
MATH 407 SAMPLE FINAL EXAM
Spring 2011

Prof. Alexander

(1) 4 buses transport 10, 15, 15, and 30 students respectively (70 students total.)
(a) One of the 70 students is selected at random. Let X be the number of students who

were on that student’s bus. Find the expected value E(X).
(b) Suppose instead that one of the 4 buses is selected at random. Let Y be the number

of students who were on that bus. Find E(Y ).
(c) Explain why, no matter how many children are on each bus, E(X) is the same or

larger than E(Y ). (No formal proof here, just some words of explanation.) When would
E(X) = E(Y ), in terms of the number of children on each bus?

(2) A preschool has 15 children. On the first schoolday of each month, there is a party for all
the children who have birthdays that month. If no child has a birthday that month, there is
no party. Assume the birthdays are independent from one child to another, and all months
are equally likely. Do not simplify answers for this problem.

(a) Find the probability there is no party in January.
(b) Find the expected number of parties during the year.
(c) Find the probability there are exactly 4 birthdays total in the first 3 months of the

year.

(3) A satellite has 3 independently operating communication systems. System A fails with
probability .10, system B fails with probability .20 and system C fails with probability .30.

(a) Find the probability that exactly one of the 3 systems fails.
(b) It is known that on a particular day, exactly one of the 3 systems failed. What is

then the probability that it is C that failed?
(c) The satellite passes Test 1 if either system A or system B (or both) is working.

The satellite passes Test 2 if either system B or system C (or both) is working. Find the
probability the satellite passes both Test 1 and Test 2. (The tests are done at the same time.)

(4) Suppose (X, Y ) is uniform in the region Ω bounded by the positive x-axis, the positive
y-axis and the line x+ y = 3.

(a) Find the cdf of X + Y .
(b) Find the density of X + Y . HINT: The required calculation is minimal.
(c) Suppose (X1, Y1), . . . , (Xn, Yn) are points chosen uniformly from Ω, independently.

Find
P
(

max
i≤n

(Xi + Yi) ≥ 2
)
.
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(5) At Pleasantville Middle School, the boys’ bathroom is cleaned at times which form a
Poisson arrival process with average rate 3 per day. Let T be the time (in days) until the
next cleaning.

(a) What is the distribution of T? Give the name of the distribution and its parameter(s).
(b) What is the probability the bathroom is cleaned at least twice today?
(c) Without any cleaning, the number of germ colonies in the bathroom grows, having a

geometric distribution with parameter p = 0.1e−t/2 at time t. Let X be the number of germ
colonies present when the next cleaning occurs. Find E(X | T = t).

(d) Find E(X).

(6) Let Z be a standard normal, N(0, 1), and let X be normal N(3, 9), independent of Z.
(a) Find c for which P (Z > c) = .98.
(b) Find the density of 1/Z3.
(c) What is the distribution of X − Z? HINT: No integration is necessary.
(d) Find P (X < Z). HINT: Use one of (a), (b) or (c).

(7) Let X and Y have joint density

f(x, y) =
3

4
y2 +

1

2
x, 0 ≤ x ≤ 1,−1 ≤ y ≤ 1.

You make take as given that the marginal densities are

fX(x) =
1

2
+ x, 0 ≤ x ≤ 1, fY (y) =

3

4
y2 +

1

4
, −1 ≤ y ≤ 1.

(a) Find the conditional density fY (y | X = x).
(b) Find P (Y > 1

2
| X = x).

(c) Find E(Y 2 | X = 1
3
).

(d) Without any integration, find the approximate value of P (0.2 ≤ Y ≤ 0.201).
(e) Are X and Y independent? Say how you know.

(8) Suppose X is uniform in [0, 2], Y is exponential(3) and X, Y are independent.
(a) Find the joint density of X and Y .
(b) Find P (Y < 2X).

The following formulas, means and variances will be provided with the final
exam:

Uniform in [a, b]: mean a+b
2

, variance (b−a)2

12

Exponential(λ): density λe−λx, mean 1
λ
, variance 1

λ2
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Gamma(r, λ): density λ (λx)r−1

Γ(r)
e−λx, mean r

λ
, variance r

λ2

Poisson(λ): probability P (n) = e−λ λ
n

n!
, mean λ, variance λ

Geometric(p): probability P (n) = (1− p)n−1p, mean 1
p
, variance 1−p

p2

Negative binomial (number of failures before rth success):

probability P (n) =
(
n+r−1
r−1

)
pr(1− p)n, mean r(1−p)

p
, variance r(1−p)

p2

Standard normal: density 1√
2π
e−x

2/2, mean 0, variance 1
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