
MATH 407 FINAL EXAM
May 6, 2011

Prof. Alexander

Last Name:

First Name:

USC ID:

Signature:

Problem Points Score
1 22

2 18

3 20

4 21

5 27

6 18

7 25

8 28

Total 175

Points total 179 but 175 is maximum. This means the first 4 points off effectively don’t
count against you.

Notes:

(1) SHOW ALL WORK. No credit in general for answers only.

(2) If you can’t do part (a) of some problem, but you need the answer for (b), then you
can get partial credit for showing you know what to do. You could write, ”Let x be the
answer to (a),” and solve (b) in terms of x.

(3) Use the backs of the sheets for more space.

(4) Simplify answers to a fraction or decimal, except problems which specifically instruct
you not to. Show answers to 2 decimal places (except show all 4, if you got the answer from
the normal table.)
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(1)(22 points) Suppose that the heights of USC women, in inches, have mean 64 and standard
deviation 3.

(a) If there are 30 women in a class, find the probability the average of their heights
exceeds 64.9 inches.

(b) Now add the assumption that USC women’s heights are normally distributed, and
suppose USC men’s heights have a normal distribution with mean 70, standard deviation 4.
A man and a woman are selected, independently. Find the probability the woman is taller
than the man.
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(2)(18 points) A student takes a multiple choice quiz, with 4 possible answers per problem.
On a given problem, with probability 3/5, he knows the right answer; if he doesn’t know, he
takes a wild guess, picking one of the 4 answers at random.

(a) Find the probability he gets the problem correct.
(b) Given that he gets the problem correct, find the probability he made a wild guess.
(c) If this same situation is in effect for each of the 6 problems on the quiz, find the

probability he gets all 6 correct.
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(3)(20 points) There are 4 cards in a stack, including 2 aces. The cards are shuffled, then
dealt one at a time (without replacement.) Let X be the number of cards dealt to reach the
first ace—for example, X = 3 if the first ace is the third card dealt.

(a) Make a table of the distribution of X.
(b) Find E(X).
(c) Find var(X).
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(4)(21 points) Michelle buys a package of 4 light bulbs. She installs the first bulb, at time
0. When the first bulb burns out, she replaces it with the second bulb, and so on, until the
4th bulb burns out, at some time S. The lifetime Xi of the ith bulb, in years, is exponential
with mean 3/2, and the 4 bulbs are independent.

(a) What is the value λ such that the bulb lifetimes Xi are each exponential(λ)?
(b) What is the exact (not approximate!) distribution of the time S when the 4th bulb

burns out?
(c) Find E(S) and SD(S). HINT: Don’t calculate if you don’t have to!
(d) Given that the first bulb has lasted t years (that is, given X1 ≥ t), find the probability

that it lasts at least one additional year (that is, X1 ≥ t+ 1.) Does this probability change
with t?
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(5)(27 points) Let X and Y have joint density f(x, y) = 3x2y2 + 1
3
x, 0 ≤ x ≤ 1, −1 ≤

y ≤ 1.
(a) Find the marginal density of Y .
(b) Find E(Y 2).
(c) Find P (X < Y ).
(d) Find the conditional density of X given Y = 0.
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(6)(18 points) Let X have an exponential(3) distribution.
(a) Let Y = X1/2. Find the density of Y .
(b) Suppose Z has an exponential (5) distribution, and is independent of X. Find the

cdf of max(X,Z). HINT: This is not related to part (a).
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(7)(25 points) Brittany leaves work every day between 5:00 and 5:30 pm, and X, the number
of minutes after 5:00 when she leaves, is uniformly distributed. (X does not have to be a
whole number.) When she waits longer, the traffic gets worse: if she leaves at x minutes
after 5:00, the number Y of minutes to get home is uniform in [20, 20 + x].

(a) What is the conditional density, fY (y | X = x)?
(b) Find E(Y | X = x). HINT: You don’t need to use (a), though you can.
(c) Find P (Y > 25 | X = x). HINT: Consider x < 5 and x ≥ 5 separately.
(d) Find P (Y > 25).
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(8)(28 points) A penny, a nickel, and a dime are placed in a hat. Two of the three coins are
selected at random without replacement, and taken from the hat. Let N,D denote the events
that the nickel and dime, respectively, are taken, so that the total “silver money” taken is

(∗) X = 5IN + 10ID.

Here IN and ID are the indicators of I and D.
(a) Find cov(IN , ID) and cov(5IN , 10ID).
(b) Find var(IN).
(c) Using the representation (*), not other methods, find var(X). HINT: Are the variances

of IN and ID the same?
(d) Find corr(IN , ID).
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Some formulas, means and variances:

Uniform in [a, b]: mean a+b
2

, variance (b−a)2

12

Exponential(λ): density λe−λx, mean 1
λ
, variance 1

λ2

Gamma(r, λ): density λ (λx)r−1

Γ(r)
e−λx, mean r

λ
, variance r

λ2

Poisson(λ): probability P (n) = e−λ λ
n

n!
, mean λ, variance λ

Geometric(p): probability P (n) = (1− p)n−1p, mean 1
p
, variance 1−p

p2

Negative binomial (number of failures before rth success):

probability P (n) =
(
n+r−1
r−1

)
pr(1− p)n, mean r(1−p)

p
, variance r(1−p)

p2

Standard normal: density 1√
2π
e−x

2/2, mean 0, variance 1

9



10


