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Abstract

In this paper, we extend the results of the seminal work Barles and Souganidis (1991) to path
dependent case. Based on the viscosity theory of path dependent PDEs, developed by Ekren et al.
(2012a, 2012b, 2014a and 2014b), we show that a monotone scheme converges to the unique
viscosity solution of the (fully nonlinear) parabolic path dependent PDE. An example of such
monotone scheme is proposed. Moreover, in the case that the solution is smooth enough, we obtain
the rate of convergence of our scheme.
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1. Introduction

In this paper, we aim to numerically solve the following fully nonlinear path
dependent PDE (PPDE) with terminal condition uðT ,!Þ ¼ gð!Þ:

Luðt,!Þ :¼ $@tuðt,!Þ $ Gðt,!, u, @!u, @ 2
!!uÞ ¼ 0, 0 % t < T : ð1Þ

Here ! is a continuous path on [0, T], and G is increasing in @ 2
!!u and thus the

PPDE is parabolic. Such PPDE provides a convenient tool for non-Markovian
models, especially in stochastic control/game with diffusion control and financial
models with volatility uncertainty. Its typical examples include: martingales as
path dependent heat equations, Backward SDEs of Pardoux and Peng (1990) as
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semilinear PPDEs, and G-martingales of Peng (2007) and second-order backward
SDEs of Soner et al. (2012) as path dependent HJB equations. The notion of PPDE
was proposed by Peng (2010). Based on the functional Itô calculus, initiated by
Dupire (2009) and further developed by Cont and Fournie (2013), Ekren et al.
(2012a, 2012b, 2014a and 2014b) developed a viscosity theory for PPDEs.

In the Markovian case, namely uðt,!Þ ¼ vðt,!tÞ, gð!Þ ¼ f ð!TÞ, and Gðt,!, y,
z, !Þ ¼ Fðt,!t, y, z, !Þ for some deterministic functions v, f ,F, the PPDE (1)
becomes a standard PDE with terminal condition vðT , xÞ ¼ f ðxÞ:

Lvðt, xÞ :¼ $@tvðt, xÞ $ Fðt, x, v,Dv,D2vÞ ¼ 0, 0 % t < T : ð2Þ

In their seminal work, Barles and Souganidis (1991) proposed some time dis-
cretization scheme for the above PDE and showed that, under certain conditions,
the discretized approximation converges to the unique viscosity solution of the
PDE. Their key assumption is the monotonicity of the scheme, see Theorem 2.7
(ii) below, which can roughly be viewed as the comparison principle for the
discretized PDE. This work has been extended by many authors, either by im-
proving the error analysis including the rate of convergence, or by proposing
specific algorithms which indeed satisfy the required conditions, see e.g. (Barles
and Jakobsen, 2007; Bonnans and Zidani, 2003; Fahim et al., 2011; Guo et al.,
2013; Krylov, 1998; Tan, 2013a,b), to mention a few.

Our goal of this paper is to extend the work (Barles and Souganidis, 1991) to
PPDE (1). Notice that the viscosity solution in Ekren et al., (2012a, 2012b, 2014a
and 2014b) is defined through some optimal stopping problem under nonlinear
expectation, which is different from the standard viscosity theory for PDEs.
Consequently, our notion of monotonicity for the scheme also involves the non-
linear expectation, see (15) below. This requires some technical estimates for the
hitting time involved in the theory. Then, following the arguments in Barles and
Souganidis (1991) we show that our monotone scheme converges to the unique
viscosity solution of the PPDE.

We next propose a specific scheme which satisfies all the conditions and thus
indeed converges. Moreover, when the PPDE has smooth enough classical solu-
tion, we obtain the rate of convergence of our scheme.

In the semilinear case, there have been many works on numerical methods for
the associated backward SDEs, see e.g., (Briand et al., 2001; Briand and Labart,
2014; Henry-Labordre et al., 2013; Hu et al., 2011; Ma et al., 2002; Peng and Xu,
2011; Zhang, 2004). In particular, Henry-Labordre et al. (2013) used the argu-
ments for viscosity theory of PPDEs. Moreover, Tan (2013b) studied certain nu-
merical approximation for path dependent HJB equations, in the language of
second-order BSDEs. However, we should point out that most of these works are
mainly theoretical studies and are not feasible, especially in high dimensions.
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Efficient numerical algorithms for PPDEs, including the implementation of our
discretization scheme in the present paper, remains a challenging problem and we
shall explore further in our future research.

The rest of the paper is organized as follows. In Sec. 2, we introduce path
dependent PDEs and its viscosity solutions, as well as monotone schemes for
(standard) PDEs. In Sec. 3, we prove the main theorem, namely the convergence of
monotone schemes. In Sec. 4, we propose a scheme which satisfies all the desired
conditions. Finally in Sec. 5, we obtain the rate of convergence of our scheme in
the case that the solution is smooth enough.

2. Preliminaries

2.1. Path dependent PDEs and viscosity solutions

In this section, we recall the setup and the notations of Ekren et al. (2012a, 2012b
and 2014b).

2.1.1. The canonical setting

Let ! :¼ f! 2 Cð[0, T],RdÞ : !0 ¼ 0g, the set of continuous paths starting from
the origin, B the canonical process, F the natural filtration generated by B,P0 the
Wiener measure, and " :¼ [0, T]& !. Here and in the sequel, for notational
simplicity, we use 0 to denote vectors or matrices with appropriate dimensions
whose components are all equal to 0. Let Sd denote the set of d & d symmetric
matrices, and

x ' x 0 :¼
Xd

i¼1
xix

0
i for any x, x 0 2 Rd,

! : ! 0 :¼ Trace[!! 0] for any !, ! 0 2 Sd:

We define a semi-norm on ! and a pseudometric on " as follows: for any
ðt,!Þ, ðt 0,! 0Þ 2 ",

k!kt :¼ sup
0%s%t

j!sj, dððt,!Þ, ðt 0,! 0ÞÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jt $ t 0j

p
þk!:^t $ ! 0

:^t 0kT : ð3Þ

Then ð!, k 'kTÞ is a Banach space and ð",dÞ is a complete pseudometric space.

Remark 2.1. In (Ekren et al., 2012a, 2012b and 2014b), following (Dupire, 2009)
we used pseudometric:

d1ððt,!Þ, ðt 0,! 0ÞÞ :¼ jt $ t 0jþk!:^t $ ! 0
:^t 0kT :

Monotone schemes for fully nonlinear parabolic PPDEs
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Clearly d and d1 induce the same topology, and all the results in (Ekren
et al., 2012a, 2012b and 2014b) still hold true under d. However, when we
consider the regularity of viscosity solutions, see (46) below, it is more natural to
use d. Indeed, since B is typically a semimartingale, for t < t 0 we see that

ffiffiffiffiffiffiffiffiffiffiffi
t 0 $ t

p

and kBtkt 0 are roughly in the same order.

We shall denote by L0ðF TÞ and L0ð"Þ the collection of all F T -measurable
random variables and F-progressively measurable processes, respectively. In par-
ticular, for any u 2 L2ð"Þ, the progressive measurability implies that
uðt,!Þ ¼ uðt,!'^tÞ. Let C0ð"Þ (resp. UCð"Þ) be the subset of L0ð"Þ whose ele-
ments are continuous (resp. uniformly continuous) in ðt,!Þ under d. The corre-
sponding subsets of bounded processes are denoted as C 0

bð"Þ and UCbð"Þ.
Finally, L0ð",RdÞ denote the space of Rd-valued processes with entries in L0ð"Þ,
and we define similar notations for the spaces C 0,C 0

b ,UC, and UCb.
We denote by T the set of F-stopping times, and H ) T the subset of those

hitting times H of the form

H :¼ infft : Bt 62 Og ^ t0 ¼ infft : dð!t,OcÞ ¼ 0g ^ t0, ð4Þ

for some 0 < t0 % T , and some open and convex set O ) Rd containing 0.
For all L > 0, let PL denote the set of semimartingale measures P on ! whose

drift and diffusion characteristics are bounded by L and
ffiffiffiffiffiffi
2L

p
, respectively, and

P1 :¼
S

L>0 PL. To be precise, let ~! :¼ !2 be an enlarged canonical space with
canonical process (B, W). For any P 2 PL, there exist an extension of probability
measure ~P on ~! and "P 2 L0ð[0, T]& ~!,RdÞ,0 % #P 2 L0ð[0, T]& ~!,SdÞ such
that W is a ~P-Brownian motion and

j"Pj % L, j#Pj %
ffiffiffiffiffiffi
2L

p
, dBt ¼ "P

t dt þ # P
t dWt, ~P-a:s: ð5Þ

We remark that, when "P and #P are deterministic, especially when they are
constants, P is uniquely determined by them.

Definition 2.2. We say u 2 C1, 2ð"Þ if u 2 C 0ð"Þ and there exist @tu 2 C0ð"Þ,
@!u 2 C0ð",RdÞ, @ 2

!!u 2 C0ð",SdÞ such that, for any P 2 P1, u is a local
P-semimartingale and it holds:

du ¼ @tudt þ @!u ' dBt þ
1
2
@ 2
!!u : dhBit, 0 % t % T , P-a:s: ð6Þ

The above @tu, @!u and @
2
!!u, if they exist, are unique. Consequently, we call them

the time derivative, the first order and second order space derivatives of u, respectively.

Definition 2.3. We say u 2 C1, 2ð"Þ is a classical solution (resp. supersolution,
subsolution) of PPDE (1) if Luðt,!Þ ¼ ðresp: * , %Þ 0, for all ðt,!Þ 2 [0, TÞ & !.
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2.1.2. The shifted spaces

Fix 0 % t % T .

. Let ! t :¼ f! 2 Cð[t,T],RdÞ : !t ¼ 0g be the shifted canonical space; Bt the
shifted canonical process on ! t; F t the shifted filtration generated by Bt,P t

0 the
Wiener measure on ! t, and " t :¼ [t, T]& ! t.

. For s 2 [t, T], define k ' ks on ! t and d on " t in the spirit of (3), and the sets
L0ð" tÞ etc. in an obvious way.

. For s 2 [0, t],! 2 !s and ! 0 2 ! t, define the concatenation path !+t !
0 2 !s

by:

ð!+t !
0ÞðrÞ :¼ !r1[s, tÞðrÞ þ ð!t þ ! 0

rÞ1[t,T]ðrÞ, for all r 2 [s,T]:

. Let s 2 [0, TÞ, $ 2 L0ðF s
TÞ, and X 2 L0ð"sÞ. For ðt,!Þ 2 "s, define $ t,! 2

L0ðF t
TÞ and X t,! 2 L0ð" tÞ by:

$ t,!ð! 0Þ :¼ $ð!+t !
0Þ, X t,!ð! 0Þ :¼ Xð!+t !

0Þ, for all ! 0 2 ! t:

Moreover, for a random time % , we shall use the notation $% ,! :¼ $%ð!Þ,!.
. Define T t,H t,P t

L,P t
1, and C1, 2ð" tÞ, etc. in an obvious manner.

It is clear that ut,! 2 C0ð" tÞ for any u 2 C0ð"Þ and ðt,!Þ 2 ". Similar
property holds for other spaces introduced above. Moreover, for any % 2 T (resp.
H 2 HÞ and any ðt,!Þ 2 " such that t < %ð!Þ (resp. t < Hð!ÞÞ, it is clear that
% t,! 2 T t (resp. H t,! 2 H tÞ.

2.1.3. Viscosity solutions of PPDEs

We first introduce the spaces for viscosity solutions.

Definition 2.4. Let u 2 L0ð"Þ.

(i) We say u is right continuous in ðt,!Þ under d if: for any ðt,!Þ 2 " and any
" > 0, there exists & > 0 such that, for any ðs, ~!Þ 2 " t satisfying
dððs, ~!Þ, ðt,0ÞÞ % &, we have jut,!ðs, ~!Þ $ uðt,!Þj % ".

(ii) We say u 2 U if u is bounded from above, right continuous in ðt,!Þ under
d, and there exists a modulus of continuity function ' such that for any
ðt,!Þ, ðt 0,! 0Þ 2 ":

uðt,!Þ $ uðt 0,! 0Þ % 'ðdððt,!Þ, ðt 0,! 0ÞÞÞ whenever t % t 0: ð7Þ

(iii) We say u 2 U if $u 2 U .

Monotone schemes for fully nonlinear parabolic PPDEs
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It is clear that U \ U ¼ UCbð"Þ. We also recall from (Ekren et al., 2014b)
Remark 3.2 that Condition (7) implies that u has left-limits and positive jumps.

We next introduce the nonlinear expectations. Denote by L1ðF t
T ,P t

LÞ the set of
$ 2 L0ðF t

TÞ with supP2P t
L
EP[j$j] <1, and define, for $ 2 L1ðF t

T ,P t
LÞ,

E L
t [$] ¼ sup

P2P t
L

EP[$] and E L
t [$] ¼ inf

P2P t
L

EP[$] ¼ $E L
t [$ $]:

We now define viscosity solutions. For any u 2 L0ð"Þ, ðt,!Þ 2 [0, TÞ & !, and
L > 0, let

A Luðt,!Þ :¼ ’ 2 C 1, 2ð"tÞ : 9H 2 H t s:t: ð’$ ut,!Þt ¼ 0
"

¼ inf
%2T t

E L
t [ð’$ ut,!Þ%^H]

#
,

A Luðt,!Þ :¼ ’ 2 C 1, 2ð"tÞ : 9H 2 H t s:t: ð’$ ut,!Þt ¼ 0
"

¼ sup
%2T t

E L
t [ð’$ ut,!Þ%^H]

#
:

ð8Þ

Definition 2.5. (i) Let L > 0. We say u 2 U (resp. U ) is a viscosity L-subsolution
(resp. L-supersolution) of PPDE (1) if, for any ðt,!Þ 2 [0, TÞ & ! and any ’ 2
A Luðt,!Þ (resp. ’ 2 A Luðt,!Þ):

L t,!’ðt,0Þ :¼ [$ @t’$ Gt,!ð:,’, @!’, @ 2
!!’Þ]ðt,0Þ % ðresp: *Þ 0: ð9Þ

(ii) We say u 2 U (resp. U ) is a viscosity subsolution (resp. supersolution) of
PPDE (1) if u is a viscosity L-subsolution (resp. L-supersolution) of PPDE (1)
for some L > 0.

(iii) We say u 2 UCbð"Þ is a viscosity solution of PPDE (1) if it is both a viscosity
subsolution and a viscosity supersolution.

As pointed out in (Ekren et al., 2012a) Remark 3.11 (i), without loss of gen-
erality in (8) we may always set H ¼ H t

" for some small " > 0:

H t
" :¼ inffs > t : jBt

sj * "g ^ ðt þ "Þ: ð10Þ

2.2. Monotone schemes for (standard) PDEs

In this section, we introduce the main result of (Barles and Souganidis, 1991). We
shall follow the presentation in (Guo et al., 2013). We first recall the definition
of viscosity solutions for PDE (2): an upper (resp. lower) semicontinuous function

J. Zhang & J. Zhuo
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v is called a viscosity subsolution (resp. viscosity supersolution) of PDE (2) if
L’ðt, xÞ % ðresp: *Þ 0, for any ðt, xÞ 2 [0, TÞ & Rd and any smooth function ’
satisfying:

[u$ ’]ðt, xÞ ¼ 0 * ðresp: %Þ[u$ ’]ðs, yÞ, for all ðs, yÞ 2 [0, T]& Rd: ð11Þ

For the viscosity theory of PDEs, we refer to the classical references (Crandall
et al., 1992; Fleming and Soner, 2006; Yong and Zhou, 1999).

We shall adopt the following standard assumptions:

Assumption 2.6. (i) Fð', 0,0,0Þ and f are bounded.

(ii) F is continuous in t, uniformly Lipschitz continuous in ðx, y, z, !Þ, and f is
uniformly Lipschitz continuous in x.

(iii) PDE (2) is parabolic, that is, F is nondecreasing in !.
(iv) Comparison principle for PDE (2) holds in the class of bounded viscosity

solutions. That is, if v1 and v2 are bounded viscosity subsolution and viscosity
supersolution of PDE (2), respectively, and v1ðT , 'Þ % f % v2ðT , 'Þ, then v1 %
v2 on [0, T]& Rd.

For any t 2 [0, TÞ and h 2 ð0, T $ tÞ, let T t, x
h be an operator on the set of

measurable functions ’ : Rd ! R. For n * 1, denote h :¼ T
n , ti :¼ ih, i ¼ 0,

1, . . . , n, and define:

vhðtn, xÞ :¼ f ðxÞ, vhðt, xÞ :¼ T t, x
ti$t[v

hðti, 'Þ], t 2 [ti$1, tiÞ, i¼ n, . . . , 1: ð12Þ

The following convergence result is reported in (Guo et al., 2013) Theorem 2.2,
which is based on Barles and Souganidis (1991) and is due to Fahim et al. (2011)
Theorem 3.6.

Theorem 2.7. Let Assumption 2.6 hold. Assume T t, x
h satisfies the following

conditions:

ðiÞ Consistency: for any ðt, xÞ 2 [0, TÞ & Rd and any ’ 2 C1, 2ð[0, TÞ & RdÞ,

lim
ðt 0, x 0, h, cÞ!ðt, x, 0, 0Þ

[cþ ’]ðt 0, x 0Þ $ T t 0, x 0
h [[cþ ’]ðt 0 þ h, 'Þ]
h

¼ L’ðt, xÞ:

ðiiÞ Monotonicity: T t, x
h [’] % T t, x

h [ ] whenever ’ %  .
ðiiiÞ Stability: vh is bounded uniformly in h whenever f is bounded.
ðivÞ Boundary condition: limðt 0, x 0, hÞ!ðT, x, 0Þ vhðt 0, x 0Þ ¼ f ðxÞ for any x 2 Rd.

Then PDE (2) with terminal condition vðT, 'Þ ¼ f has a unique bounded vis-
cosity solution v, and vh converges to v locally uniformly as h ! 0.

Monotone schemes for fully nonlinear parabolic PPDEs
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3. Monotone Scheme for PPDEs

Our goal of this section is to extend Theorem 2.7 to PPDE (1). Similar to
Assumption 2.6, we assume:

Assumption 3.1. (i) Gð', 0,0,0Þ and g are bounded.

(ii) G is continuous in ðt,!Þ, uniformly Lipschitz continuous in ðy, z, !Þ, and g is
uniformly continuous in !. Denote by L0 the Lipschitz constant of G in ðz, !Þ.

(iii) PPDE (1) is parabolic, that is, G is nondecreasing in !.
(iv) Comparison principle for PPDE (1) holds in the class of bounded viscosity

solutions. That is, if u1 and u2 are bounded viscosity subsolution and viscosity
supersolution of PPDE (1), respectively, and u1ðT , 'Þ % g % u2ðT , 'Þ, then
u1 % u2 on ".

For the comparison principle in (iv) above, we refer to (Ekren et al., 2012b) for
some sufficient conditions.

Now for any ðt,!Þ 2 [0, TÞ & ! and h 2 ð0, T $ tÞ, let T t,!
h be an operator on

L0ðF t
tþhÞ. For n * 1, denote h :¼ T

n , ti :¼ ih, i ¼ 0, 1, . . . , n, and define:

uhðtn,!Þ :¼ gð!Þ, uhðt,!Þ :¼ T t,!
ti$t[u

hðti, 'Þ], t 2 [ti$1, tiÞ, i ¼ n, . . . , 1:

ð13Þ
where we abuse the notation that:

T t,!
h [’] :¼ T t,!

h [’ t,!], for ’ 2 L0ðF tþhÞ:

The following main result is analogous to Theorem 2.7.

Theorem 3.2. Let Assumption 3.1 hold. Assume T t,!
h satisfies the following

conditions:

ðiÞ Consistency: for any ðt,!Þ 2 [0, TÞ & ! and ’ 2 C 1, 2ð" tÞ,

lim
ðt 0,! 0, h, cÞ!ðt,0, 0, 0Þ

[cþ ’]ðt 0,! 0Þ $ T t 0,!+t! 0

h [[cþ ’]ðt 0 þ h, 'Þ]
h

¼ L t,!’ðt,0Þ,

ð14Þ

where ðt 0,! 0Þ 2 " t, h 2 ð0, T $ tÞ, c 2 R, and L t,!’ is defined in (9).
ðiiÞ Monotonicity: for some constant L * L0 and any ’, 2 UCbðF t

tþhÞ,

E L
t [’$  ] % 0 implies T t,!

h [’] % T t,!
h [ ]: ð15Þ

ðiiiÞ Stability: uh is uniformly bounded and uniformly continuous in !, uniformly
on h. Moreover, there exists a modulus of continuity function ', independent

J. Zhang & J. Zhuo
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of h, such that

juhðt,!Þ $ uhðt 0,!'^tÞj% 'ððt 0$ tÞ_ hÞ, for any t < t 0 and any ! 2 !: ð16Þ

Then PPDE (1) with terminal condition uðT, 'Þ ¼ g has a unique bounded
L-viscosity solution u, and uh converges to u locally uniformly as h ! 0.

Remark 3.3. The conditions in Theorem 3.2 reflect the features of our definition
of viscosity solution for PPDEs.

(i) For the consistency condition (14), we require the convergence only for t 0 * t.
(ii) The monotonicity condition in Theorem 2.7 (ii) is due to the maximum

condition (11) in the definition of viscosity solutions for PDEs. In our path
dependent case, the monotonicity condition (15) is modified in a way to adapt
to (8).

(iii) Due to the uniform continuity required in the definition of viscosity solutions,
the stability condition in Theorem 3.2 (iii) is somewhat strong. Note that this
condition obviously implies the counterparts of the stability and boundary
conditions in Theorem 2.7.

Remark 3.4. Following a little more involved arguments, one may weaken the
monotonicity condition (15) slightly and all the results in the paper still hold true:
for some constant L * L0 and any ’, 2 UCbðF t

tþhÞ, there exists a modulus of
continuity function 'mon, which depends only on L, d, and the uniform continuity
of ’, , but does not depend on the specific ’, , such that

E L
t [’$  ] % 0 implies T t,!

h [’] % T t,!
h [ ]þ h'monðhÞ: ð17Þ

To prove the theorem, we need a technical lemma.

Lemma 3.5. Let L > 0,H 2 H, % 2 T , % % H, and X 2 U with modulus of
continuity function ' in (7). Assume

E L
0[X% ]$ E L

0[XH] * c > 0 ð18Þ
Then there exist constants &0 ¼ &0ðc, L, d, 'Þ > 0, C ¼ CðL, dÞ > 0, and !, 2 !
such that

t, :¼ %ð!,Þ<Hð!,Þ and sup
P2P t,

L

P[H t,,! , $ t, % &]%C&2 for all &% &0: ð19Þ

Proof. Let H correspond to O and t0 in (4). We first claim there exist &0 ¼
&0ðc, L, d, 'Þ and !, such that

t, :¼ %ð!,Þ < t0 $ &0 and dð!,t, ,O
cÞ * &

1
6
0: ð20Þ

Monotone schemes for fully nonlinear parabolic PPDEs
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In particular, this implies that t, < Hð!,Þ. Then, for any P 2 P t,
L and & % &0,

P[H t,,! , $ t, % &] ¼ PðH t,,!, $ t, % &,!,t, þ Bt,
H t, ,!, 2 OcÞ

% P sup
t,%s%t,þ&

jBt,
s j * dð!,t, ,OcÞ

 !

% P sup
t,%s%t,þ&

jBt,
s j * &

1
6
0

 !

% &$10 EP sup
t,%s%t,þ&

jBt,
s j6

" #

% C&2,

proving (19).
We now prove (20) by contradiction. Assume (20) is not true, then

% * t0 $ &0 or dðB% ,OcÞ < &0
1
6, 8! 2 !: ð21Þ

By definition of E L
0, there exists P 2 P 0

L such that

E L
0[X% ] % EP[X% ]þ

c
2
: ð22Þ

Note that B%ð!Þ 2 O whenever %ð!Þ < Hð!Þ. Recall (5) and let (ð!Þ denote the
unit vector pointing from B%ð!Þ to Oc. Set (ð!Þ be a fixed unit vector when
%ð!Þ ¼ Hð!Þ. Then ( 2 F % . Construct P̂ 2 P 0

L as follows:

" P̂
t :¼ "P

t 1[0, %ÞðtÞ þ L(1[% , t0Þ, # P̂
t :¼ # P

t 1[0, %ÞðtÞ:

That is, P̂ ¼ P on F % and dB %ð!Þ
t ¼ L(ð!Þdt, t * % , P̂ % ,!-a.s., where P̂ % ,! is the

regular conditional probability distribution of P. Then, one can easily see that

jB %ð!Þ
t j ¼ L[t $ %ð!Þ], H% ,! $ %ð!Þ ¼ dðB%ð!Þ,OcÞ

L
^ [t0 $ %ð!Þ],

P̂ % ,!-a:s: for all !:

This, together with (21), implies

dðð% ,!Þ, ðH,!ÞÞ ¼ H$ % þ sup
%%t%H

jB %
t j % C[H$ %] % C

&0
1
6

L
þ &0

" #

% C&0
1
6,

P̂ % ,!-a:s: ð23Þ

Then, by (22), (7), and (23),

E L
0[X% ]$ E L

0[XH] % EP[X% ]$ EP̂[XH]þ
c
2
¼ EP̂[X% $ XH]þ

c
2

% EP̂['ðdðð% ,!Þ, ðH,!ÞÞÞ]þ c
2
% 'ðC&

1
6
0Þ þ

c
2
:

This contradicts with (18) when &0 is small enough, and thus (20) holds true.

J. Zhang & J. Zhuo
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Proof of Theorem 3.2. By the stability, uh is bounded. Define

uðt,!Þ :¼ lim inf
h!0

uhðt,!Þ, uðt,!Þ :¼ lim sup
h!0

uhðt,!Þ: ð24Þ

Clearly uðT ,!Þ ¼ gð!Þ ¼ uðT ,!Þ, u % u, and u, u are bounded and uniformly
continuous. We shall show that u (resp. uÞ is a viscosity L-supersolution (resp.
L-subsolution) of PPDE (1). Then by the comparison principle we see that u % u
and thus u :¼ u ¼ u is the unique viscosity solution of PPDE (1). The
convergence of uh is obvious now, which, together with the uniform regularity
of uh and u, implies further the locally uniform convergence.

Without loss of generality, we shall only prove by contradiction that u satisfies
the viscosity L-supersolution property at ð0,0Þ. Assume not, then there exists ’0 2
A Luð0,0Þ with corresponding H 2 H such that $c0 :¼ L’0ð0,0Þ < 0: Denote

’ðt,!Þ :¼ ’0ðt,!Þ $ c0
2
t: ð25Þ

Then

L’ð0,0Þ ¼ $ c0
2
< 0: ð26Þ

Denote X 0 :¼ ’$ u,Xh :¼ ’$ uh, and E :¼ E L
0, E :¼ E L

0. Recall (10) and
denote H" :¼ H0

" ^ "5, c" :¼ 1
3 c0"

5. Note that H" % H for " small enough, and by
Ekren et al. (2012a) (2.8),

sup
P2PL

PðH" 6¼ "5Þ ¼ sup
P2PL

PðH0
" < "5Þ % CL4"$4"10 % C"c": ð27Þ

Then

E["5 $ H"] % E["51fH" 6¼" 5g] % C"c":

Thus, for " small, it follows from ’0 2 A Luð0,0Þ that

X 0
0 $ E [X 0

H"
] ¼ [’0 $ u]0 $ E ð’0 $ uÞH"

$ c0
2
H"

h i

* E[ð’0 $ uÞH"
]$ E ð’0 $ uÞH"

$ c0
2
H"

h i

* E c0
2
H"

h i
¼ c0"5

2
$ c0

2
E["5 $H"] *

3c"
2
$C"c" * c" > 0: ð28Þ

Let hk # 0 be a sequence such that

lim
k!1

uhk
0 ¼ u0, ð29Þ

Monotone schemes for fully nonlinear parabolic PPDEs
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and simplify the notations: uk :¼ uhk ,Xk :¼ Xhk . Then (28) leads to

c" % ’0 $ lim inf
h!0

uh
0

$ %
$ E ’H"

$ lim inf
h!0

uh
H"

$ %

% ’0 $ lim
k!1

uk
0

$ %
$ E ’H"

$ lim inf
k!1

uk
H"

$ %
:

Note that Xk is uniformly bounded. Then by (27) we have

E jX k
H"
$ X k

"5 j
& '

% C"c":

Since uh is uniformly continuous, applying the monotone convergence theorem
under nonlinear expectation E , see e.g. (Ekren et al., 2014b) Proposition 2.5,
we have

c" % lim
k!1

[’0 $ uk
0]$ E lim sup

k!1
[’H"

$ uk
H"
]

$ %

% lim
k!1

X k
0 $ E lim sup

k!1
X k
"5

$ %
þ C"c" ¼ lim

k!1
X k

0 $ E lim
m!1

sup
k*m

X k
"5

$ %
þ C"c"

¼ lim
k!1

X k
0 $ lim

m!1
E sup

k*m
X k
" 5

$ %
þ C"c" % lim

k!1
X k

0 $ lim sup
k!1

E[X k
" 5]þ C"c"

% lim
k!1

X k
0 $ lim sup

k!1
E [X k

H"
]þ C"c" ¼ lim inf

k!1
[X k

0 $ E[X k
H"
]]þ C"c":

Then, for all " small enough and k large enough,

X k
0 $ E[X k

H"
] * c"

2
: ð30Þ

Now for each k, define

Y k
t ð!Þ :¼ sup

%2T t
E L

t [ðXkÞ t,!
%^H t,!

"
], t%H"ð!Þ, and %k :¼ infft* 0 : Y k

t ¼ X k
t g:

We remark that here Y k, %k depend on " as well, but we omit the superscript " for
notational simplicity. Applying (Ekren et al., 2014b) Theorem 3.6, we know %k %
H" is an optimal stopping time for Y k

0 and thus

0 <
c"
2
% X k

0 $ E[X k
H"
] % Y k

0 $ E [X k
H"
] ¼ E[X k

%k ]$ E [X k
H"
]:

By Lemma 3.5, for k large enough so that hk % &0ðc"2 , L, d, 'Þ, there exists !k 2 !
such that

t k, :¼ %kð!kÞ<H"ð!kÞ and sup
P2P t k,

L

PðH k
"$ t k, % &Þ %C&2 for all &% hk, ð31Þ

J. Zhang & J. Zhuo

1450005-12

J. 
Fi

na
n.

 E
ng

. 2
01

4.
01

. D
ow

nl
oa

de
d 

fro
m

 w
w

w
.w

or
ld

sc
ie

nt
ifi

c.
co

m
by

 W
SP

C 
on

 0
5/

15
/1

4.
 F

or
 p

er
so

na
l u

se
 o

nl
y.



where H k
" :¼ H t k,,! k

" . Let ft ki , i ¼ 0, . . . , nkg denote the time partition corresponding
to hk, and assume t ki$1 % t k, < t ki . Note that

X k
t k,
ð!kÞ ¼ Y k

t k,
ð!kÞ * E L

t k,[ðX
kÞ t

k
,,! k

%^H k
"
], 8 % 2 T t k, :

Set &k :¼ t ki $ t k, % hk and % :¼ t ki . Combine the inequality above and (31)
we have

[’$ uk]ðt k,,!kÞ * E L
t k, [ð’$ ukÞ t

k
,,! k

t ki ^H
k
"
] * E L

t k,[ð’$ ukÞ t
k
,,! k

t ki
]$ C& 2k :

This implies

E L
t k,[ð’

t k,,! k

t ki
$ [’$ uk]ðt k,,!kÞ $ C& 2kÞ $ ðukÞ t

k
,,! k

t ki
] % 0:

By the monotonicity condition (15) we have

ukðt k,,!kÞ ¼ T t k,,! k

&k
[uk

t ki
] % T t k,,! k

&k
[’t ki

$ [’$ uk]ðt k,,!kÞ $ C& 2k ]: ð32Þ

We next use the consistency condition (14). For ðt,!Þ ¼ ð0,0Þ, set

t 0 :¼ t k,, ! 0 :¼ !k, h :¼ &k, c :¼ $[’$ uk]ðt k,,!kÞ $ C& 2k :

By first sending k ! 1 and then "! 0, we see that

dððt k,,!kÞ, ð0,0ÞÞ % H" þ sup
0%t%H"

j! k
t j % 2"! 0, h % hk ! 0,

which, together with (25), (29), and the uniform continuity of ’ and uk, implies

jcj % j[’$ uk]ðt k,,!kÞ $ [’$ uk]ð0,0Þjþ juk
0 $ u0jþ C& 2k ! 0:

Then, by the consistency condition (14) we obtain from (32) that

0 %
ukðt k,,!kÞ $ T t k,,! k

&k
[’t ki

$ [’$ uk]ðt k,,!kÞ $ C& 2k ]

&k

¼
[cþ ’]ðt k,,!kÞ $ T t k, ,! k

&k
[[cþ ’]t ki ]

&k
þ C&k ! L’ð0,0Þ:

This contradicts with (26).

4. An Illustrative Monotone Scheme

We first remark that the monotonicity condition (15) is solely due to our definition
of viscosity solution of PPDEs. It is sufficient but not necessary for the conver-
gence of the scheme. In Markovian case, the PPDE (1) is reduced back to PDE (2).
The schemes proposed in Fahim et al. (2011) and Guo et al. (2013) satisfy the

Monotone schemes for fully nonlinear parabolic PPDEs
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traditional monotonicity condition in Theorem 2.7, but violates our new mono-
tonicity condition (15). However, as proved in (Fahim et al., 2011; Soner et al.,
2012), we know those schemes do converge.

The goal of this section is to propose a scheme which satisfies all the conditions
in Theorem 3.2 and thus converges. However, to ensure the monotonicity condi-
tion (15), we will need certain conditions which are purely technical. Finding
monotone schemes for general parabolic PPDEs is a challenging problem and we
shall leave it for future research. We also remark that efficient implementation of
such schemes, especially in high dimensions, is also a very challenging problem
and will also be left for future research.

Our scheme will involve some parameters:

)i > 0, *i > 0, i ¼ 1, . . . , d: ð33Þ

Let ei 2 Rd be the vector whose ith component is 1 and all other components are
0, and eij 2 Rd&d be the matrix whose ði, jÞth component is 1 and all other
components are 0. Given ðt,!Þ 2 [0,TÞ & !, recall (5) and introduce the following
probability measures on ! t: for i, j ¼ 1, . . . , d,

P0 : "P0 ¼ 0,#P0 ¼ 0; Pi : "P i ¼ )i ei, #P i ¼ 0;

Pii : "P ii ¼ 0, #P ii ¼ *i eii; Pij : "P ij ¼ 0, #P ij ¼ *j eij þ *i eji, i 6¼ j:
ð34Þ

Now for h 2 ð0, T $ tÞ and ’ 2 L0ðF t
tþhÞ, define

T t,!
h [’] :¼ Dð0Þ’þ hGðt,!,Dð0Þ’,Dð1Þ’,Dð2Þ’Þ, ð35Þ

where Dð0Þ’,Dð1Þ’,Dð2Þ’ take values in R,Rd, Sd, respectively, with each
component defined by

Dð0Þ’ :¼ EP0[’], D ð1Þ
i ’ :¼ EP i[’]$ EP0[’]

)ih
, D ð2Þ

i, i ’ :¼ EP ii[’]$ EP0[’]
*2
i h=2

,

D ð2Þ
i, j ’ :¼ EP ij[’]$ EP ii[’]$ EP jj[’]þ EP0[’]

*i*jh
, i 6¼ j:

ð36Þ

We now verify the conditions in Theorem 3.2.

Lemma 4.1 (Consistency). Under Assumption 3.1, T t,!
h satisfies the con-

sistency condition (14).

Proof. Without loss of generality, we assume ðt,!Þ ¼ ð0,0Þ. Let ðt 0,! 0, h, cÞ be as
in (14), and for notational simplicity, at below we write ðt 0,! 0Þ as ðt,!Þ. Now for
’ 2 C1, 2ð"Þ, denote  :¼ cþ ’ t,!ðt þ h, 'Þ 2 L0ðF t

tþhÞ, and ’j st :¼ ’ t,!ðs,BtÞ$
’ðt,!Þ. Send ðt,!, h, cÞ! ð0,0, 0, 0Þ, by the functional Itô formula and the

J. Zhang & J. Zhuo
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smoothness of ’, one can easily check that

Dð0Þ ¼ cþ ’ðt þ h,!'^tÞ! ’ð0,0Þ;

Dð0Þ $ [cþ ’]ðt,!Þ
h

¼ 1
h
EP0[’j tþht ] ¼ 1

h

Z tþh

t
@t’ðs,!'^tÞds ! @t’ð0,0Þ;

D ð1Þ
i  ¼ 1

)ih
EP i

[’j tþht ]$ 1
)ih

EP0
[’j tþht ]

¼ 1
)ih

Z tþh

t
EP i[ð@t þ )i@! iÞ’ðs,!+t B

tÞ $ @t’ðs,!'^tÞ]ds ! @! i’ð0,0Þ;

D ð2Þ
i, i  ¼

2
*2
i h

EP ii[’j tþht ]$ 2
*2
i h

EP0[’j tþht ]

¼ 2
*2
i h

Z tþh

t
EP ii

@t þ
*2
i

2
@ 2
! i! i

( )
’ðs,!+t B

tÞ
$

$@t’ðs,!'^tÞ
%
ds ! @ 2

! i! i’ð0,0Þ;

D ð2Þ
i, j  ¼

1
*i*jh

EP ij
[’j tþht ]$ 1

*i*jh
EP ii

[’j tþht ]$ 1
*i*jh

EP jj
[’j tþht ]

þ 1
*i*jh

EP0[’j tþht ]

¼ 1
*i*jh

Z tþh

t
EP ij

@t þ
1
2
*2
i @

2
! i! i þ

1
2
*2
j @

2
! j! j

($

þ*i*j@
2
! i! j

)
’ðs,!+t BtÞ

%
ds

$ 1
*i*jh

Z tþh

t
EP ii

@t þ
1
2
*2
i @

2
! i! i

( )
’ðs,!+t B

tÞ
$ %

ds

$ 1
*i*jh

Z tþh

t
EP jj

@t þ
1
2
*2
j @

2
! j! j

( )
’ðs,!+t B

tÞ
$ %

ds

þ 1
*i*jh

Z tþh

t
@t’ðs,!'^tÞds

Monotone schemes for fully nonlinear parabolic PPDEs
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¼ 1
*i*jh

Z tþh

t
EP ij

@t þ
1
2
*2
i @

2
! i! i þ

1
2
*2
j @

2
! j! j

($
þ*i*j@

2
! i! j

)
’j st

%
ds

$ 1
*i*jh

Z tþh

t
EP ii

@t þ
1
2
*2
i @

2
! i! i

( )
’j st

$ %(

þEP jj
@t þ

1
2
*2
j @

2
! j! j

( )
’

$
j st
%)

dsþ @ 2
! i! j’ðt,!Þ! @ 2

! i! j’ð0,0Þ:

Plug these into (35) and (36), we obtain (14) immediately.

To ensure the monotonicity condition (15), we need some additional conditions.

Assumption 4.2. Assume G is differentiable in ðz, !Þ and one may choose )i,*i

so that

@ziG * 0, @!ijG * 0, 2@!iiG=*i *
X

j6¼i

[@!ijGþ @!jiG]=*j,

Xd

i¼1

@ziG
)i

þ
Xd

i¼1

2@!iiG
*2
i
$
X

i 6¼j

@!ijG

*i*j
% 1$ "0 for some "0 2 ð0, 1Þ:

ð37Þ

Remark 4.3. (i) The differentiability of G is just for convenience. For notational
simplicity, at below we shall assume G is differentiable in y as well.

(ii) By setting *i all equal, a sufficient condition for the third inequality in (37) is
the following diagonal dominance condition:

2@!iiG *
X

j 6¼i
[@!ijGþ @!jiG]: ð38Þ

(iii) Since the derivatives of G are uniformly bounded, thanks to Assumption 3.1,
then the last inequality in (37) always holds true when )i,*i are large enough.

Lemma 4.4 (Monotonicity). Under Assumptions 3.1 and 4.2, T t,!
h satisfies

the monotonicity condition (15) for L * L0 large enough and h small enough.

Proof. Without loss of generality, we assume ðt,!Þ ¼ ð0,0Þ and denote
Th :¼ T t,!

h . Assume L * L0 is large enough so that the Pi and Pij in (34) are in
PL. Let ’1,’2 2 UCbðF hÞ satisfy

E L[ ] % 0, where  :¼ ’1 $ ’2: ð39Þ

Then, recalling (35),

Th’1 $ Th’2 ¼ Dð0Þ þ h[@yGDð0Þ þ @zG 'Dð1Þ þ @!G : Dð2Þ ]:

J. Zhang & J. Zhuo
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Note that here @yG etc. are deterministic. By (36), we have

Th’1 $ Th’2 ¼ a0EP0[ ]þ
Xd

i¼1
aiEP i[ ]þ

Xd

i¼1
aiiEP ii[ ]þ

X

i 6¼j

aijEP ij[ ],

ð40Þ

where

a0 :¼ 1þ h@yG$
Xd

i¼1

@ziG
)i

$
Xd

i¼1

@!iiG

*2
i =2

þ
X

i 6¼j

@!ijG

*i*j

ai :¼
@ziG
)i

, aii :¼
2@!iiG
*2
i
$
X

j6¼i

@!ijGþ @!jiG
*i*j

, aij :¼
@!ijG

*i*j
:

ð41Þ

By (37), we see that a0, ai, aij * 0, provided h is small enough. Note that

a0 þ
Xd

i¼1
ai þ

Xd

i, j¼1
aij ¼ 1þ h@yG:

Then one may define the following probability measure:

P̂ :¼ 1
1þ h@yG

a0P0 þ
Xd

i¼1
aiPi þ

Xd

i, j¼1
aijPij

2

4

3

5, ð42Þ

and rewrite (40) as

Th’1 $ Th’2 ¼ ð1þ h@yGÞEP̂[ ]: ð43Þ

Since P0,Pi,Pij 2 PL, (39) implies EP0[ ],EP i[ ],EP ij[ ] % 0 and thus
EP̂[ ] % 0. This leads to (15) immediately.

Remark 4.5. In general P̂ may not be in PL. However, we still have
E L % EP̂ % E L.

We now verify the stability condition.

Lemma 4.6 (Stability). Let Assumptions 3.1 and 4.2 hold, and assume further
that G and g are uniformly Lipschitz continuous in !. Then T t,!

h satisfies the
stability condition in Theorem 3.2 for L large enough and h small enough.

Proof. We assume L and h are chosen so that T t,!
h satisfies the monotonicity

condition (15).
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(i) We first show that uh is uniformly bounded. Denote Ci :¼ Ch
i :¼

sup!2!juhðti,!Þj,’ :¼ [uhðtiþ1, 'Þ] ti,!, and recall (13). By (35) we have

uhðti,!Þ ¼ Dð0Þ’þ hGðti,!,Dð0Þ’,Dð1Þ’,Dð2Þ’Þ

$ hGðti,!, 0,0,0Þ þ hGðti,!, 0,0,0Þ:

Following the arguments for (43), for some P̂ defined in the spirit of (41) and (42),
we have

uhðti,!Þ ¼ ð1þ h@yGÞEP̂[’]þ hGðti,!, 0,0,0Þ: ð44Þ

Then

juhðti,!Þj % ð1þ h@yGÞjEP̂[’]jþ hjGðti,!, 0,0,0Þj % ð1þ ChÞCiþ1 þ Ch:

That is,

Ci % [1þ Ch]Ciþ1 þ Ch:

Note that Cn ¼kgk1. Then by the discrete Gronwall inequality we see that
max0%i%n Ci % C, where the constant C is independent of h.
Finally, for t 2 ðti, tiþ1Þ, following similar arguments we can easily show that

juhðt,!Þj % [1þ Ch]Ciþ1 þ Ch % C. Therefore, uh is uniformly bounded.
(ii) We next show that uh is uniformly Lipschitz continuous in !. Let Li :¼ Li

h

denote the Lipschitz constant of uhðti, 'Þ. Given !1,!2 2 !, denote  :¼
[uhðtiþ1, 'Þ] ti,!

1 $ [uhðtiþ1, 'Þ] ti,!
2 , then

j j % Liþ1 k!1+ti B
ti $ !2+ti B

tiktiþ1 ¼ Liþ1 k!1 $ !2kti :

Note that G is uniform Lipschitz continuous in ! with certain Lipschitz constant
LG. Then similar to (i) above, we have

juhðti,!1Þ $ uhðti,!2Þj % ð1þ h@yGÞEP̂[j j]þ LGhk!1 $ !2kti
% Liþ1 k!1 $ !2kti[1þ Ch]þ LGhk!1 $ !2kti :

Then

Li % Liþ1[1þ Ch]þ LGh:

Since Ln ¼ Lg is the Lipschitz constant of g which is independent of h, we see that
max0%i%n Li is independent of h. Finally, as in the end of (i) above we see that
uhðt, 'Þ is uniformly Lipschitz continuous in !, uniformly in t and h.

(iii) We now prove the following time regularity in two steps:

juhðt,!Þ $ uhðt 0,!'^tÞj % C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t 0 $ t þ h

p
, for all 0 % t < t 0 % T: ð45Þ
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Step 1.We first assume t 0 ¼ T and t ¼ ti. For j ¼ iþ 1, . . . , n, in the spirit of (44),
we may define P̂j such that P̂jþ1 ¼ P̂j on F ti

tj and

uhðtj,!+ti B
tiÞ ¼ [1þ hbj]EP̂jþ1[uhðtjþ1,!+ti B

tiÞjF ti
tj]þ hcj,

where bj :¼ @yGðtjÞ and cj :¼ Gðtj,!+ti B
ti , 0,0,0Þ are in L1ðF ti

tjÞ. Denote
#i :¼ 1,#jþ1 :¼

Qj
k¼i [1þ hbk]. By induction we have

uhðti,!Þ ¼ EP̂n #nuhðtn,!+ti B
tiÞ þ h

Xn$1

j¼i
#j cj

" #

¼ EP̂n #ngð!+ti B
tiÞ þ h

Xn$1

j¼i
#j cj

" #

:

One may easily check that

j#jj % C, j#j $ 1j % Cðj$ iÞh % Cðn$ iÞh ¼ CðT $ tiÞ:

Thus

juhðti,!Þ $ uhðtn,!'^tiÞj ¼ EP̂n #ngð!+ti B
tiÞ þ h

Xn$1

j¼i
#j cj

" #

$ gð!'^tiÞ

*****

*****

% EP̂n[j#n $ 1jjgð!+ti B
tiÞjþ jgð!+ti B

tiÞ

$ gð!'^tiÞjþ Cðn$ iÞh]

% CðT $ tiÞ þ CEP̂n[kBtikT ]:

One can easily show that EP̂n[kBtikT] % C
ffiffiffiffiffiffiffiffiffiffiffiffi
T $ ti

p
. Then (45) holds in this case.

Step 2. We now verify the general case. Assume ti$1 % t < ti and tj$1 % t 0 < tj,
then clearly i % j. Since uhðti, 'Þ and uhðtj, 'Þ are Lipschitz continuous in !, by (44)
and following the arguments in Step 1, one can similarly show that

juhðt,!Þ $ uhðti,!'^tÞj % C
ffiffiffiffiffiffiffiffiffiffi
ti $ t

p % C
ffiffiffi
h

p
,

juhðt 0,!'^tÞ $ uhðtj,!'^tÞj % C
ffiffiffiffiffiffiffiffiffiffiffiffi
tj $ t 0

p
% C

ffiffiffi
h

p
,

juhðti,!'^tÞ $ uhðtj,!'^tÞj % C
ffiffiffiffiffiffiffiffiffiffiffi
tj $ ti

p % C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t 0 $ t þ h

p
:

These lead to (45) immediately.

Combine Lemmas 4.1, 4.4 and (38), it follows from Theorem 3.2 that

Theorem 4.7. Assume all the conditions in Lemma 4.6 hold. Then uh converges
locally uniformly to the unique viscosity solution u of PPDE (1). Moreover,

juðt,!Þ $ uðt 0,! 0Þj % Cdððt,!Þ, ðt 0,! 0ÞÞ, for all ðt,!Þ, ðt 0,! 0Þ 2 ": ð46Þ
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5. The Case with Classical Solution

In this section, we obtain the rate of convergence of our scheme, provided that the
PPDE has smooth enough solution. Denote

C 2, 4
b :¼ fu 2 C 1, 2

b : @tu, @!u, @
2
!!u 2 C 1, 2

b ð"Þg: ð47Þ

We shall remark though, as we see in Buckdahn et al. (2013), in general @t, @!i
, @!j

do not commute, and @ 2
!i!j

u ¼ 1
2 [@!i

ð@!j
uÞ þ @!j

ð@!i
uÞ].

We first have the following general result, in the spirit of Theorem 3.2.

Theorem 5.1. Let Assumption 3.1 hold and the PPDE (1) has a classical solution
u 2 C 2, 4

b ð"Þ. Assume a discretization scheme T t,!
h satisfies:

ðiÞ For any ðt,!Þ 2 [0, TÞ & ! and ’ 2 C 2, 4
b ð" tÞ,

’ðt,!Þ $ T t,!
h [’ðt þ h, 'Þ]
h

$ L’ðt,!Þ
****

**** % Ch, 8 h 2 ð0, T $ tÞ: ð48Þ

ðiiÞ There exists L * L0 such that, for any ðt,!Þ 2 [0, TÞ & ! and ’, 2
UCbð" tÞ uniformly Lipschitz continuous,

jT t,!
h [’]$ T t,!

h [ ]j % ð1þ ChÞE L
t [j’$  j]: ð49Þ

Then we have

max
0%i%n

juhðti,!Þ $ uðti,!Þj % Ch: ð50Þ

Proof. Denote "i :¼ sup!2!juhðti,!Þ $ uðti,!Þj. Since Lu ¼ 0, then (48) implies

jT ti,!
h [uðtiþ1, 'Þ]$ uðti,!Þj % Ch2:

Now by (13) and (49) we have

j[uh $ u]ðti,!Þj % jT ti,!
h [uhðtiþ1, 'Þ]$ T ti,!

h [uðtiþ1, 'Þ]jþ Ch2

% ð1þ ChÞ"iþ1 þ Ch2:

This implies

"i % ð1þ ChÞ"iþ1 þ Ch2: ð51Þ

Since "n ¼ 0, then by discrete Gronwall inequality we obtain (50) immediately.

We next apply the above result to the scheme proposed in Sec. 4.

Theorem 5.2. Assume all the conditions in Lemma 4.6 hold true, and the PPDE
(1) has a classical solution u 2 C 2, 4

b ð"Þ. Then for the scheme introduced in Sec. 4,
it holds that juhðti,!Þ $ uðti,!Þj % Ch.
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Proof. First, (49) follows directly from (43) and Remark 4.5. By Theorem 5.1 it
suffices to check (48). Without loss of generality, we assume ðt,!Þ ¼ ð0,0Þ.

Fix ’ 2 C 2, 4
b ð"Þ, and set  :¼ ’ðh, 'Þ. Recall the computation in Lemma 4.1

with ðt,!Þ ¼ ð0,0Þ and c ¼ 0, we have

Dð0Þ ¼ ’ðt þ h,0Þ ¼ ’ð0,0Þ þ
Z h

0
@t’ðs,0Þds

¼ ’ð0,0Þ þ @t’ð0,0Þhþ
Z h

0

Z s

0
@t@t’ðr,0Þdrds

¼ ’ð0,0Þ þ @t’ð0,0Þhþ Oðh2Þ;

Dð0Þ $ ’ð0,0Þ
h

¼ @t’ð0,0Þ þ OðhÞ;

D ð1Þ
i  ¼ 1

)ih

Z h

0
EP i[ð@t þ )i@! iÞ’ðs,BÞ $ @t’ðs,0Þ]ds

¼ @! i’ð0,0Þ þ
1
)ih

Z h

0
EP i[ð@t þ )i@! iÞ’ðs,BÞ

$ ð@t þ )i@! iÞ’ð0,0Þ $ [@t’ðs,0Þ $ @t’ð0,0Þ]]ds

¼ @! i’ð0,0Þ þ
1
)ih

Z h

0

Z s

0
EP i[[@t þ )i@! i]ð@t þ )i@! iÞ’ðr,BÞ

$ @t@t’ðr,0Þ]drds

¼ @! i’ð0,0Þ þ OðhÞ:

Similarly, we can show that

D ð2Þ
i, j  ¼ @ 2

! i! j’ð0,0Þ þ OðhÞ, i, j ¼ 1, . . . , d:

Plug all these into (35) and recall that G is uniformly Lipschitz continuous in
ðy, z, !Þ, we obtain (48), and hence prove the theorem.
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