0,T) x O and any 7 € Ty,
V(t,z,k,q) = inf E {/ UXE®, QT Ydrg + V (1, XE*, 7y, Qﬁ’q)} . (5.11)
Weﬂcd(t,k,q) t
Proof. For each m € &/¢,(t,k,q) and 7 € T;, denote I(m,7) be the expectation on the right side
of (5I0)). Following the arguments in Proposition (2] one can easily show that V(¢,z,k,q) >

inf, ¢ A, (t,kq) I(m, 7). So it suffices to prove the reversed inequality:

Vit,x, k f 1 . 5.12
(kg <l I(x7) (512)

We first assume that 7 € 7T; takes only finitely many values t < t; < --- < t,, < T. We prove
(EI2) by induction on m. When m = 1, (E12) follows from Proposition Now assume that
(EI2) holds for m — 1, and that 7 takes m values. For any = € &/ (t,k, q), we have

t1
Irr) = B{ [ U QN + Vit X iy, Q) e

o[ v, Qe an, + VX5, Q2 i

1
Note that {7 > t;} € F;, and 7 takes only m — 1 values on {7 > ¢;}. By inductional hypothesis

we have
t1

I(r,7) = E{ / U (X5, QE0)drmy + V (b1, X5 100, QET) Ly
t

+E |:/t (Xt xa qu)dﬂ-s + V(Tv X7t-7x7 Tr, QZ#}) “7:1‘/1} 1{7’>t1}}

1

Y

t1
E{ /t U(Xé’wv Q;r’q)dﬂ-s + V(tlv Xttl’x7 e Q;rl’q)l{thl} + V(tb Xff) UreE Q17‘,T17q)1{7'>t1}}
t1
= E{ / U(Xﬁ’w7 Q;r’q)dﬂ-s + V(tlv X;’xy Tty Q;rl’q)} > V(t, z, k) Q)v
t
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where the last inequality is due to Proposition Since m € #¢(t,k,q) is arbitrary, we proved
(B12) for m, completing the induction.

To prove (512)) for arbitrary 7 € T, we first find 7, € Ty, n = 1,2,---, such that 7, — 7 < %
and 7, | 7, as n — oo. By previous arguments we see that (5.12]) holds for each 7,,. That is,
V(t,xz, k,q) < I(m,7,) for each m € &/ (t, k,q). Moreover, by definition of I(m,7) we have

I(m, ) — I(m,7)=E {/ 7 U(XE*, QM%) dry + V(Tn,X,trf,ﬂTn, QYY) —V(r, X5 Qﬁ’q)} )

Applying Corollary and noting that 7 is continuous we see that the right hand side above
converges to 0 as n — oo. Consequently we obtain that V(t,z,k,q) < I(m,7) for each m €
¢ (t,k,q). This implies (5.12), and hence concludes the proof. |

Remark 5.5 Combining Theorems [£.4] and .2, we have the following alternative version of
dynamic programming principle corresponding to the cost functional J' defined in ([@I3):

Vit ok q) = inf E{/ V(X Q) + 3 D(Xe, QT Am )4V (r. Xr. 7, Q) ). (5.13)
mE€Saa(t:k.q) t t<s<T

6 The HJB equation

In this section we shall prove that the value function, while not necessarily smooth, is a viscosity
solution of the Hamilton-Jacobi-Bellman equation of the optimal execution problem.

We begin by introducing some notations. For simplicity we often use the equivalent notations
for partial derivatives: Oy = %—f. The notations 9, ¢, Oyp, 0y, and J,;¢ are thus obvious. In this
and next section, we denote by C’; 2([0,T] x O) the set of continuous functions ¢ on [0, 7] x O such
that the partial derivatives Oy, 0,¢, O, Oy, and Oy, exist and are continuous and bounded.

For each ¢ € [0,T), we introduce a new filtration:
F' o= {Fllszo = {F) V Findszo. (6.1)

Moreover, in light of the cost functional J' in (@I3) and the DPP (5.I3), we define, for each

(t,z,k,q) €[0,T) x O, € pq(t,x,k,q), p € C([0,T] x O), and F-stopping time 7,

Ip.m,r)=E{ [ U(X.QDdrE + 3 DX, QT Am) + (1, X7 @)} = et K.0). (62)
t t<s<T

Next, we let 7} be the first jump time of N after ¢ and v is the common distribution of the jump
size random variables A;’s. We remark here that, by definition (6] it is clear that (7}, AY ) is
independent of Ft, and hence 7{ is not an F'-stopping time(!). Furthermore, we have the following

result that is important for our discussion.

19



Lemma 6.1 For any fized (t,k,q) and any © € 4(t, k,q), there exists an Ft-adapted process T

such that T,y ¢ = Teppe, for all s > t, P-a.s.

Proof. We first note that since m is left continuous, we need only find a [t-adapted process 7
such that, for any fixed s > ¢ P{ﬁ31{7f>s} = 7T31{T1t>s}} = 1. This amounts to saying that given
s >t, and X € LO(F,), there exists X € LO(F!) such that Xl g = Xl{Tlt>S}, P-a.s. But

this last statement is more or less standard (see, e.g., [7]), we nevertheless give a brief proof for

completeness. We fix s >t and denote
My = {X € L°(F,) | 3X € L%(FY), such that X1 o = X1y, P-as).

Clearly, H, C L°(F,). We claim that H, D LO(F;). Indeed, note that F, = f:ﬁ Vol{Y,,t <r<s}.
By a simple Monotone Class argument, for any X € L°(F,), we need only assume either X €
LO(F!) or X =Y, for some € [t,s]. But in the former case we can choose X = X, and in the
latter case we choose X = Y;. Since in both cases X € LO(F!), we conclude that X € H,. This

proves the claim, whence the lemma. [ ]

Now for any ¢ € C’I} 2([0,T] x @ we introduce the following integro-differential operators:

Lot x, k,q) = (Orp + bOrp + %a2axxcp)(t, x,k,q)
A /]R (ot 2,k (g + w)t) — ot 2k, g)] v(du); (6.3)
M)tk q) = Uz, q) + (Orp — 0g0)(t, 2, K, q).

The following lemma is crucial.

Lemma 6.2 Assume ¢ € C;’%[O,T] x O and 7 is an Ft-stopping time. Then it holds that

TATE TATY
Homrnrd) = E{ [ Zlplls Xoma QDds + [ lp](s, X, QDS
AT
+ oy ///[90](8,Xs,7rs+u,62§—u)du}. (6.4)
/0
t<s<TAT]

where £ and M are defined by (63).

Proof. For any F'-stopping time 7 we denote 7 := 7 A 7}. Let m € “,4(t, k,q), and let 7 be
the F'-adapted version of 7 defined in Lemma 6.1}, and define Qg =q—7s+k, s>t Then, it is
readily seen that Q7, = (QT, + AY+)*, and thus

1 1

w(%aXfWﬂ-fW Qg) - (ID(t,I', ka q) - QO(%7X7A'77T7A'7 QNZAY) - (ID(t,I', ka q) (65)

+ |:90(Tf7 X'rltvﬁ"r ) (Q:lt + AYT{)+) - 90(7{7 er7ﬁ-7'f7 Q:lt) 1{'rlt§7'}’

t
1
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Since (X, 7,Q"), 7, AYTIt are independent, we have
E{ [o(r], Xops oy (QF + AY;) ™) = (7, Xt g, Q) [ Lrt2 |
= B{ [ A0 [ ol X (@3 0)) — ol X7 QD ()} 6)
= B [ 1y [ [P X R (QF +0)") = (s, X7, QD) wlduds
= E{ / / (5, X, s, (QF +u)T) — QD(S,XS,TFS,Q;T)] V(du)ds}.
Here we used the fact that QNZJ = Q7, t < s < 7. Furthermore, applying Ito’s formula we have
E{sﬁ(ﬁ Xz 12, QF) — (t, . k, Q)}

= E{ /: [aﬁp + b0, + %02@”90] (8, X5, ms, QF )ds + /: |:ak(’p — 8[190] (5, X4, 75, QT )dr®

3

t<s<T

AT(S
8k<p - 8qu} (s, Xs,ms +u,QF — u)du} (6.7)

Plugging (€.0]), [C7) into (6.5]), and then plugging ([G.3)), (A1) into ([6.2]), we obtain (G.4). [ |
It is worth noting that if we use the continuous strategy m € </(t,z,k,q), then ([62) and

(6-4]) become
Homr) = B{ [ U(X.QRdr, + plr. Xoomr @D} — ot 2. ko) (63
B{ [ 26l Xom Qs + [ AG)(o Xom Q). (69)
respectively. Clearly, (6.8]) is valid even when ¢ is not smooth. In fact, by Theorem [5.4] we have

0 = inf  I(V,m,7). 6.10
Weﬂ;f(lt,x,k,q) ( T T) ( )

Furthermore, if V € C;’2([O,T] x 0), then we may plug (639) into (GI0) and deduce the
following Quasi-Variational-Inequality (QVI):

min (L[V], AV])(t2.k0) =0, (t2,k,0) € [0,T) x O, (6.11)
with the terminal-boundary conditions:
V(T,z,k,q) =g(x, K —k); V(t,z,K,q) =0; ZL[V]|(t,z,k,0)=0. (6.12)

As we will see in next section, in this case V is indeed the unique classical solution of the QVI

6.11) and (G.12).
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In general, however, V may not be smooth. We thus need to make use of the notion of the

viscosity solution. To this end, let us denote, for (t,z,k,q) € [0,T) x Ry x [0,K) x R,

o (t,a,k,0) = {p€CPH0,T) x O): [V - ¢l(t,2,k,0) = 04

A (t,x, k,q) = {gp € A(t,x,k,q) : V — ¢ attains a global maximum at (t,z, k, q)}; (6.13)
A (t,x, k,q) = {gp € A(t,z,k,q) : V — ¢ attains a global minimum at (¢, z, k, q)}

Definition 6.3 A continuous function V : [0,T] x O + R is called a viscosity subsolution (resp.

supersolution) to the QVI (6.11)-(6.12) if
(i) V(T,z,k,q) = (resp. <)g(z, K — k) and V(t,z, K, q) = O(resp. < 0);
(ii) for any (t,x,k,q) € [0,T) x O and p € A(t,z,k,q) (resp. A(t,z,k,q)) one has:

min(ZL (], A ])(t,x, k,q) > 0, (resp. < 0);
(iii) for any (t,z,k) € [0,T) x Ry x [0, K) and ¢ € A(t,x,k,0) (resp. A(t,z,k,0)) one has:
ZLlel(t,2,k,0) = 0, (resp. < 0).

Moreover, V is called a viscosity solution if it is both a viscosity subsolution and supersolution. B

Our main result of this section is the following theorem.

Theorem 6.4 Assume (H1)-(H3). Then the value function V' of the optimal execution problem
is a viscosity solution of the QVI (G.I1)-(G.12).
Proof. The terminal condition V (T, xz,k,q) = g(z, K — k) is obvious. Moreover, note that if
m = K, then my = K for all s € [t,T), as there is no need to purchase any more. Thus drs = 0
for s € [t,T], and clearly g(Xp, K —7p) = g(X7,0) = 0. That is, V(¢,x, K, q) = 0. So Definition
(i) holds (with equalities), and thus it suffices to check Definition (ii) and (iii).
We first prove the viscosity subsolution properties. It suffices to show that, for any (¢,z, k, q) €
[0,7) x Ry x [0, K) x Ry and ¢ € A(t,x, k, q).
L)tz k,q) 20, for q=0;  Ag](t,2,k,q) =0, for ¢ > 0. (6.14)
In what follows we denote, for § > 0 small, 75 := (¢ + ) A 7}, and let C > 0 be a generic

constant that is allowed to vary from line to line.

We begin by proving the first inequality in (6.14]). Let 7 := k be the constant process. Then

Q7 = qfor t < s <. By @I, @I, and @I, we have

0 < I(V,k,7s) < I(p, k,75) = E{ /;6 L1ol(s, Xs, , q)ds}

IN

t+0 t+0

= E{t Zlel(s, Xos ko a)ds | ~Bf [ ZIel(s, X b sl gy iy o (6.15)

t
1
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Note that .Z[p] is bounded and
P(ri < t+6) < C§, (6.16)

dividing both sides of (G.I5)) by § and then sending 6 — 0, we prove the first inequality in (6.14]).

To check the second inequality in (GI4]) for ¢ > 0, let n > 0 and set 75 := k + %nq.
Clearly m € @5(t,k,q), 7 = 7, dng = Hds, and Qr=1- #tnlq, s < 75. By @©10), (6I3), and
(69]) again, we have

nq 75 s — 75 -
0 < B{% [T aiplo Xem 1= - nla)ds + [ Llpl(s, Xoum Qs
o 5 t
nq t+9 s —t
< E{H [ s Xoo o [L = Z=nlq)ds | + CP(rf <t+0) +C6
t

t+6
= E{@ / [ sup A [p](s, Xs, s, [1 — Hn]q)] dg} + O,
o Jy 0<6<1

Here in the last inequality above we used (G160 again. Now, sending 6 — 0 in the above we can
easily deduce that supg<g<y #[¢](t, 2, k,[1 —On]g) > 0. The arbitrariness of 7 > 0 then further
leads to the second inequality of (6.I4]), proving the viscosity subsolution property.

We now turn to the viscosity supersolution property. We first check Definition [6.3] (iii). Let
(t,z,k) € [0,T) x Ry x [0,K) and ¢ € A(t,z,k,0). For any m € /% (t,k,0), since there is no
liquidity (¢ = 0), there is no possibility of trading, and thus it must hold that: 7wy = k and

=0, s < 7}. Then, by (EI0), (6I3) and (E3) again, we have
=1(V.k,75) = I(p, k, 75) / LIel(s, X, k, O)ds}

Dividing both sides above by § and then sending 6 — 0, similar to the case (6I5]) we can prove
Definition (iii).
It remains to verify Definition [6.3] (ii). Suppose in the contrary that

¢ = min <$[<p],///[<p]>(t,x,k,q)>0 (6.17)

for some (t,z,k,q) € [0,T) x O and ¢ € A(t,z,k,q). Then, applying Theorem 5.4 on 7§ we can
find 7 := 7% € /% (t, k,q) such that

7t
V(t,ﬂ?,k’,Q) 2 E{/ (Xtm7Q7r)d7TS + V(Th it , T va:i;q)} - 52‘
t

Now let 7 be the Fl-adapted version of 7, as was defined in Lemma Bl and QT = q — s + k,
s > t. For any § > 0, define the following stopping times:
734 = inf{s>t:|XL" -z zéi}/\T, 7=inf{s>t: 7, —k>6} AT,

mhoi= (O ATENTE, Fhi=TiATh (6.18)
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Then 75 is an [F'-stopping time. Similar to the first part of Proposition we can show that

75
V(t,z,k,q) > E{/ U(Xs, Q7 )dms +V(%§,X{—é,ﬂ‘{—é,@§g>} — 62
t

Now following the derivation of (6.I5]) we obtain

e A S ey A PO e S (A1)
t ¢
Since ¢ is smooth, we deduce from (6.17]) that, for ¢ is small enough,

%[90](37)(877787Q§) > =, (g[gp] +g[90])(37X577Ts;Q§) 2o, t<s< %(g

oo
oo

Thus it follows from (E.19) that 6% >

> %E{ﬂ';—é —k+75—t}. But note that T —k =don {75 =17},
this leads further to

52

v

c c
§E{51{ﬂ;=rg} +((t+0)ATE AT — t)l{ﬂ;agf}} = 55 — CE{(t+6— A )"}

> ga— CO[P(r¥ < t+06) +P(rl < t+6)]. (6.20)
Finally, recalling (6.16]) and noting that

1
P(rf <t +6) = ]P’( sup | XL¥ — x| > (ﬁ) < —E{ sup | X5* — x]4} <O+ |z|he.
t<s<t+5 0 Ui<s<tts
We derive from (6.20) that 6% > 56 — C(1 + |=|*)é6%. But this is obviously impossible when § > 0
is small enough, a contradiction to the assumption (6I7). This completes the proof. [ |

Remark 6.5 (i) If the value function actually has the regularity V € C’I} ’2([0,T] x 0), then
instead of being a viscosity solution, it will be a classical solution to the QVI (GI1]). Moreover,
by Theorem [7.4] below, we see that the classical solution is unique.

(ii) We should note that one may try to analyze the uniqueness in the sense of viscosity
solutions by following the standard techniques (see the classical reference [9]). However, since our
main focus is the dynamic equilibrium model of the limit order book, we prefer not to pursue this

in this already lengthy paper and will leave it to interested reader. |

7 Description of Optimal Strategy

In this section we give a characterization of the optimal strategy. Our argument will be based on

the assumption that the HJB equation has a “classical solution”, which will not be substantiated
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in this paper, as it is itself a challenging problem. Our main purpose is to see the possible
structure of the optimal strategy and compare it to the usual optimal singular stochastic control
in the literature.

Our starting point is the following partial Verification Theorem.

Proposition 7.1 Assume (H1) - (H3), and that v € C;’z([O,T] x O) is a classical solution to the
QVI (611)-©6I12). Thenv < V.

Proof. Without loss of generality, we assume ¢ = 0,k = 0. By ([@I3)), it suffices to show that
U(07 z,0, q) < J1(07 z,0,q; 7T), for any e ”Q{ad(()) 0, q) (71)

We remark that, for this proposition, we can actually utilize J°, namely considering only contin-
uous strategies. However, to analyze the optimal strategy later, we shall use J' instead.

Recall that 0 < 7 < 79,--- are the jump times of N. Denote 7; := 7, AT. By the terminal
condition ([6.12)), we have

Cr = Jl(OVTu 07Q7 7T) - U(O’x’ 0’q)
T
- E{/ UXe, QDdrs+ Y. D(Xe,QF,Am) + o(T, Xp, 7, QF) — v(0, Xo, 0, Q5) |
0 0<s<T

I
.Mg

Il
o

Tit1
B{ [ U.QDini+ Y DOGLQFAR)

Ti SS<7A'7;+1

+'U(7A—i+17 X‘Fi+1 ) 7T7:i+1 ; fo-rlgrl) - ,U(%ia Xi'i s T2y fo-rl)}

(2

By introducing the filtrations B = (FV v ]:s};\ﬂ)OSSST and setting 7 := T in (6.4]), we obtain
s Tit1 Tit1
ex = ZE{ ZLN)(s, Xs,ms, QT )ds + AMNW(s, X, ms, Q7 )dTs
=0 i Ti

Ti

AT
+ Z AM|(8, Xg, ms +u, Q7 — u)du} >0, (7.2)
#<s<tip1 0
thanks to (6.I1]). This completes (.I)). [ |

In the rest of the section we shall find an optimal strategy 7* € 7,4(0,0,q) such that (7.2,
hence (1)), holds with equality, given the existence of the classical solution v of the QVI (GI1])-
(612). We shall remark though, although it is interesting in theory, the 7* is in general not
implementable since the cost D in the expression J' of ([@I3) is not the real jump cost. However, as
was pointed out in Remark [£3] this 7* will nevertheless provide us a very good and implementable

approximate optimal strategy.
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To help identifying the optimal strategy n*, we first provide some sufficient conditions. With-
out loss of generality, we shall only focus on the interval [0, 7], corresponding to the term in (7.2])

with ¢ = 0. To be more precise, we want to find 7 € 27,4(0, 0, q) such that
71 71
ero = E{/ ZLl(s, Xs,ms, Q7 )ds +/ M )(s, X, 15, Q7 )dT§
0 0

+Z/O

0<s<T1

M )(8, Xg, 5 + u, QF — u)du} =0. (7.3)

To this end, for any (¢,z,k,q) € [0,7] x Ry x [0, K] x R, denote

O(t,z,q) = {y €0, K Ng|: A|(t,x,y,q —y) > 0};

(7.4)
o(t,k,q) := inf {y >k:ye€ O(t,Xt,q)} ANK Ag.

It is clear that O(t,x,q) is an open set in [0, K A ¢|, and ¢ is FW- progressively measurable,
non-decreasing in k, such that ¢(t,k,q) > k, and ¢(t,k,q) = k for k € O(t, X¢,q). We have the

following result.

Proposition 7.2 Assume all the conditions of Proposition [7.1] hold. If m € 7,4(0,0,q) satisfies:

/OT1 low,x,,q(m)dr =0 and my = @(t, 7, q), t €[0,71), P-as. (7.5)
then ([Z3]) holds.
Proof. First, denote O°(t,x,q) := [0, K Aq]—O(t, x,q). Then the first equality in (Z5]) implies:
dri = |:1O(t,Xt,q) () + L0e(t, X, ,9) (Wt)]dﬂf = Loct X, q) (M), 0<t<7.

Note that QF = g — m, 0 <t < 71, then by the definition of O in (4] we have

T1 71
/0 (5, X o, 70y QTS = /O ) (5, X o, 70 QT Lo, ) (2 = 0. (7.6)
Next, when Am; > 0, by the second condition of (5] we have
T+ = ¢(t77‘-t7q) = inf {y > T %[’U](thtvyvq - y) > 0} ANK A q.

This implies that .#[v](t, Xy,y,q —y) = 0 for all 74 <y < 7. Thus, by denoting y = 7y + u,
ATg AT
AM|(8, Xg, ms +u, QT — u)du = AMW|(8, Xg, s +u,q — w5 —u)du=0.  (7.7)
0 0

Finally, we claim that

L|(t, X, 7m,q —m) =0 for t€]0,71] such that Am = 0. (7.8)
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We note that if (7.8]) is substantiated, then since 7 has at most countably many jumps, we have

{ /0 Z0)(t, Xm0, QF)dt} = 0. (7.9)

Combining (Z.0)), (1), and (Z9]), we prove (Z2I).
It remains to prove (T8)). Fix ¢t € [0, 7] such that Am, = 0. If m; = ¢, then (Z.8) is the third

condition of BIZ). If 7, = K, then n, = K for all s € [t,T], and thus v(s, X,, 75, QT) = 0,
thanks to the second condition of (6I2]). Compare (6.8 and (G9), one can easily check (Z.8).
Now assume m; < K A ¢, then

Ty = T4 = ¢(t77rt7Q) = lnf {y > Ty € O(tuXt7Q)}

That is, m; € O(t, X;,q). But note that as the solution to the variational inequality (611, it is
easy to see that Z[v](t, Xt,y,q —y) = 0 holds whenever .#[v](t, X;,y,q — y) > 0, namely, for
any y € O(t, X;,q). The continuity of v then renders that L[v](t, X¢,y,q —y) = 0 on O(t, X, q).
Consequently, (7.8]) holds. This proves (Z.9]), whence the theorem. [ |

We next show that such 7 indeed exists. Fix (x,¢). In light of Proposition we introduce:

71
oAy = {71 € o,4(0,0,q) : / Lo(x0.g) (T1)dn = 0,704 < G(t,71,q), t € [0,71), ]P’—a.s.}. (7.10)
0
Clearly, m; = 0 € o, thus &% # (). We shall construct the optimal strategy from this set.

Proposition 7.3 Assume all the conditions of Proposition [7.1] hold. Then there exists m € </ C
,4(0,0,q) satisfying (), and consequently (T3 holds.

Proof. We shall prove the existence by using Zorn’s lemma. To this end, we introduce a partial

order in .of:

1

' <7? ifandonly if 7} <7? forallte[0,T], P-as. (7.11)

We claim that every totally ordered subset in &% has an upper bound in «%. Indeed, let {ﬂ'i}ie 1 C
4y be a totally ordered subset, where the index set I could be uncountable. Denoting Qr to be

the set of all rationals in [0, 7], we define

T, 1= esssup ., Vr € Qr. (7.12)
iel

Since {n'} is totally ordered, by a standard argument we can find a sequence 7" = 7'n, i, € I,

n=1,2,--- such that 7™’s are non-decreasing in n; and
lim 7 = esssup 7. = 7, Vr € Qr. (7.13)
n i€l
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We then define 7y := lim, » ,eqq 7, for all ¢ € (0,7]. We shall prove that m € <%, and therefore
an upper bound of {7'}. Clearly 7 is F-adapted, non-decreasing, left continuous, and my = 0,
7r < K. Moreover, since Q™" > 0, clearly QT > 0 for all r € Q7, which implies QF > 0 for all
t € [0, 7] and thus 7 € 7,4(0,0,q).

We now check that 7 satisfies the two requirements of o). Since there is no stochastic integral
involved, in what follows we shall fix w € €2, modulo a P-null set, if necessary.

(i) We first show that foﬁ 1o(t,x,,q) (m)dmf = 0. Indeed, since m has at most countably many

jumps, it suffices to show that

T1
/0 1O(t,Xt,q)(ﬂ-t)l{A’ﬂ't:O}dﬂ-tc =0.

Now for any ¢ € [0,71) such that Am, = 0 and 7 € O(t, Xy, q), by (C4) we have . [v](t, X, 7y, q —
m¢) > 0. By the continuity of .Z[v], there exists € > 0 such that

(a) A [v](s,Xs,y,q—y) >0, forall se[(t—e)VO0,(t+e)AT]; and

(b)ye[(m—e)VO,(m+e) NK Ag|.

Since 7 is continuous at ¢, there exists rationals 71,79 such that (t —e) VO <7 <t <ry <
(t+e) A7y and 7 — % <mp, <m < mpy <M+ % Now by the monotone convergence of ), in
the spirit of Dini’s lemma, there exists ng such that, for all n > ng, |7 — 5| < e for s € [r1,72].
This implies . [v](s, X5, 2, q—m2) > 0, and thus 7' € O(s, X, q), for all s € [r1,re] and n > ny.
Since 7" € 4, then f:f d(r")f = 0 and 77, < ¢(s, X, 7)) = 7. That is, 7" is a constant on
[r1,72] for all n > ng. Then 7 is also a constant on [r1, r2], and therefore, f:f 1o(t,x,,q) (me)dmi = 0.
Since t is arbitrary, we prove the desired property.

(ii) We next show that m < ¢(t, 7, q) for t € [0,71). For any y € (m, K A q) such that
A N)(t, X, y,qg —y) > 0. By the continuity of .#[v], there exists 0 < ¢ < 71 — t such that
A ](s,Xs,y,q—y) >0 forall s € [t,t+e]. We claim that

e <y, sé€Eltt+e], forall n. (7.14)

Note that if (ZI4]) is true, then clearly w3 <y for s € [t,t + €], which implies that m; < y. By
the arbitrariness of y, we obtain m < ¢(t, 7, q).

To see (.I4)), suppose in the contrary that ¢, := inf{s >t : 7% > y} < t +e. Then
ng <y< W?n+. Since 7" € @, we have W?n+ < (ﬁ(fmﬂ?ﬂ,q) <y, and thus FZH_ = y. Note that
M )(tn, Xz ,y,q —y) > 0, then there exists &, > 0 such that .Z[v](s, X, 7, q — 7¢) > 0 for all
s € (ty,tn + €,). This implies that 77 € O(s, X5, q) and ¢(s, 77, q) = 7. Now recall again that
7" € o, then we have d(7™)¢ = 0 and An? = 0 for all s € (¢,,t, +¢&,). Therefore, 77 = y for all

5 € (tn,tn +€y), contradicting with the definition of #,.

28



Summarizing, we have shown that every totally ordered subset of % has an upper bound.
Therefore, applying Zorn’s Lemma, we conclude that <7 has a maximal element in <%, denoted

by 7*. We claim that 7* does satisfy (7). Indeed, by its construction it suffices to prove
. =o(t,7f,q), Vtel[0,71), P-as. (7.15)
Suppose not, then ¢ := ¢(t, 7}, q) — 75, > 0. Define

T = inf{s>t:7; > 7/ +c} AT,
Ty = mlpg(s) + (M + ]l (s) + [m5 V (miy + )1y (s), s €[0,T].

It is straightforward to check that #* € o, 7* < 7*, and n; < 7 for s € (¢,7]. This contradicts

the fact that 7* is a maximum element of <%. This proves (.I3]), whence the proposition. [ ]

We are now ready to state the man result of this section.

Theorem 7.4 Assume all the conditions of Proposition [71] hold. Then v =V and there exists
an optimal strategy ©* € <7(0,0,q) such that v(0,z,0,q) = J'(0,2,0,q; 7).

Proof. Combining Propositions and [[3] there exists 7* € 27(0,0, q) such that (Z.3]) holds.

Repeating the same arguments for each n, we may extend 7* appropriately on [0, 7;,] such that

n—1 Fig1 ) ) Tit1
ZE{ LI](s, X, b, Q) ds + M W)(3, Xy, 75, QT )dr®
=0 i Fi

Ti

Ay
+ Z ; //[[U](S,XS,WS—l—u,Q?—u)du} =0,

7A',L'S8<7A'7;+1

which, following the proof of Proposition [ZI] implies that

B{ [ ULQT A+ T DOQE AR (R, Xy, QE) = 000, X0,0.0)

0<s<7n

Sending n — oo, and recalling the terminal condition in (G.I12]), we see that
U(Ov X07 07 q) = J1(07 xz, 07 q; 7T*) > V(07 xz, 07 q)

This, together with Proposition [.I], completes the proof. |

Remark 7.5 Based on Proposition[Z.2we can roughly describe the optimal strategy 7* as follows.
At each time t € [7;,7;11] between the two jump times of N, there is an “inaction region”

O(t,Xt,Q}f:), which is an open set, and therefore can be decomposed into open intervals. If
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m —mi € O(t, Xy, Qg:), then it stays “flat.” If it is at the boundary of O(t, X, Qg:), hence the
boundary of one of the open intervals, then it either jumps to ¢(t, X, Q’;:), i.e, the boundary of

nearest neighboring interval above it, if ¢(t, Xy, Q::) > 7;, or move along with the boundary of
O(t,Xt,Q}f:), when gb(t,Xt,Q}f:) = 7r;. In particular, when O(t,Xt,Q;r:) is simply connected,

then 7* essentially behaves like an optimal singular stochastic control. However, it is not clear to

us that O(t, X, QZZ) will be simply connected, and consequently the optimal strategy may jump

multiple (even infinitely many) times between [7;, Ti+1]. |
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