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Abstract In this paper we study an optimal portfolio selection problem under instan-
taneous price impact. Based on some empirical analysis in the literature, we model
such impact as a concave function of the trading size when the trading size is small.
The price impact can be thought of as either a liquidity cost or a transaction cost, but
the concavity nature of the cost leads to some fundamental difference from those in
the existing literature. We show that the problem can be reduced to an impulse control
problem, but without fixed cost, and that the value function is a viscosity solution to
a special type of Quasi-Variational Inequality (QVI). We also prove directly (without
using the solution to the QVI) that the optimal strategy exists and more importantly,
despite the absence of a fixed cost, it is still in a “piecewise constant” form, reflecting
a more practical perspective.
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1 Introduction

Modeling of the liquidity risk has attracted strong attention in the recent years in
the quantitative finance literature, and there have been numerous publications on the
subject. Among others, one of the core issues is to understand the price impact of in-
dividual tradings. Motivated by empirical observations, Bouchaud, Farmer, and Lillo
[2] (and the references therein) suggested a price impact model in which the trad-
ing size affects the price in a “concave” way, when the trading size is small. Such a
(concavity) assumption apparently leads to some fundamental differences from many
existing results (see more detailed discussion in Sect. 2), and this paper is an attempt
to understand these differences in the context of an optimal portfolio selection prob-
lem. Roughly speaking, we shall argue that under such a concavity assumption, the
optimization problem can be reduced to an impulse control problem without a fixed
cost, but nevertheless the optimal strategy still exists and, somewhat surprisingly, it
is in a piecewise constant form. One can then easily conclude that the liquidity cost
does exist.

Our model is mainly motivated by the work of Cetin, Jarrow, and Protter [3], in
which the liquidity cost was characterized by the so-called “supply curve”. The main
feature of the model (along with its subsequent work by Cetin, Jarrow, Protter, and
Warachka [4]) is that the dependence of the supply curve on the trading size is essen-
tially quadratic when the size is small. Furthermore, it is shown in [3] that the supply-
curve-based liquidity cost could be eliminated if one is allowed to split any (large)
order into many small pieces, and trade them infinitely frequently (this amounts to
saying that the continuous trading is allowed). Such a point was later amplified by
Bank and Baum [1], in which they proved that one can always approximate a trading
strategy by those that have continuous and finite variation paths, consequently the
liquidity cost could always be eliminated. But on the other hand, both empirical evi-
dences and other theoretical studies indicate that the liquidity risk does exist, even in
the continuous trading paradigm. For instance, by considering the Gamma constraint
on the admissible (continuous!) portfolios and by using the so-called second order
backward SDEs, Cetin, Soner, and Touzi [6] proved that the super-hedging price is
in general higher than the Black-Scholes price, and thus the liquidity cost must exist.
Also, to make the model more realistic, various constraints on the trading strategies
have been added in order to avoid the vanishing liquidity cost. For example, Cetin
and Rogers [5] assumed that any two consecutive transactions have to be one unit of
time apart. In a different work, Ly Vath, Mnif, and Pham [14] assumed heavy liquid-
ity cost if two transactions were made too closely. We should note, however, in the
last two works the optimal strategy being piecewise constant is (essentially) assumed
exogenously. The main message of our result is that the concavity assumption of the
liquidity cost provides an endogenous structure, from which the optimal strategy be-
comes intrinsically “piecewise constant”, even in the absence of a fixed cost.
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It is worth noting that since all the liquidity costs mentioned above have instanta-
neous (or temporary) price impact, technically they are equivalent to a type of transac-
tion costs. Consequently, our approach can be easily applied to problems with trans-
action costs, which has been studied extensively (see, e.g., [7, 8, 10, 13-16], and the
references therein). Most results in the literature assume either fixed cost, or propor-
tional cost, or the linear combination of them. To be more precise, if we denote c(z) to
be the price impact or the transaction cost when the trading size is z, and we assume
c(z) ~ |z|* when z is small, then the fixed cost case corresponds to o = 0, propor-
tional cost or linear price impact case corresponds to o = 1, and the price impact in
[3] corresponds to @ = 2. When « > 1, the liquidity (or transaction) cost vanishes
in approximate sense by allowing multiple instantaneous trading. When o = 1, this
is typically a singular control problem and the optimal strategy is continuous. When
o = 0, this is typically an impulse control problem and the optimal strategy is dis-
crete. We essentially assume O < o < 1, which is consistent with the concavity of the
price impact as observed in [2]. We show that our problem is essentially an impulse
control problem, but possibly without fixed cost.

Our second goal in this paper is to prove the existence of the optimal strategy and
argue that it must be piecewise constant. We note that unlike most of impulse control
problems in the literature, we do not assume that the cost function is strictly positive
(no fixed cost). Thus the HIB equation, being a quasilinear-variational inequality
(QVI), does not have a smooth solution in general. Consequently, the construction of
the optimal strategy, whence in many cases the existence of it, become problematic if
one follows the standard verification theorem approach (cf., e.g. [15]). In this paper
we shall attack the existence of optimal strategy directly. We first consider a sequence
of approximating problems for which the strategies are restricted to a fixed number
(say, n) of trades. We show that for each n the optimal strategy, denoted by Z", exists.
The main technical part in this analysis turns out to be some uniform estimates on the
number of jumps of Z". These estimates will enable us to study the regularity of the
value function and to construct the optimal strategy. We should note that the regularity
of the value function, which we need to construct the optimal strategy, is weaker than
those that are commonly seen in the literature.

The rest of the paper is organized as follows. In Sect. 2 we formulate the problem
and state the main result. In Sects. 3 and 4 we study the approximating value function
V™ and its corresponding optimal strategy Z”. In Sect. 5 we obtain uniform estimates
of Z", which leads to the regularity of the value function V. In Sect. 6 we study the
optimal strategy of the original problem. Finally in Sect. 7 we give some technical
proofs.

2 Problem Formulation

2.1 The Model

Let (£2, F, P; F) be a complete filtered probability space on a finite time interval
[0, T] and W be a standard Brownian motion. We assume that the filtration F =

{F:}i>0 1s generated by W, augmented by all the P-null sets as usual. The financial
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market consists of two assets, a bank account and a stock. For simplicity, we assume
that the interest rate is 0. Let X denote the fundamental value of the stock which
follows the stochastic differential equation:

dX;Zb(t,X[)dt+(7(t,Xt)th. (21)

In this paper we consider the liquidity cost in the following general form: if one buys
z shares of the stock (sells —z shares if z < 0) at time 7, then the liquidity cost of the
trade is c(¢, Xy, z), where c is a deterministic function satisfying c(¢, x, 0) = 0; and

c is increasing in z when z > 0 and decreasing in z when z < 0. 2.2)

We shall give more specific assumptions on the cost function ¢ in the next subsection.
But we remark here that if ¢o := inf(; x) ;20 c(t, x, z) > 0, then ¢ represents a “fixed
cost”. The following example shows that such a positive lower bound usually does
not exist in the context of liquidity cost.

Example 2.1 Consider the “supply curve” S(t, Xy, z) defined in [3], in which X, is
the fundamental price and z is the trading size at time t. We can view S as the market
price of the stock, satisfying

S(t, X;,0) = X,, and S is increasing in z. 2.3)
Thus the liquidity cost should naturally be defined by
c(t, X1, 2) :=2z[S, X1, 2) — X, ]. (2.4)
One can easily check that the c satisfies (2.2).

We remark that in Example 2.1, if S is smooth in z, then ¢(¢, X;, z) ~ z> when z is
small. Namely z — c(t, X;, z) is convex for z small. In this paper, however, we are
interested in the case where c(¢, X;, z) ~ |z|* for some 0 < @ < 1, as supported by
[2]. Therefore it is fundamentally different from the case in [3].

We next consider admissible trading strategies Z. We assume Z is F-adapted,
cadlag, and piecewise constant. Let Y denote the total value invested in the riskless
asset, and define Y := Y+ ZX. Assuming that the interest rate is 0, then except for
countably many t € Dz :={t €[0,T]:6Z; := Z; — Z;_ # 0}, one has

dY; =0 and thus dY; = Z,d X,. (2.5)

Namely, Z is “self-financing”. Furthermore, for t € Dz (i.e., §Z; # 0), we impose
the standard self-financing constraint:

8Y, +c(t, Xo—,8Z,) = 8Y, +c(t, X;,8Z,) = 0. (2.6)

We note that (2.6) simply means that no instantaneous profit can be made by changing
the investment positions. In the case of supply-curve (Example 2.1), the equation
(2.6) amounts to saying that (noting that X is continuous)

8Y, +8Z: X; +c(t, X;,8Z,) =8Y, + 82, S(t, X;,8Z;) =0.

This is exactly the standard idea of “budget constraint”.
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2.2 The Optimization Problem

We now introduce our optimization problem on a subinterval [z, T']. Let X" denote
the solution to SDE (2.1) with initial value X; = x, a.s. Given (x, y, z) and an admis-
sible trading strategy Z, we shall set Y;_ :=y and Z,_ := z. Then by (2.5) and (2.6)
we have

T
Yyoret —yr =y +/ ZydX'* — Z c(s, X1, 82,). (2.7
t

t<s<T

Let U be a terminal payoff function, then our optimization problem is:

V(t,x, y,2) = sup E[U(Y;"""%)]. (2.8)
ZeZ,

Here the set Z; of the admissible strategies is defined rigorously at below:

Definition 2.2 Given 7 € [0, T'], the set of admissible strategies, denoted by Z;, is
the space of F-adapted processes Z over [¢, T'] such that, for a.s. w,

(i) Z is cadlag and piecewise constant with finitely many jumps;
(i) Zr =0,and |Z| < M.

It is worth noting that a key assumption in Definition 2.2 is that Z is piecewise con-
stant and has only finitely many jumps. While this is obviously more desirable in
practice, it is by no means clear that an optimal strategy can be found in such a form.
Thus the main goal of this paper is to show that the concavity assumption on c, see
(H4) below, implies the existence of an optimal strategy in Z;.

Remark 2.3 (i) We require Z to be cadlag for notational convenience. One can easily
change it to caglad if necessary.

(ii) Due to the liquidity risk, if Z7 # 0, the payoff of Y7 is not clear. As in [3]
and [6], we require Z7 = 0 so that Y7 = Yr. An alternative way is to introduce
a payoff function U (177, Z7) on both accounts, see, e.g. [9] in the formulation of
superhedging.

(iii) The assumption that Z is bounded is merely technical. This restriction can be
removed, with some extra efforts on the estimates, by requiring that the cost function
¢ satisfies certain growth condition, for example, limy;| o infy |c(z, x)|/|z] = oo.
We prefer not to pursue such complexity in this paper. In fact, we will impost some
stronger technical assumptions in order not to distract our attention from the main
focus of the paper.

Remark 2.4 Technically, the optimization problem (2.8) can be extended to the cases
where admissible strategies are allowed to be general F-adapted, cadlag processes.
But in that case we need to redefine the aggregate liquidity cost. For example, we can
consider the aggregate cost in the following forms:

o]

o
sup Y c(ti, Xey Zo, — Ze,y), or  Wm Y e(ti, Xep, Zey — Zri), (29)
T = |0 =
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where the supreme is over all possible random partitions of [¢, T] m: t =19 < 71 <
.-+ < T;and |r| is the “mesh size” of the partition. Then, under our conditions in next
subsection on the function ¢, one can show that the value function V would be the
same as the one where the supreme is taken over only piecewise constant strategies.
Namely, it suffices to consider only Z;, and thus the aggregate cost (2.9) is again
reduced to that in (2.7).

However, for more general c, typically there is no optimal strategy in Z; and then
one has to extend the space to allow more complex strategies. The following two
cases are worth noting.

(i) Assume that c(t,x,z) = |z|. Then sup, Z?io c(ti, Xy, Zy; — Zyy ) =
ftT |dZ,], the total variation of the process Z. This problem then becomes a more
or less standard singular (or impulse) stochastic control problem (cf. e.g., [10, 13],
and [14]). In these cases the optimal controls are of bounded variation, but not nec-
essarily piecewise constant.

(ii) Assume the supply curve S(t, x, z) is smooth, as proposed in [3] and [4]. Then
c(t, x, z) ~ 72 when z is small. For any (random) partitionw :t =19 <711 <---<T
and any F-adapted semimartingale Z satisfying Z7 =0, we have

o0

ZC(Ti» X‘L'l'v Zr,- - ZT,;I)

i=0

o
= Z[Z‘[i - Z‘[,',l][s(ria X‘L’,‘a Z‘[i - Z‘[,',l) - X‘L’,‘]
i=0
o
=Y Zyg — Ze, M[S(i, X0y, Zey — Zo ) — S(1i, Xy, 0)]
i=0

T3S .
— Z (SZS[S(s,XS,BZS)—S(s,XS,O)]—i—/t a—z(s,Xs,O)d[Z,Z]§.

t<s<T

This recovers the liquidity cost in [3] and [4], and in this case it is natural to set the
admissible strategies as semimartingales.

2.3 Technical Assumptions

We now present our technical conditions. As mentioned in Remark 2.4, our main
focus is to show that the concavity assumption on ¢ implies the existence of an opti-
mal strategy in Z;. However, in order not to over complicate our estimates, we shall
impose some stronger technical conditions, some of which might be more than nec-
essary. We remark that our approach can be extended to more general cases.

We first assume that all processes in this paper are one dimensional and, as men-
tioned already, the interest rate is 0. Moreover, we shall make use of the following
assumptions:

(H1) The coefficients b and o in (2.1) are bounded and uniformly Lipschitz contin-
uous in x, with a common Lipschitz constant K > 0.
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(H2) The terminal payoff function U is concave, increasing such that 0 < A < U’ <
A on (—o00, 00) for some constants 0 < A < A.
(H3) The cost function ¢ depends only on the trading size z, and satisfies:

(i) ¢(0) =0and c(z) > 0 for all z 0.

(ii) c is increasing in [—2M, 0) and decreasing in (0, 2M]; moreover, in both
intervals, ¢ is uniformly continuous with the same modulus of continuity
function p.

(iii) the following subadditive property holds:
c(z1 +z2) <c(z1) +¢(z2), foranyzi, 22

such that |z1], |z2], |21 + z2] <2M. (2.10)

(H4) There exists a constant &g > 0 such that

(i) cisconcave in (0, 2gp] and in [—2¢&q, 0), and

0z 3
no = Tm <99 o fore=2.2.3. and
=0 ¢(z) 2
(2.11)
=— ¢(=2z) —c(—2)
y =lim — <
z—0 c(z)

(i1) c is uniformly Lipschitz continuous in [-2M, —e&p] U [g9, 2M] with a Lip-
schitz constant L.

We conclude this subsection by several important remarks.

Remark 2.5 The assumption (H2) indicates that the terminal payoff U is essentially
a “utility function”, except that it violates the well-known Inada condition:

lim U'(y) = oo, lim U’(y) =0. (2.12)
y—>—00 y—>00

This is mainly for technical simplifications. The following observations are worth
noting.
(1) If there is a fixed cost, namely if the cost function c satisfies

c(z) >co>0 forallz#0, (2.13)

then one can prove our main result Theorem 2.8 under Inada condition (2.12) (see
also Remark 2.6-(iii) below). In fact, in this case the conditions on ¢ can also be
further relaxed.

(ii) In the case when U (y) = —e™”, ¢(z) = |z|* for some 0 <« < 1, and b(¢, x) =
bo, o (t, x) = 0y, then the assumptions (H1), (H3), (H4), and (2.12) are all satisfied,
one can easily check that V (¢, x, y, z) = —e 7 V(¢, z), where

T T
V(t,z) := inf E —b Zods — Z.dW, §Z,%) . 2.14
(t.2)i= inf [exp( 0[ ds Go/t A+ Y 15, )} (2.14)

t<s<T
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Thus the optimization problems (2.8) and (2.14) are equivalent. By utilizing the struc-
ture of V and modifying our arguments slightly we can also prove our main result in
this case.

We believe our results hold true under even more general conditions. However,
since the main focus of this paper is the impact of the concave cost function ¢, we
choose not to over-complicate this already lengthy paper, and content ourselves with
the stronger condition (H2) instead.

Remark 2.6 (i) We require the concavity of ¢ only around 0. Typically, ¢ is convex
when z is large, as in the standard literature of liquidity risk.

(ii) The typical case satisfying (H3) and (H4) is: c(z) = co|z|%, 0 < @ < 1. The
condition (2.11) captures the behavior of ¢ around 0. We consider those three val-
ues of 6 just for technical reasons. One can of course make the assumption more
symmetric by strengthening the condition to 7(6) < 1 for all & > 1. The assumption
on y is merely technical. However, one cannot remove (2.11) for free. For example,
c(z) = |z| violates (2.11) and we know in this case the optimization problem becomes
a singular control problem, see Remark 2.4(i).

(iii) Another typical case is when there is a fixed cost, namely (2.13) holds. Since
in this case (2.11) automatically holds, we do not need the concavity assumption in
(H4) and our main results will still be valid. See Theorem 2.8 below.

(iv) Note that we allow ¢(0+) > 0 and/or ¢(0—) > 0 in (H4). Moreover, combing
the arguments for the two cases in (i) and (ii), we can easily prove our results in the
case that (H4) holds in (0, 2¢9] and ¢(z) > ¢ > O for z < 0, and the case that (H4)
holds in [—2¢(, 0) and ¢(z) > ¢p > 0 for z > 0.

Remark 2.7 (i) In this remark we justify the subadditive property (2.10). Note that
our goal is to solve (2.8). For general c, by possibly splitting a transaction into many
small pieces, we define,

¢(z):=infle(z) + - +c(zn)  zil <2M, 21 + -+ + 2, =2, V.

Then it is easy to see that ¢ < ¢ and ¢ satisfies (2.10). Replacing ¢ by ¢ in (2.7) we
have

T
Primyt [ ZdXo- Y 60z Vixy.o= swp E[U@ED)
t t<s<T ZeZ,

Under the continuity of U, one can easily show that V = V. In other words, we can
always replace the cost function c to one that satisfies (2.10).

(ii) If the cost function c satisfies c¢(z) < C|z|* for some constants C > 0 and
o > 1 near z =0, then the corresponding ¢(z) = 0. To see this, note that for any z
and large n we have

i) < ZCG) <Ccy
i=1 i=1

Thus the optimization problem is reduced to a standard one without liquidity cost.
This is consistent with the result of [3], where o = 2.

cCM“

<
- pa-—1

— 0, asn— oo.

<
n
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2.4 Main Result

For any Z € Z;, we shall always denote
T0:=1, r=infls > 11 Zy F Zy AT, i=1,.... (2.15)

Then clearly 7; < 7;4+1 whenever t; < T, ; = T when i is large enough, and

o0

Zy = Z Ze Az 2)(5), selt, T (2.16)
i=1

Recall that Z;_ = z. Let N(Z) denote the number of jumps of Z, that is,

00
N(Z):= Z l{gzﬁéo} = Zl{zfﬁézfifl}' 2.17)

t<s<T i=0

Our main result of the paper is:

Theorem 2.8 Assume (H1)-(H3), and assume either (2.13) or (H4) is in force.
Then for any (t, x, v, z), the optimization problem (2.8) admits an optimal strategy
Z* € Z;. Moreover, E[N(Z*)] < 0.

3 The Approximating Problems

In this section, we shall approximate the original optimization problem (2.7) and (2.8)
by those with only fixed number of transactions, for which the optimal strategies are
easier to find. To begin with, for any n > 1 we consider a reduced problem with at
most 7 transactions:

Vi (t,x,y,2) = sup E{U(Y;’X’y’z,Z)}
ZGZ{’(z)

where Z/'(z) ::{ZEZI:N(Z)fn}. 3.D

We note that, for Z € Z/'(2), if Z; =z, then 1, =T, and if Z; # z, then 7,1 =T.
Moreover, when n = 1, we have Ztl (z) ={z1};,1)} for all stopping time 7, and

Ve, x,y,2) =sup EJU (y + 2(X1" — x) — c(=2))}. (3.2)

>t
It is then readily seen, assuming (H1)-(H3), that
Vi, x, v, 2| <C[1+1yl], (t.x,9,2) €[0, TIxR? x [-M, M]. (3.3)

Here and in the sequel C > 0 is a generic constant depending onlyon 7', M, A, A, K,
and |U(0)] in (H1)-(H3), as well as sup,| <), ¢(2), and it is allowed to vary from line
to line.
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Proposition 3.1 Assume (H1)—(H3). Then V"(t,x,y,z) 1 V(t,x,y,2), as n — 00;
and

Vit x,y,2) < V(t,x,y,2) <CIL+|y[l,  (t,x,y,2) €[0,T] x R* x [-M, M].
(3.4)

Proof 1t is clear by definition that V" is increasing and V" < V. We first show that
(3.4) holds for V (whence for V" as well). For any Z € Z;, let us denote X = X"*
and Y = Y'%Y:%Z for simplicity. Since the liquidity cost is positive, we have

T T T
Yr §y+/ stXs=y+/ Zsb(svxs)ds+/ Zso (s, Xs)dWs.
t t t

Then, using the monotonicity of U and boundedness of b, o and Z, we have

T
EU(Yr) < E{U(y—l—/ stXs>}
t

T
<|U©)| +A{|y| +EV Zsd X,
t

}§C[1+|y|]. 3.5)

Since Z is arbitrary, we prove (3.4).

We now show that V' — V, as n — oo. We first note that V" is non-
decreasing, and bounded from above, thanks to (3.4). Thus V®(,x,y,7) :=
lim, 00 V"(t, x, y, z) exists, and V®(,x,y,z) < V(t,x,Y,z), for all (¢,x,y,z).
We need only show that V°° > V. To this end, for any Z € Z; we define Z] :=
Z1{s<z, 1}, s € [t, T). Clearly, Z" € Z](z). Denote Y" := Y"*%Z" Then by the
subadditivity assumption (2.10) we have

T T
Yr—YI= / ZodXs =Y ¢(3Zg) + c(~Zy ) < / Z.dXs.  (3.6)
Tn—1 Tn—1

i>n
Now, for any n, using (H2), (3.4), and (3.6) we have

E{u(rn} = E{Uu(vp)} + E{U(Y'r) - U(Y7)}

_ E{u(r)] +E{[/01 Uy +0(vr — Y;l))de}[YT = Y?]}

T
/ ZsdX;
Tn—1

Next, Definition 2.2(iii) implies that lim,,_, o] fT,T, Z,dX*|} =0, P-as. This en-
ables us to let n — oo in (3.7) and apply the Dominated Convergence Theorem to
get E{U (Y1)} < V°(t, x, y, z). Since this is true for any Z € Z;, we conclude that
Vt,x,y,z) <V*®(,x,y,z), proving the proposition. O

<V®@t,x,y,2)+ AE{

}. 37

The next result concerns the uniform regularity of {V"* :n > 1}.

@ Springer



Appl Math Optim (2013) 67:353-390

363

Proposition 3.2 Assume (H1)—(H3). Then, for any n, it holds that
[Vt x1,y,2) = V' (t, x2, 5, 2)| < ClAx];
Ay <Vt x,y1,2) = VIt x, y2,2) < AAy,  Vy1 =y
V(11 x,y,2) — V(2. x, v, 2)| < ClAL]2.

Here and in the sequel, A& .= & — &, & =1t,x,y, z, respectively.
Moreover, for z1 > zo > 0 or z1 < 72 < 0, we have

—C[1Azl+ p(1Az])] < V't x, y,21) = V" (2, x, y,22)
< C[1Az] + pa(1Az])],

where p is the modulus of continuity of ¢ in (H3) (iii), and

n n
on(|Az]) = sup Zp(@ilAzl) 01,...,0,>0, Zei =1
i=1

i=1

< np(|Az]).

(3.8)
(3.9)

(3.10)

3.11)

(3.12)

In this below, we present the proof of (3.8), (3.9), and (3.10) only. The proof of

(3.11) is more involved and thus is relegated to Sect. 7.

Proof First let us denote X = Xx"% j=1,2,and AX := X! — X2, Then by the

standard arguments in SDEs we know that

E[ sup |AXS|2} < C|Ax|%
selr, T]

(3.13)

Next, for any Z € 2" (z), denote Y’ := Y3527 j = 1,2, and AY :=Y! — Y2,

Then

T
|AY7| < / | Zs||b(s, X2*T) — b(s, X4*?)|ds
t

+

T
/ Zy[o (s, X1) — o (5. X12) |d W,
t

Since b and o are Lipschitz continuous and Z is bounded, (3.13) leads to that

T
|E{U(Y7) - U(Y%)}y2 < CE{|aYr]*} < CE{/ |zsAXs|2ds} <C|Ax|%.
t

Since Z is arbitrary, (3.8) follows easily.

To prove (3.9) we denote, for any Z € Z/'(z) and y; > y2, Yi = yiroinnZ,

i=1,2,and AY := ¥Y! — Y2, Note that AYr = Ay, we have

E{U(Y;)-U(Y7)} = E{Uol U'(v; +9Ay)d9]Ay}.

Thus (3.9) follows from (H2) immediately.
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We next prove (3.10). Assume #1 < fp. It is then standard to show that
E{|X"* —x2* Py <Clatl, t=n>1. (3.14)
Now forany Z € Z,’; (z), define Z, := 2,0y @)+ Z 115, 71. Then Ze Zt’i (z). Denote

Xi=XiY i=1,2,and Y2 := Y2805 Z yl — yhX.v.2.Z thep

~ T T ~
Y2 —Y; =/ Z,dX? —/ Z,dX]
n

n
=—z[X] —x]+ /T Z[b(t, X}) — b(t, X} )]dt
. o)
+/,2 Z/[o (0. X2) — o (1. X} )]dWi.
Now by standard arguments one can easily derive from (3.14) that
EU(Y2) = V"(t1,x,y,2) < E{U(Y2) = U(V})} < CE{|¥Z — V}|} < ClAt)2.
Since Z € Z}.(z) is arbitrary, we get
V(t2,%,y,2) — V"(t1, %, y,2) < C|At]2. (3.15)

On the other hand, for any Z =Y "_, Z, 1, ,.1;) € Z[(z), it is obvious that
Z € Z;(2). Denote Y; := Y522 and assume Tj <ty <7j41. Note that Z;, = Z-,.
Then, by the subadditivity assumption (2.10),

T T J
Y} —YE= / Z,dXx) — f ZdX} = " c(8Zy) + c(Zr; — 2)

n f2 i=0

t T T
< f ZdX! + / Z,dX! — f Z,dX?.
| 15} 5]

Since b, 0 and Z are bounded, one can easily check that

5]
E[f Z,dX! ]:E[
131

0.X] .
Moreover, note that X tl =X, " for t > t,. Following the arguments for (3.8) we

have
E|: /tT Z,dX} —/tT Z,dX? ]
= E[ /t: Z[[b(r. X}) = b(t. X7)]dt + [o(t. X)) — o (1. X7) |d Wi ]
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)

<CE[|X/}" —x|]= CE|:

15}

[5)
/ [b(t. X))t +o (1. X})dW,]
n
<C|At]2.
Then, by the assumption (H2) on the payoff function U,

E{U(Y})} = V"(t2.x.y.2)
<E{U(v7) - U(Y7)}

%) T T
SCE{/ Zdx!| + / Z,dX}—/ Z,dXx> }gcmrﬁ.
11 15 15
Since Z € Z,’i (z) is arbitrary, we get V' (t1,x,y,2) — V2, x,y,2) < C|At|%,
which, together with (3.15), implies (3.10). Il

We will also need the following result in next section.

Proposition 3.3 Assume (H1)-(H3). Then for any n and any (t, x, y),
VH(t, x,y,0+) < V', x,y,0); V', x,y,0-) < V"', x,y,0).

Proof First by (3.11) we know V" (¢, x, y,0+) and V" (¢, x, y, 0—) exist.
Forz>0and Z' =", Z! 1., .)€ 2" (), we define Z% € Z7(0) as fol-

Ti—1
lows. Let k := inf{i : Z;i < 0}. We note that k < n since Z;, = 0. Define Zf =
[ZS] —z]v O fors <1 and ZS2 = Zs1 for s > 1. Denote AZ := Z! — 7% 1t is
straightforward to check that

0<AZ;<z and 8Z18Z} >0, i=0,....n.

Note that

k
T
s o2 [ sz + Y (eo22) - e07))
=0

Fix i <k.If §Z] 8Z% > 0, then by Assumption (H3) (iii) we get

c(822) —c(82L) < p(|822 = 8ZL]) = p(I1AZy_, — AZy)) < p(2).
Now assume (SZ%'_SZ%_ =0.1If SZ% = 0, by Definition 2.2 and (2.15) we must have
i =0 and Z; = z. This implies that Z; = 0 and thus §Z7 = 0. If §Z} # 0, then
again we have SZ% =0, and thus

c(672) ~ e(62}) = ~<(62}) <0% ).
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Therefore, for some appropriately defined F7-measurable random variable &, we
have

E{U(Ys* 52 — v x,.,0)

= E{U (v ) —u (0
7! 0.22 T"
=E{U' @[y -y ) < E{ U’@)[ / AZgdX(* +kp<z>“
t

Tk
/ AZgdX*
t

This implies that

§AE{

+np(z)} < C[z +n,o(z)].

Vi1, x,y,2) = V'(t,x,9,0) < C[z +np(2)].

Sending z | 0 we obtain V" (¢, x, y,0+) < V' (¢, x, y,0).
Similarly, we can prove V" (¢, x,y,0—) < V"(t, x, y,0). The proof is now com-
plete. g

4 The Approximating Optimal Strategies

In this section we construct the optimal strategy Z" € Z['(z) for the approximating
problem (3.1). We will provide the uniform estimate on Z”"’s in next section.
We start with some auxiliary results. For any function ¢(t, x, y, z), define

@@, x,y,2):= sup o(t,x,y—cZ—2),32);
Z€[—M, M)

4.1
¢t x,y,2) =sup E[@(r, X1", y + [ XL —x], 2)], @b
>t

where the supremum is taken over all stopping times 7 > . It is clear that

¢<¢ and @(T,x,y,2)=¢(T,x,y,2)

The following lemma is important for our construction of Z".

Lemma 4.1 Assume (H1)—(H3). Suppose that a function ¢ : [0, T x R — R enjoys
the following properties:

(@ le(t, x,y,2)| = C[1+[yll;

(b) ¢ is increasing in y; uniformly continuous in (t, x, y); and uniformly continuous
inzin[—M,O0) and in (0, M];

(C) (p(t9xa Yy, O+) S (p(t3x’ yvo)’ (p(t’xv y»O_) E(p(t’xv y:O)'

Then
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G) lp(t,x,y,2)| <C[1+|y|]l and ¢ is also uniformly continuous in (t, x, y). More-
over, there exists a Borel measurable function ¥ (t, x,y, z) such that || <M
and

o, x,y,0)=9(t,x,y—c(¥,x,y,2) —2), ¥, x,y,2). 4.2)
(ii) The optimal stopping problem ¢ admits an optimal stopping time t*:
t=inf{s > 1:¢(s, X{¥, y +2[X)F —x].2)
= @(s, XP¥, y + [ X¥ —x]. 2)}.

Proof First, assume (i) holds true, then (ii) is a standard result in optimal stopping
theory, see e.g. [12, Appendix D]. To prove (i), note that

p.x.v.0]=C s [1+]y—cG-a|]=C[1+ sup |e@)|+1yl]
Z€[-M,M] Z€[-2M 2M]

<C[1+1yl].

Moreover, by (H3) and the regularity of ¢ we see that ¢(¢,x,y — c(z — 2),2) is
uniformly continuous in (¢, x, y), uniformly in (z, ). Thus ¢ is uniformly continuous
in (t,x,y).

It remains to construct the function yr. We shall apply the measurable selection
theorem in Wagner [17]. For notational convenience, we define 6 := (¢, x,y,7) €
[0,00)2 x R x [-M,M], g(0,2) := ¢(t,x,y — c(Z — 2),2), and g(0,T) :=
sup;< ;- g(0,z) for any Borel set I C [-M, M] (by convention g(8, #) := —00).
Consider a set-valued function defined by

F@©)= {z’ e[—-M, M] :g(@,z’) = sup g(@,%)}.
Ze[—M,M]
By our conditions, one may easily check that g is upper semicontinuous in Z. Then
F(0) is a nonempty and closed set for any 6 in the domain [0, 00)2 x R x [—M, M].
In light of [17, Theorem 4.1], to obtain the measurable v it suffices to prove:

for any open set I" C [-M, M], {9 CFO)YNT # (ZJ} C R*is aBorel set. (4.3)

To see this, we first assume c(-) is continuous. Since ¢(¢, x, y, z) is continuous in
[0, oo)2 x R x [—M,0), g(8,7) is also continuous in [0, oo)2 xR x [-M,0) x
[—M, 0). Therefore, if I" C [—M, 0), then we can write, denoting the set of all ratio-
nal numbers by Q, that

@(6):=g(0,I') =supg(6,2) = sup g(0,2).
zell zel'nQ
Thus, g(-, I") is a Borel measurable function (in fact, it is a Baire function of
Class 1) for I" C [-M, 0). Similar argument shows that g(-, I") is also Borel mea-
surable if I C (0, M]. On the other hand, if I" = {0}, then g0, ") = g(6,0) =
o(t,x,y—c(—z),0) is obviously continuous. In general, if I" C [—M, M] is an open
set, we can partition this set into I" = U;=1 2313, where I =1 N[-M,0), > =
I' N (0, M], and I3 = I" N {0}. Then, we can see g(-, I') is Borel measurable, since
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g, I') = max;=1,2,3 80, I;). Therefore, noting that g(6,I") < g(6,[—M, M]) as
I' C [M, M], we can conclude that the set

{0:FOINT #0}={6:506,I)=g(6.[-M, M)},

whence a Borel set, and thus (4.3) holds when ¢ is continuous at 0. In the general
case, since c is lower semicontinuous at 0, one can prove (4.3) by repeating the above
arguments but with the utilization of g(6, I') = max{supzc rnq g (6, 2),80,2)} O

We now give the main existence result of Z" for this section.

Theorem 4.2 Assume (H1)—(H3). Then, for each n and any fixed (t, x, y, z),
Vi x,y, ) =V X, y, 2). (4.4)

Moreover, there exists an optimal Z" € Z['(z) such that V"(t,x,y,z) =
E[UY "5,

Proof We proceed in several steps.
Step 1. We first show that

Vi, x, v, 2) < V(1 x, v, 2). (4.5)
Indeed, let Z € 2/ (z). If Zy, # z, then Z € 2/ (Zy,), and

E[U(Y]{-,x,y,z,z)] _ E[U(Y;,x,yfc(zrofz)’zro,z)]

< V"il(t,x, y—(Zyy—2), Zzy) < Vi, x, v, 2)
<V, x,y,2).
If Z;, = z, then we denote
Xo:=X'" and Y’ :=y+z[X;—x], sel,Tl (4.6)

Clearly we have Z e Zfl_l(Zfl) and

T 0
yyorst =y Z(XEY —x) = e(Zy —2) +/ ZdX* = " c(8Zy)
° i=2

flerl »Yrol *C(Zrl 7Z)yzrl Z
=T, .

This implies that
E[U(yy™"?)] < E[V" (v, X, YO — (Ze, —2), Z4))]
< E[\_/"’l(tl, Xz YOI,Z)] <Vt x,y,2).

T

Since Z is arbitrary, we obtain (4.5).
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Step 2. We now construct Z”". By the results in Sect. 3, we see that we may apply
Lemma 4.1 on ¢ := V"=, Let ¢ and ) := T be given as in Lemma 4.1(ii). Set
Z{ =z forselt, tf), and Z7, := ¢ (7], Xon, Y.?n,z). Then by Lemma 4.1 we get

1 1

Vi ex,y, ) = [V (o X, Yo — (20 —2). Z3)]. (4.7)

We remark that if rf =1, then Z" has a jump at ¢, and if r? > t, then Z}' =z and
does not jump at 7. Note that an —c(Z —2) = Y595 Z" Then, by (4.5) we obtain
1 1 1

T

-1 t,x,y,2,2"
Vi, x,y,2) < E[V"H(t]', X, Y - Zp)]- (4.8)
Repeating the above arguments, we define ri”, i=2,...,n—1and Z" on [t, r,:‘_ 1]

such that

n—i+1(_n t,x,9,2,Z2"  n
14 (zps Xon s Yoo ; Zrl."_l)

<Eg [V X, yT’i;:C’N’Z", Z%))- 4.9)
Finally, for V1, there exists ) > r;’_l such that, by setting Z} := Z?” for s €
1

"
[z,_i, 7)) and Z{ := Z7, 1 fors e[7), T,
"

V(g X YEER 7, Y= B [U(YEE )]

Tn—1 - " o
= Er:_] [U(Y}'X'}’»Z,Z")]' 4.10)
Now combining (4.8)—(4.10) we obtain
Vn(ta X, y, Z) S E[U(Y;’X,)’,Z,Z”)]-

Since clearly Z" € Z['(z), it is an optimal strategy for the optimization problem V”.

Step 3. Since V" (t,x,y,z) = E[U(Y;’x’y’z’zn)]. By Step 2 we see that (4.8) (and
(4.9)) should hold with equality. This, together with (4.7), implies (4.4). O

5 Regularity of the Value Function

In this section we give some uniform estimates of the value function V. We should
note that the regularity of V with respect to the variables (¢, x, y) are clear, since
the estimates (3.8), (3.9), and (3.10) in Proposition 3.2 are already uniform with re-
spect to n. The estimate (3.11), however, depends heavily on n. In fact, in the case
lz| = |z|% 0 < & < 1, one can check that p,(|z]) = n!~%|z|* — oo. Therefore the
regularity of V with respect to z is by no means clear.

We first take a closer look at the approximating optimal strategies {Z"}° ,. Since
our purpose is to construct the optimal piecewise constant control, it is thus conceiv-
able that a uniform bound on N (Z") would be extremely helpful.
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We begin by considering the case where a fixed cost is present. For each
(t,x,y,7), we denote Z" to be the optimal portfolio for V" (¢, x, y, z), when the
context is clear.

Proposition 5.1 Assume (H1)-(H3), and assume further that ¢(z) > co > 0 for any
7 # 0. Then there exists a constant C > 0 such that

E{N(Z”)}fkg, for all » and all (¢, x, y, z). 5.1
€0

Proof Denote Z° :=z1j,. 7y € Z'(z). Then

n

" T
Y;,x,y,z,zo — Yy =Y e(szn) +/t [z —ZM]dX!* — e(—2).
i=0

Note that V"’s are non-decreasing in n. Then

0> VO, x,y,2) = V'(t,x,y,2) = E{U(YE* "2} = E{U (v "))

= )\E{Xn:C(f?Z’ﬁ,-)} - AE{ f[z ~ Z{]dx;*

i=0

+ c(—z)}

> AcoE{N(Z")} - C.
The result follows immediately. |

We next investigate the problem under (H4). We first have the following technical
lemma.

Lemma 5.2 Assume (H1)-(H4) hold. Denote:

_1=m _l=m
o] = s ,31-= s
n2 I+y

A 1 1
Co:=—[IbllooT + o llooV'T + Lol +1: C1:= CO[HA(a_ i ﬂ_)]’
1 1
(5.2)

There exists a constant €1 € (0, o] such that, for any 0 < |z1| < €1,

(i) c(z1) = Colz1l.
(i) Forany zop > z1 > 0 or zp <z1 <0, we have

c(z1) +c(z2) — c(z1 + 22) = [er[c(z1 + 22) — c(z2)]]
v [Bi[e(=z1 — 22) — c(=22)]]-

(iii) Forany zp > %11 >0,0rz; < %zl <0, 0r |z2| > |z1|, we have

c(z1) +c(z2) —c(z1 + 22) = Cilz1].
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Proof For 6 = %, 2,3, set

. 1 .
Ng := E[ng + 1], sothatny <nge < 1.

(i) By (2.11), there exists 0 < & < gg such that c¢(2z) < 2n,¢(z) for all |z| < e. By

induction one can easily show that ‘(2 8) > ‘(8) . Fix no such that ‘(‘9) > 2Cp, and set
2
g1 :=2""0¢. For any 0 < |z| < &1, there exists n > ng such that 2 ne < |z] <2177,

Then

c(2) - c(27"¢) 1 lc(s) 1 c(s)
lz| = 2l-ng _287)2 28~"2 -

0-

(ii) Without loss of generality, we assume z > z; > 0. We may rewrite the re-
quired inequality as

f(z1,22) <c(z1) where
f(z1,22) := [C(Z1 +z2) — C(Zz)] + [011[6(21 +22) — C(Zz)]]
Vv [Bi[c(=z1 —22) — c(—22)]].

If z2 € [z1, &0], by the concavity of ¢, f(z1, z2) is decreasing in z», then

fz1,22) < fz1,21) =[cz1) — cz)] + [e1[c(z1) — czD]]
Vv [Bi[e(—2z1) — c(—zD)]]-

By choosing ¢; small enough, we have

c(2z1) — c(z1) < [272 — 1]c(z1) = m2c(z1) and
c(—2z1) —c(—z1) = (1 + y)c(z1).
Then
fiz) < [m+[@m) v (B + ) ]]ez1) = c(z).
If zo € [e9, 2M], by (H4)-(ii) we have
f(z1,22) < Loz1 + a1 Vv B1]Loz1 = [1 + a1 V B1]Loz1.
By replacing Co with [1 + a1 V B1]Lo and setting &1 smaller if necessary, it follows
from (i) that f(z1, z22) < c(z21).

(iii) Without loss of generality, we assume z; > 0, and it suffices to show that

8(z1,22) :=c(z1 +22) — c(z2) + Cilz1] = c(z1).

If 70 < —z1, then z2 < 71 + 22 <0, and thus g(z1, z2) < Cil|z1|. By setting &1 smaller
if necessary, the result follows from the proof of (i) by replacing Coy with Cj.
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If 72 > &9, then g(z1, z2) < [Lo + C1]|z1]. The result follows from the proof of (i)
by replacing Cy with Lo 4 Cy. Finally, if %zl <z < &, then g(z1, z2) is decreasing

in z», and thus
1 3z Z
8(z1,22) Sg(zu 511) =c<71) —c(%) + Ciz1.

Then, by choosing & smaller if necessary, we have

2 (3 1 /3
c(z1) — g(z1,22) = [0(11) - 56(%)} + [c(%) - 5c(§>} —Ci1z1
>[1- ﬁ%]C(Zl) +[1 - ﬁ3]C<%l) —Ciz1.

Now the result follows from the proof of (i) by replacing Co with an appropriate
larger constant. d

To extend Proposition 5.1 under (H4), we need an analysis on the number of
the small jumps. For this purpose, we fix the constants ¢, Cp, and C; given in
Lemma 5.2. Define:

Al :={0<|8Z]| <er}, Bl :={|8Z}|=e}, i=0.....n:n>0. (53)
The following result is crucial.

Theorem 5.3 Assume (H1)-(H4). Then for any fixed m,

n
1
P(ZIA?zm>§ﬁ, Vn >m. 5.4
i=0

The proof of Theorem 5.3 depends heavily on the following technical result,
whose proof is quite lengthy and will be deferred to Sect. 7 in order not to distract
the discussion.

Proposition 5.4 Assume (H1)-(H4). Then, for any n and i, P-a.s. in A} one has:
1) P{B;ﬂr] |Fz) < g—? < %for the constants Co and C1 defined in (5.2), and (ii)
Z! =0.

Proof of Theorem 5.3 Define k_1 := —1, and
kj=inf{i >kj_1:0<|8ZL| <er}A(n+1), j=0,1,....n.
Then P(}_7_, IA? >m) = P(k, <n). We claim that, foreach 0 < j < n,
{kjiz1<n}C Azj N B,'(’jH, P-as. (5.5)

(It is important to note here that the left side contains k ;1 while the superscript of B
on the right side is k; + 1!)
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Indeed, we first note that {k;j11 <n} C {k; <n} C A” _, and consider the set
A” \Bk +1- Suppose that Z” . FZy, on A” \Bk - ThenO < |Zrk L2 | <
1, and by Proposition 5. 4(11) we must have both Z” =0and Z7, =0, P-a. s a
contradiction. Thus we must have Z?ijr = Zg’ on A" \ Bk Iy Then by the defi-
nition of 7; in (2.15) we know 7,41 =T and thus Z” = Z;’k == =Z; =0.
Namely ;1 =n + 1. In other words, A” \ B} C {kj+1 =n + 1}. Note that
{kj+1 <n} C A} \ {kiy1=n+1},(5.5) follows

Next, applymg Proposition 5.4(i) we derive from (5.5) that

m—1
P(ZIA? zm> = P(kn <n) < P(ﬂ [}, N B,’;j+1])

J=0

kj+1

=E HUA” 1BA +1 }
m—2

=E [l_[ [IAZJ- 18£j+l]:| IAZ,”71 E{lBl:lm_HJ |]:Tkm—] }}
j=0

m—2
=E [H[IAZ,.IBQH]} 1 2} {H[IA IBk +1 }
j=0

Repeating the argument m — 1 more times we prove the theorem. g
The following theorem is a generalized version of Proposition 5.1.

Theorem 5.5 Assume Assumptions (H1)—(H4). Then it holds that

EN(Z”)<C[1+ : ] v
W= ey recen = ™

Proof Denote

n
Z"):=Y 1, Na(z2"): Zan
i=0

Then E{N(Z")} = E{N{(Z")} + E{N2(Z™)}. First, Theorem 5.3 implies that

n n

E{Nl(z")}:ZP(Nl(Z")zm)gZzimgz. (5.6)

m=0 m=0

Next, one can estimate E{N,(Z")} along the lines as Proposition 5.1. Indeed, note

that
T
E{U<y+/ Z?dXS>}_Vn(t1xay7Z)
1
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efuloe ) oo o)

> ,\E{Zc(azg)} > AE{Z(C(sl) A c(—el))lBln}

i i

= Ac(er) Ac(—eD]|E{N2(Z")}.

On the other hand, recalling (3.2) we have

T
E{U<y+/ Z?dXS)} —V™(t,x,y,2)
1t
T
< E{U<y+/ Z;‘dXS)} —vit,x,v,2)
t
T T
E{U(y—i—/ Z?dXS>—U(y+/ ZdXS—C(—Z)>”
t t
T T
f (Z] —z)d X f Z'dX,
t T

Then E{N>(Z")} < m This, together with (5.6), proves the theorem. [

= sup
>t

§AE{ +

+C(—z)} <CA.

As a consequence Theorem 5.5, we have the second main result of this section,
which improves (3.11) and whose proof is also postponed to Sect. 7.

Theorem 5.6 Assume (H1)—(H3). Assume further that either c(z) > co > 0, for all
7 # 0 or (H4) holds. Then there exists a generic constant C > 0, such that for any
21, 22 with the same sign, and for all n, it holds that

|V (t,x,y,21) = V(1. x, y.22)| < C[|Az] + p(lAz])]; (5.7)

C
V(tv)C,y,Z)_Vn(t,xyy,Z)S_- (5'8)
n
As the direct consequences of Propositions 3.2 and 3.3, and Theorem 5.6 we have

Theorem 5.7 Assume(H1)-(H3), and assume either c(z) > co, z # 0 or (H4). Then

@ |V, x1,y,2) = V(t,x2,y,2)| < ClAx].
(i) AAy =V(t,x,y1,2) = V(t,x,y2,2) < AAy,VAy:=y; — y2 > 0.
(i) |V (11, x,y.2) — V(t2, x, v, 2)| < C|At]2.
av) |V, x,y,z21) =V, x,y,20)| < C[|Az|+ p(|Az])], Yz1, 220 With the same sign.
W) Vi, x,y,0+) < V(t,x,y,0),V(t,x,y,0-) < V(x,y,0).
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6 The Optimal Strategy Z*

In this section we construct the optimal controls for the original problem (2.8). We
should note that by virtue of Proposition 5.1 and Theorem 5.5, one can easily show
that under our assumptions Z" should converge in distribution. But this does not seem
to be helpful for our construction of the optimal strategy. In fact, in general we will
have to extend the probability space, and it is not clear whether the limit process will
have the desired adaptedness that is essential in our application. We thus construct
the optimal portfolio Z* for (2.8) directly.

In light of the construction of the optimal strategy Z", we know that the function
V =V should play the role of an “obstacle” that will trigger the jumps, as it is usually
the case in impulse control literature. To this end let us consider the following set

O(Z) = {(tv-xv y) : V(t7-xvyﬂ Z) > V(tﬂxsy_c(z_z)7z)avz;éz}v

0:=[JOw).

(6.1

Intuitively, the set O(z) should define an “inaction region”, since a change of posi-
tion (on z) would decrease the value function. Furthermore, following the standard
impulse control theory one would expect that O(z) is an open set and the trade will
take place when (¢, x, y) € d0(z). This is indeed the case when ¢(z) > ¢ > 0 for
z # 0. However, unfortunately in our more general case we only have the following
result.

Lemma 6.1 Assume (H1)-(H4). Define
1
On(z) := {(t,x, ViV, x,y,2)>V(t,x,y—c(Z—2),2).VZi—z| = ;}.(6.2)

Then O, (z) is open, for all n, and O(z) =, On(2).
Proof Denote

Valt,x,y,2):= sup V(t,x,y—c(Z—2).32). (6.3)

= 1
lZ—zl=5

Apply Theorem 5.7 and follow the proof of Lemma 4.1, we know V;, is continuous in

(¢, x, y) and there exists a Borel measurable function v, such that |y, (¢, x, y,z) —
I

z| = and

V(IV'X’y _C(wl’l(tv-xs yv Z) _Z)7 Wn(t»xa y’ Z)) = Vn(tixv yv Z)'
This implies that
Ou(@) ={(t.x,y): V(t,x,y,2) > V,(t,x,y,2)}

and thus O,(z) is open. That O(z) = ;= On(z) is obvious. The proof is com-
plete. O
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We remark that Lemma 6.1 does not imply that the set O(z) is an open set.
Therefore, if we follow the scheme in the previous sections to define, for given
(t,x,y,7) € O and recalling (4.6),

Ti=inf{s > 1: (s, X,, Y0) ¢ O} A T. (6.4)

Then intuitively it is possible that P{r =t} > 0 and/or P{(z, X, YS) € 0(2)} > 0.
In either case the construction procedure will fail. The following Theorem, which
excludes the above cases, is therefore essential.

Theorem 6.2 Assume (H1)—(H4). Define, for each (t,x,y,z) € O and n > 0,
" ::inf{szt: (s,XS,YSO) ¢On(z)}/\T, (6.5)

and let T be defined by (6.4). Then

(1) t" are decreasing stopping times and (t", X n, YTOH) ¢ O, (z) whenever t" < T.
(1) " | T and thus t is also a stopping time.
(iii) P(t" > t,Vn) =0 and thus, P-a.s., (t, X, YTO) ¢ O(z) when t < T. In partic-
ular, this implies that T > t.
(v) V(t,x,y,2) = E{V(t, X, Y0, 2)}.

The proof of Theorem 6.2 will depend heavily on an important, albeit technical,
lemma that characterizes the possible behavior of the small jumps under our basic
assumptions on the liquidity/transaction cost function. The proof of this lemma is
again rather tedious, and we defer it to Sect. 7.

Lemma 6.3 Assume (H1)-(H4) and let €1 be that in Lemma 5.2. Suppose that for
given (t,x,y,z2), Z is such that 0 < |z — z| <&y and V(t,x,y,2) = V(t,x,y —
c(Z—2),2), thenz=0.

Proof of Theorem 6.2 (i) That t"’s are decreasing stopping times is obvious by defi-
nition. Also, since each O, (z) is an open set, thanks to Lemma 6.1, it follows imme-
diately that (z"*, X;n, YS,,) ¢ O, (z), whenever t" < T.

(ii) Denote 7°° := lim,_, o t". Since O, 2 O, we have 1" > 1 for any n and
thus t*° > 1, P-a.s. The claim is trivial when 7 = T. Now assume t(w) < T.
Then for any ¢ > 0, there exists s < v(w) + ¢ such that (s, Xj, YSO) ¢ O(z). Since
O(2) =(),, On(2), there exists n := n(w) such that (s, X, (w), Yso(a))) ¢ O, (2). Thus
" (w) < s < t(w) + ¢ and therefore t*°(w) < 7(w) + €. Since ¢ is arbitrary, we get
T < 7,and hence T° =r.

(iii) Choose ng such that ng > max{i, %1{#0}}, and note that {t" > t,Vn} C
{t <T}. On {tr < T}, for n > ng large enough, by (ii) we have 7" < T and thus
there exists Z.» such that |Z;» — z| > % and V(t", X, an,z) =V(E", Xen, Yro,1 -
c(Zyn — 2), Zn). By Lemma 6.3, either Z;» =0 or |Z;» — z| > €1. If z =0, then
Zn #0 and thus |Zp —z| > &1 > % If z # 0, then either |Zp — z| = |z| > % or

|Zin —z| > €1 > % So in all the cases we have |Z;» — z| > % This implies that
" = t"0 for all n large enough. Therefore, T = t0 and thus (7, X+, Y?) ¢ O(2).
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(iv) We first note that, taking t as the first trading time, we should have
E{V(r, Xz, Y?, z)} = sup{E{U(Y;‘x’y’Z‘Z)} ZeZ, Zg=zforVs < r}.

It then follows that E{V (z, X., Y2, 2)} < V(t,x,y, 2).
On the other hand, note that F is quasi-left continuous, we can choose a sequence
of stopping times t,, 1 t such that 7,, < v whenever T > . We claim that

V(t,x,y,2) < E{V(tm, X, Y2 . 2)}. (6.6)

Then by sending m — oo we prove the theorem.
To prove (6.6), we recall (6.3) and choose ng as in (iii). On the set {t > ¢} and for
t <s < 1, denote

L=V (s, X5, Y2, 2) — Vio (5, X5, Y0, 2).

By the proof of Lemma 6.1 we have I; > 0. Since [ is continuous in s, we get

I := inf I; > 0. 6.7)

S<Tp

For any n > ng, let Z" be the optimal portfolio of V" (¢, x,y,2). If Z} # z, by
Proposition 5.4(ii) and following similar arguments as in (iii), we have | Z} —z| > %
Then

Vi, x,y,2) = V”_l(t,x, y —C(Z;l - z), Zt") < V(t,x, y —C(Zf —Z), Zt”)
S ‘_/no(ta-xy y, Z)~

Thus, by (5.8),

. c - C
Vi, x,y,2) <Vt x,y,2) + - <V t,x,y,2) + p
C

and therefore Z" =z forn >n; := - V ng. Now assume n > nj,
Pz =M T YV x )=V xyin) 0 =M

and let 7' > ¢ be the first jump time of Z". Again by Proposition 5.4(ii) and following

similar arguments as in (iii), we have |Z7, —z| > % on {z{' < T}. Then, for any m,
1

on {7y < 1, } C{r{ < T}, using (5.8) we have

I < 11_11 = V(‘[ln, XTln’ Yril,z) — ‘_/n()(fln,er, erl’z)
= V(T?’ Xr{% Y,]n,Z) - V(Tln*Xr,”v Yr{’ _C(Z?I" _Z)’ Z:f’)

n n—1(_n
< V(e Xen, Yer, 2) = V' (o, Xop, Yor — ¢

—_~

Zh —2), Z3)

=V (', Xep, Yor, 2) = V' (], Xon, Yon, 2) < —

=10

This, together with (6.7), implies that

lim P(r]" < rm) =0. (6.8)

n—o0
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Next, recall from the proof of Theorem 4.2 that 7{' is a solution to an optimal
stopping problem, and thus (cf. e.g., [11]), V" (s, X, Yy, z) is a martingale for # < 7{'.
Therefore

V(1 x,y,2) = E{V"(t] Atim, Xetprys Yerng, 2) |
= E{V"(tm, X, Yo, D, <om
+ VI X Yoy — (2 = 2). Z3) Ve <)}
< E{V(tm, Xx,, Yo, Dz, <on)
+ V(T Xy, Yor — e(Z3 = 2). Z3) Uz <ry }
= E{V(tm. X, Y,,. 2)}
+E{[V(], Xep, Yoy — (230 — 2). Z30)
~ V(s Xy Yo ) L <oy -

Applying Proposition 3.1 we then have

Vi, x, v,2) < E{V(Tmy D, C Yrm,Z) +C[1 + sup |YS|]1{TT<fm}]'

t<s<T

Sending n — oo and by (6.8) we obtain (6.6), whence the theorem. O
To construct the optimal strategy, we also need

Lemma 6.4 Assume (H1)-(H4). If (¢, x, y) ¢ O(2), then there exists Z such that
V(t,X,)’,Z)=V(I7X,Y—C(Z—Z),Z) and (t,x,y_c(z_z))eo(z)

Proof Assume the result is not true. Since (¢,x,y) ¢ O(z), there exists z| # z
such that V(¢t,x,y,z) = V(t,x,y — c¢(z1 — 2),z1). By our assumption, (¢,x,y —
c(z1 — 2)) ¢ O(z1). Then there exists zo # z; such that V(¢,x,y — c(z1 — 2),21) =
V(t,x,y—c(z1 —z) —c(z2 — z1), 22). Note that c(z1 — z) + c(z2 — z1) = c(z2 — 2).
By the optimality of V we must have c(z; — z) + c(z2 — z1) = c(z2 — z) and

Vt,x,y,2) = V(t,x, y—c(z1 —2), Z) = V(t,x, y—c(z2 —2), Zz).

This also implies that z; # z. By our assumption again, (z, x, y — c(z2 — 2)) ¢ O(z2).
Repeating this argument yields the different z1, z2, ... such that c(z; — z) + c(zi4+1 —
zi)=c(ziy+1 —2),i=1,2,...,and

Vi, x,y,20)=V(t,x,y—c(zi—2),z21) = =v(t, x, y — c(Zit1 — 2), Zi+1).

Note that since z;’s are all different, there is at most one z; equal to 0. Thus,
by Lemma 6.3, except for one i, we have |z;4+; — z;| > &1. This implies that
c(zi —2) = (i — D[c(er) A c(—eyp)] for all i. This contradicts with the fact that
c(z; — z) is bounded. Il
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We are now ready to construct the optimal strategy Z*. Let (¢, x, y, z) be given
and denote X, := X\,

First, set 7y :=¢; if (t,x,y) € O(2), set Z’% =z and Y% =y if (¢, x,y) ¢
O(z), applying Lemma 6.4 we may find Z; such that V(t,x,y,z) = V(t,x,y —
co(Zy —2),Zy) and (t,x,y — c(Z; — 2)) € O(Z). In this case, set Y* =y —
c(Z§ — z). So in both cases we have (7, Xfo , Y;’;) € O(Z%)

Assume we have defined 7 and (Y*, Z*) on [t, 7] such that (¢, Xrx, Y%) e
O(Z}.). Denote ¥{ := Y7 + Z.[X; — Xz], 5 = 7", and define l

tf =infls > 171 (s, X, YS’) ¢O(ZH)} AT.

By Theorem 6.2, 7% | is a stopping time and 7 | > 7 whenever 7 < T. Set Z{ :=

Z** and Y '_Y’ forse[r ’fz+1) IfrH_l_T then we set Z*, :=0 and Y* =
i+1 t+1

Y’ —c(—Z* *) IfrJrl < T, by Theorem 6.2 again we know (rl+1, , T* ) ¢
i+1
(’)(Z**) Applymg Lemma 6.4 we may find Z* such that, by deﬁmng Yo o=
+1 i+1
YL, —e(z¥ —Z%),

Tit1 i+1 T

V( ’+]’X ¥ Ytii*ﬂ’Z::i*):V( ’+1’XT +1’ :};I’Z*tﬂ)’ and

(7:;:_1 P th_*+] 5 Y:;*+1) € O(ZZ*+1)‘
Repeat the procedure we obtain 7;* fori =0, 1, ... and (Y*, Z¥).
We should point out that at this point we do not know if the above construction will
stop after finitely many times. We shall prove this and our main result Theorem 2.8
in Sect. 7.

7 Some Technical Proofs

In this section we provide the technical proofs we miss in the previous sections. We
note that these results are instrumental in the construction of the piecewise constant
optimal strategy, and some of these results are of interest in their own right. As a
matter of fact, many of these results can be considered as the necessary conditions of
the optimality.

7.1 Proofs of (3.11) and Theorem 5.6

To prove the regularity of the V"’s with respect to z, we first introduce the following
notion of “domination” of strategies. Assume Z/ € ZM(zj), ] = 1,2, where either
z1 > 22 >0, or 71 < z2 < 0. Denote AZ := z' — Zz, as usual. We say that VA
dominates Z?2 if Z! and Z? have the same jump times t;’s, and

Az=AZ; | >AZy>-->AZy, =0 or

(7.1)
Az=AZ; | S AZy<---<AZ; =0,
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and, by denoting sgn(0) := 0 and SZji = Z{l. — Z{H,
sgn(8Z;) =sgn(8Z3). (7.2)

Remark 7.1 We remark that the requirements (7.1) and (7.2) guarantee not only that
Z! and Z? stay close, but that they are on the same side of the origin. This is mainly
due to the fact that the cost function c is allowed to behave differently on the two
sides of the origin (i.e., c(0+) # c(0—)).

Recall _(3.12). Note that if z! > z2 > 0 and Z! dominates Z2, then, denoting Yi=
yhoyaiZ' i =12 and X = X"*, by induction one can easily check that

|E{U(v7)} - E{U(Y})}] < CEH/ITAZSdXS +

etz -2 |

i=0

n
< C|Az| + CE{Zp(bZ; ~872 |)}

i=0

n
=C|Az| + CEin(Azn_1 - Azq)}
i=0

< C|Az| + Cpu (| Azl). (7.3)
Proof of (3.11) By the definitions one can easily check that
VT, x,y,2)=V(T,z,y,2) =U(y — c(-2)). (74)

Then the estimate is obvious for t = 7. So we may assume ¢ < 7. Without loss of
generality assume z1 > z2 > 0.

We first prove the right inequality. In light of the estimate (7.3), we need
only prove the following claim: For any Z' € Z['(z1), there exists 7% e 2 (z2)
dominated by Z!'. Indeed, for any ¢ > 0, we can find Z Le ¢ Z"(z1) such that

l.e
E{U(Y}’x’y’z’Z )} > V' (t,x,y,z1) — &. If the claim is true, then (7.3) leads to that
Vi1, x,y,21) < C[|Azl + po(|AZD] + V(2 x, v, 22) + &.

Letting ¢ — 0 we obtain the right inequality.
Now let Z! = Z:':ol Z%[_ 17;,4.1) € 2/ (z1) be given. We construct 72 e Z['(z2) as
follows. We begin by choosing the same jump times t;’s. Define

22, if Z1 =z
72 .= 17l ifZ! >z10rZ < z0;
0 " 0° 70 1 0 25
1 .
-3l —Z) A2l if<Z) <.

Suppose that we have defined Z%’, such that either Z%i = Z%i or 0 < Z%, < Z%’,, we
then define Z%H in the following way: if 7,41 =T or Z% = Z%,, then simply set
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72 =7l _Assumet;y; <T and 0 < Z2 < Z! . Note that in this case, by (2.15)
i+1 i+1 i t

1 1 1 1 1 2 2 . gl :
wehave Z; < #FZ. . WZ, >Z orZ,  ~<Z7, defineZ; :=Z; .Otherwise,
we have Z%i >zl > Z%, > (, then define Z%,H = Z% — %[(Z%i —Z A Z%,].

Ti+l — Tit+1
Note that we still have either Z%H = Z%m or0 < Z%M < Zéﬂ, so we may continue
to define Z2. One can check directly that Z? constructed in such a way satisfies both
(7.1) and (7.2), hence Z! dominates Z2.
It remains to prove the left inequality. To this end, let Z = Z[”;(} Z%i 10, €
2/"(z2) be arbitrarily chosen. We define VANS Z['(z1) recursively as follows. First,

define
21, if Z2 =2z
1._ ) »
zl =122,
zZ1+ [Zgo —22], ifza< Zlo <zi.

if Z%O >z) or Z%O <223

Assume we have defined Z]. such that either Z] = Z7 or0 < Z2 < Z] . If 141 =T

or Z =72 define Z! :=272 . Nowassume 7,41 < T and 0 < Z2 < Z! . Note
K o ’ i+1 ’ l+12 ) ) | 11 i )
that in this case Zz  # Z7. If Z7 < Z7 or Z7 > Z;, define Z; =77 .

Otherwise, we have Z]. > Z2 | > Z7 >0, then define Z},  :=Z] +[Z3  —Z7].

Note that we still have either Z%HI = Z'%H—l or0 < Z'%H—l < Zim , SO wWe may continue

to define Z!. One may check that (7.2) still holds, and for each w, there exists k such
that

AZy=-=AZy=Az and AZy, , =-=AZ, =0. (7.5)

Tk+1

Then, similar to (7.3), we have

E{U(Yt’x’y’zz'zz)} —V"t,x,y,21)

< E{u(y"ra2Z)) - Elu(yrad))

n
<C|Az]+ CE{Y p(AZy_, — AZy) | =C[lAz| + p(1AzZ])].
i=0

Since Z? is arbitrary, we prove the left inequality in (3.11). g

Proof of Theorem 5.6 Without loss of generality, assume z; > z2 > 0. We first recall
the left inequality in (3.11). So we need only check the other half of the inequality. To
this end, let Z! be the optimal strategy of V" (t, x, y, z1), and as in the proof of (3.11)
we define Z2 € Z/'(zp) that is “dominated” by Z!. We note that, for i > N(Z1),
Z%I_ = Z%l__l , which implies that Z%_ = Z%__l. Then, following (7.3) we have

Vit x,y,z1) — V't x, Y, 22)

< B{u (v )| - Bfu (e )
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N(ZhH
<C|Az|+CE{ Y p(182) — 5822 |)}
i=0

< ClAazl+Cp(Iaz))E{N(2")} < C[1az] + p(lAz])],

where the last inequality is due to Theorems 5.1 and 5.5. This proves (5.7).
To prove (5.8),we denote, forany m > n, Z" =3 "' | Z7' 1fy,_, ;) be the optimal

strategy of V™ (z, x, y, z). Define Zg"" := Z"1(;.+,). Then Z"" € Z{ZH(z), and

t,x,,2,Z™ t,x,y,2,Z2""
YT - YT

T m
= {/ Z;ndXs +C(_Z¥7171) - ZC((SZZ!)}I{IH<T}
Tn [

T
< |:/ Z;”dXs + C(—Z;"nl)i|1{fn<ﬂ.

Tn

Note that {7, < T} = {N(Z™) > n}, it follows that
Vm(tv-xa y5 Z) - Vn+l(t5xa ya Z)
< B{U () (v )

T
< CE{ |:E-[n{ / Z;"dXX } + 1i|1{rn<T}}
Tn
<CP{t, <T}=CP{N(Z")>n} < —E{N(Z™)} = —.
n n
Sending m — oo and applying Proposition 3.1, we obtain the result. 0

7.2 Proof of Proposition 5.4

We split the proof into several lemmas. To begin with, we fix (#y, xo, yo, z0) and n,
and let Z" be the optimal strategy of V" (¢, x0, yo, z0). Recall (5.3) and for notational
simplicity we suppress the superscript “n’” and denote them as A; and B;. Throughout
this subsection we assume that (H1)-(H4) are all in force. Keep in mind that our
purpose is to show that on the set of small jumps (the set A;’s) the jump will only
happen when it jumps to 0.

Lemma 7.2 P-a.s. on A;, either 0 v Z;‘i < Z;’H or Z?H < Zﬁi AO.

Proof Suppose that the lemma is not true. Then we may assume without loss of
generality that P(D;,) > O for some iy > 0, where D;, := {Z?I_O > Z;})fl >0} N A;,.

Our goal is to construct some VARS Zt”o (zo) such that

E(U () - Eu ()} 0.

7n ) n n n
where Y% = y0X0:30.20,2" "y Z" . ylo.%0,30,20, 2" (7.6)
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This leads to E{U(YTZ”)} > V (%9, x0, Y0, 20), an obvious contradiction.
We now define Z" as follows. First, let k :=inf{i > iy : Z?I_ < 0}. Since Zﬁn =0,
we have k < n. Now, set
Zﬁi, i <igori>k;
VARE Zy 1oy + 23 1pe . i =io;

(128 -z + 25 VOl +Zidpe, io+1<i<k.

Then Z" € Z?O(Zo). To prove (7.6), we denote AZ" := Z" — Z". Then,

- T n
AYS=YF Y =/ AZ}dXs+ ) [c(821) —c(8Z2)].

Tig i=igp

By definition of Z” it is clear that AYr =0on D; . On D;, first note that [AZ7 | <

5Z¥i0 for all i. Further, for i > k, one has 82;’1, = 8Z¥i; and for i < k, one can check

that either 0 < § Zﬁl <4 Z?I_ or 8Z;’I_ <4 Z?f < 0. It then follows from the monotonicity
assumption in (H3)-(ii) that c(SZ;'[) >c(6 Z;’[). Moreover, note that when i = i,

3

(627 ) — (8723, ) = (827, ) > Col8Z7

thanks to Lemma 5.2(i). Thus, on D;,,

)

T T
AYD z/ AZ{dX; +c(8Z7, ) >/ AZ{dX; + Col8Z7, |:
T; T

io 0

and

b

T
f AZMdXq
T

io

T
/ AZYo(s, Xs)d Wy

‘[;0

T
} < E%{/ |AZIb(s, Xy)|ds +
‘L’,‘O

|

T
< E%{/ |AZ§’b(s,XS)|ds}
‘L’,‘O

T 5
+AE%{/ |AZ;’0(S,XS)|2dS}

Tig
A
< [1bllooT + ooV T][525 | = (Co = 1)[3Z5, |-

Therefore, for some appropriately defined F7-measurable random variable &, we
have

E(U(rf)-u(ri)

E{U'& Ay} =E{U' @AY, |

N
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This proves (7.6) and hence the lemma. Il

T
/ AZ'dX,
7

0

= E{ [,\co|sz';i0| - AE%{

> hE{[8Z7, [1p,} > 0.

Lemma 7.3 For any A~,~ C A, ifP(/L) > 0, then P(ﬁH_l) > 0, where

~ 827, 1 ~

Ti

Consequently, P-a.s. in A;, it holds that |Z7,| < |8 Z7|.

Proof To simplify the presentation we prove the lemma only for i = 1. The general
case can be proved in a line by line analogy. We will prove by contradiction, and with-
out loss of generality, we assume Z7 > 0. Then by Lemma 7.2, we have Z7, < Z7 in

71
A1 C A;1. Suppose that the result is not true, namely P (D2) = 0. Then, with possibly
an exception of a null set, one has

Ay S Dy UDy = ({82}, > =82} }nA)U ({azg < %32’;1} N Al).
Slightly different fl’OIIl the previous lemma, we now define Z;’O =7y Z;’l =
Z?l lfif + ZOIA. ; and Zﬁi = Zﬁi, fori > 2. Then Z" € Z,’é(zg), and

AYy =[-8Z7[Xv, — Xo ) +¢(827)) +¢c(827,) — (27, — Z5,) |15,
Note that, on Dy, Z%, > Zy, > Z7,. Then (H3)-(ii) and Lemma 5.2(i) yield that
(827 ) +c(822) — (2}, — 22) = c(8Z7,) = Co|8ZL, |.

On the set ﬁzz, however, one has (SZ?2 < %82;’1 < 0. Then by Lemma 5.2(iii) we
have

(827 ) +c(822) — c(Z), — 23 ) = C1[8 27 | = Co|8ZY,|.
So, P-as. in Al,
AY} > =872 [Xe, — Xo 1+ Col8Z7 .
Thus, following similar arguments as in Lemma 7.2, we have
EQU(YF) —U(rf")) = E{[xCols 23| - AlsZ2 |1Xe, = Xa ]15,)
> rE{|5Z7, 1.} >0, (7.8)

a contradiction. Hence P (D;) > 0 must hold.
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To prove the last assertion we again assume i = 1 and Z7 > 0, and that the result
is not true. That is, denoting D; := {|Z7 | > [6Z7 [} N Ay, one has P (D) > 0. Now,
denote
) Z?j o 1

8Zn 2

Ti

13,~+1:={—15 }mD,, i=1,....,n—1.

We shall prove by induction that ﬁ,' CA;and Z" > Z" IZ" on ﬁi, fori =

Ti—1 — Ti—1
1,...,n. Indeeg\, for i =1, by definition D1 C Aj. Moreover, Lemma 7.2 tell/s\ us that
Z7 < Zi on Dy If Z <0, then ObVi(ll\J.Sly |Z7 1 <1823, 1. If Z7 > 0in Dy, then
Z7 > —48Z7 and hence Z7, > %Z?o on D;. Namely the claim holds for i = 1.
Assume now that for all i < j, the claim holds. In particular, this implies that
Z”, > —Z” >0 on Dj, we show that the claim is true for i = j 4 1. Note that on

D; j+1, One has 627 +l| < |52;’j| < &1. Since Zﬁj # 0 on D]+1 C Dj, by (2.15) we

n n D. . : n n
know Z7. 1 #* th .Thus D1 C Aj41. Moreover, since SZ,J, < 0, we have SZT],+1 >

%82,/. on D j+1. Thus by inductional hypothesis we have
3 1 1 —~
Z¥/+1 _Zer ZZ’;’ 1 >§Z:~"’ onDj_H.

That is, the claim is true for i = j + 1, and hence it is true for all i.

Finally, by applying the same argument repeatedly we have P(D,,) > 0. But the
claim tells us that Z7 > Z" > 0 on D,. This is impossible since Z7 = 0 must
hold almost surely by deﬁmtlon of Z'(zp). The proof is now complete. d

Proof Proof of Proposition 5.4(i) We follow the arguments in Lemma 7.3. Again for
simplicity we assume i = 1, Z;’O > 0, and that the result is not true. Then P(D;) > 0,
where

Co
Dy = {P{Bz|.7:11} > _1} NA;.

As before, we define Z;’ =7Z":

0 Z;’l = Z?lch + 77 lDl, and Z" = Z;’i, fori > 2.
Then Z" € Zt’é (z0), and
AY} =[=8Z] [Xe, — X1+ ¢(827) +¢(827) — (27, — Z1 ) 1D, -

On Dy N B5, we use (2.10) to get ¢(8Z7)) + c(8Z7,) — c(Z7, — Z7 ») = 0. On
D; N By, we have |SZ” | >e1 > |SZ” |. Thus Lemma 5. 2(111) tells us that

C((SZ;II) + C((SZ%) - C(Zgz - Z?o) > Ci |SZ¢1 |
Combining above we conclude that

E{u(rf)-u(ri")

= E{}‘C1|8Z¥1 ’101032 - A’(Szgl |Ef1 {|Xf2 - Xy |}1D1}
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= E{AC1[8Z} |Ev,{15,}1p, — A(Co — D|8Z7 |1p, }
C
> us{ [C1|32’;1 |C—‘I) —(Co—1)]sZ" !]11)1 } = E{|8Z2 |1p,} > 0. (7.9)

This is a contradiction and thus proves the part (i).

We shall prove part (ii) by backward induction on i. Since Z7 = 0, the result is
true for i = n. Without loss of generality we assume it is true for i = 2 and will prove
it for i = 1. Assume Zﬁo > (. If it is not true for i = 1, then P([)l) > 0 where

Dy:={z! #0}NA..

We now define Z;’O = Z;’O; Z?] = Zl.glch; and Z;’ = Z7, for i > 2. Then 7" e
1 1 1
Zt’(’)(z()), and

AY? = [_Z;ll [XTZ - XTI] + C((SZ?I) + C((SZ?Z) - c(_folo) - C(Zl‘:z)]lf)l

We claim that:

1
c(—Z?O) - C((SZ?]) < a—l[c(—Z?I) +C(8Z’:1) - c(—Z?O)]; i
| on D; N B,.
c(Zy,) —c(823,) < B [e(=27,) +¢(827,) — e(=23,)] + Lo| Z2,|;
(7.10)

Indeed, without loss of generality, we assume Z7 > 0. Then, by Lemmas 7.2 and
7.3, we have 0 < Z?l < —52;’1 < &1 on E] C Aj. Thus the first inequality of (7.10)
follows from Lemma 5.2(ii). To show the second inequality, note that |8Z’t’2| > £
on 131 N By. If rSZ;‘2 < —¢1, then (SZ?2 < Zﬁz < 0, and thus c(Zﬁz) — c((SZ;‘Z) <0.If
€1 <38Z7%, < eo, note that ¢(Z7,) — c(8Z7,) = c(8Z7, + Z7,) — c(8Z7,) is decreasing
in 82;’2. Then

c(zg'z) — c(azg'z) <c(-877 + Zﬁl) — c(—sz';l)
1

<
B

[e(=22) +e(827,) = e(=27)]:

thanks again to Lemma 5.2(ii). Finally, if SZ;‘Z > g0, then c(Z;‘Z) — c(SZ;’Z) <
Lo|Z7,|. This completes the proof of Claim (7.10).

Note that, by inductional hypothesis we have Z7 =0 on DN Bj. Then, for some
appropriately defined F7-measurable random variable &, by (2.10) we have,

Eu(F) - v ()
- ElU @[ - )
= B[ -2 X0, — X W, +[e(-28) +e(022) (- Z2) 1

+ [c(ﬁzgl) - c(_Z;lo) +C(8Z¥2) - C(Z:'lz)]lf)lBQ]}
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> E{U/(s)[_zgl [Xe, — Xo 115, — Lo|Z}, |15, 5,

+le(=2z0) +c(52n) - c(—Zﬁo)][lblsg - (ail + %)15132}“

> E{—A\ZZ [1Xe, = Xo |+ Lo]15,

Hle(-28) +e(628) = (- 28))| 115,55 - 4 (- + 5 )15, |

= E{ |:—A|Z¥1 |[E'L'1{|Xr2 — Xol}+ Lo]+ [c(—Z;’l) + C(gz;ll) _ C(_Z;to)]

1 1
X |:)\ET1{IB§} - A(Ol_l + E)Etl{le}]}lﬁl }

One can easily check that
A[Eq {|Xe, = X [} + Lo] < A[Co — 11.

Moreover, by part (i) we know that P-a.s. on D1 C Ay, P{By|Fy} < g—? and thus
P{BS|Fr} > 1~ g_? Then

A Co 1 1\ Cop LCo
ME {1pc} — —E {1 >AMl—— A —F+— | — | =—.
‘[|{ BZ} o ‘[|{ Bz} jt |: C] <a1 + ﬂl ) C]] C]

Note that, on 51 C Ay, by Lemmas 7.2 and 7.3, we have 0 < Z;’I < (SZ’;1 < &1 or
0>68Z7 > Z7 > —e¢;. Then it follows from Lemma 5.2(ii) that

E(U(rf') -u(r*h))

LC
= E{ |:—)\(C0 - 1)}Z?I| + C_10C1’Z¥1 |:|1D1} :AE{|Z;’1 |1131} > 07 (711)

a contradiction. O
7.3 Proofs of Lemma 6.3 and Theorem 2.8
Proof of Lemma 6.3 We follow the proof of Proposition 5.4. For each n, let Z" €

Z7(Z) be the optimal portfolio of V" (¢,x,y — ¢(Z — z),Z). We first prove several
claims by contradiction. In each case, we show that if the claim is not true, then we

can construct some Z" € Zl"'H(z) such that, by denoting Y 4" := y» 532" yZ" .—
yix.y—c(Z—2).2.2"

E[U(YF) —U# )} = ez 5 >0 (7.12)
where c(z, z) is some constant independent of n. This implies that

V(faX,va)—Vn(l‘,x,y—c(z—Z),Z) EC(Z,E) >0
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Sending n — oo and applying Proposition 3.1, we obtain the contradiction.

Without loss of generality we assume z > 0. The key observation is that we may
also view YTZn as the wealth of the portfolio Z”" starting from (z, x, y, z), with two
initial jumps first from z to Z and then from Z to Z7 .

Claim 1 Z < z. Indeed, if Z > z, for fixed n, let k := inf{i > 0: Z7 <0}, and define
A [Z;’l, —Z4+z1VvO0fori<k,and Z;’i = Z?I, for i > k. Then A= Zt"H(z).
Following exactly the same arguments as in the proof of Lemma 7.2, we prove (7.12)
with ¢(z,7) = AMZ — 2) > 0 and thus obtain a contradiction.

i Z’flo 2 1 o o7n = Z;ll —Z 1
Claim 2 —1 < = = , and le =Z then P(—1 < = = 5) > 0. Indeed,
assume the result is not true. Define Z” =z, Z” = Zﬁi,for all i > 1. Then 7" €
ZI”Jrl (z), and similar to (7.8) we prove (7.12) wzth c(z,2)=Arz—-2)>0.

Claim 3 |Z| <z — Z. Indeed, sz # Z, then by Claim 2 we have 0 < |Z —7| <
7z — Z < &1. Applying Proposition 5 4 we get Z” = 0 and thus provmg the clazm If

Z3y, =Z, then Claim 2 leads to P(—1 < —=— 2)>O On{-1< t'z 2} we
have |Z7, -7l <|z—2z| < €. IfzZ7 =z, by(2 lS)wegettl Tandthusz—O If
Zﬁl #+ Z, by Proposition 5.4 again we get Z?l =0.Then —1 < ﬁ < 5 and thus the
claim holds.

Claim4 If 7 =7, then P(|Z" —Z| > g1) < g_? Indeed, if P(|1Z! —Z| > £1) > g_?
then we define Z’;O =z, and ZZ = Z%, for i = 1. Similar to (7.9) we prove (7.12)
with ¢(z,2) =Mz —2) > 0.

We now prove the lemma. Define Z;’O :=0and Z’T’l = Z;‘i fori > 1. Then
AYp =YE —yZ
=c@E -2 +c(Z} —2)+C(2} — Z0) — c(—=2) —c(Z}) — Z2 [X+, — x].
If Z7, # Z, by the proof of Claim 3, we have Z7 = 0. Then
AYr =c(Z—2)+c(=2) —c(=2) = C1]zZ],
thanks to Lemma 5.2(iii) and Claims 1 and 3. If Z;’O = Z, then
AYr =c(Z—z2)+c(Z! —2) —c(—2) —c(Z]) — 2 Xy —x].
Similar to (7.11) we can prove
Vt,x,y,2) = V' (t,x,y —c(G—2),3) = E{U(YZ") = U(YF")} = A[3].

Send n — oo and noting that V(¢,x,y,z) = V(t,x,y — c(Z — 2), Z), we must have
z=0. d
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Proof of Theorem 2.8 (i) If c(z) = co > O for all z # 0, then following the arguments
in Theorem 5.1 one can easily prove that E{N (Z*)} < CQ

Now assume (H4) holds. Following the proof of Theorem 6.3 it is readily seen
that, for any i > 1 and P-a.s. on {0 < |Zjl_* — Zj[_* I| < &1}, it holds that

T4

Z5 =0 and P(|zj_*+l—z**

Then following the proof of Theorem 5.3 we get

n

1

P E 1{0<\z:l_*—zj?1|<g.}2m = Vn > m.
i—0 -

Similar to Theorem 5.5 one can then prove that E{Z?io 1z, —z*, =0y} <oo. This

i—1
implies that P(z;* < T, Vi) =0and E(N(Z*)) < co.
(i1) Applying Lemma 6.2 repeatedly we have

* g
Tn

V(t,x,y,2) = E{V (5, Xop, Y55, Z3) ), V.

Now by (i), we conclude that 7y = T and Z}. =0 for n large enough. Sending

n — oo we obtain that V (¢, x, y, z) = E{U (Y7)}. This means that Z* is an optimal
portfolio for V (¢, x, y, 7). O
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