
Problem of the week # 8, March 26

Problem 1: (5 points)
You are given two identical components. We note X1 the lifetime of component 1, and X2 the

lifetime of component 2. X1 and X2 are independent exponential random variables, of parame-
ter 1/2.

we recall the p.d.f. of an exponential R.V. of parameter λ: f(x) = λe−λx, for x ≥ 0)

1. Write the p.d.f. of X1, of X2, and the joint p.d.f. of X1, X2.

2. Compute P (X1 > 2X2).

3. We note T1 the first time when one component breaks (T1 = min(X1, X2)). Compute the
c.d.f. of T1, and deduce its p.d.f.

4. T2 is the time when the last surviving component breaks (T2 = max(X1, X2)). Compute the
c.d.f. of T1, and deduce its p.d.f.

5. Compute joint distributions (c.d.f. and p.d.f.) of T1 and T2.

6. Compute P (T2 > 2T1).

Problem 2: (5 points)
A random variable is said to have a gamma distribution, with parameters λ > 0, α > 0 if its

density function is given by

f(x) =

{

1
Γ(α)

λe−λx(λx)α−1 if x ≥ 0

0 if x < 0

where Γ(α) is the gamma function, defined as

Γ(α) =

∫

∞

0

e−yyα−1dy.

1. Verify that
∫

∞

0
f(x)dx = 1.

2. Use integration by part to show that for every α > 1, one has Γ(α) = (α− 1)Γ(α− 1).

3. Show that if n is an integer, one actually has Γ(n) = (n−1)!. The gamma function is therefore
a generalization of n! to all real numbers.

4. Compute E[X ] and V ar(X) if X is a gamma random variable, of parameters λ > 0 and
α > 0.

Gamma distributions arise naturally in some particular situations. Here is one. Let N(t) be
the number of earthquakes (of magnitude at least 3) in Los Angeles up to time t (in months):

it is a Poisson random variable, of parameter λt (that is P (N(t) = j) = e−λt (λt)
j

j!
). We note

Tn the time when the nth earthquake occurs.

5. Find the c.d.f. of Tn (do not simplify the sum).

6. Find the p.d.f. of Tn (there should be simplifications). It is a gamma distribution: give its
parameters.


