
Sample Problems

Problem 1: Let X be a binomial R.V. of parameters n, p.

(1) Writing X =
∑

Xi, where the Xi are independent bernouilli r.v., compute the generating
function of X , GX(s).

(2) Use the generating function to recover the expectation and variance of X .
(3) Use the generating function to compute E[X3] and E[X4].

Problem 2: Let X be a Normal random variable of mean 0 and variance σ2

(1) Compute the generating function of X .
(2) Let X1 and X2 be two independent Normal random variables N (0, σ2). Compute the gen-

erating function of X1 +X2.
(3) Deduce that the sum of two independent Normal r.v. is a Normal r.v. What are its param-

eters?

Problem 3. Let X be a Poisson random variable of parameter λ.

(1) Compute the Moment Generating function of X , MX(t) = E[etX ].
(2) Let X1, . . . , Xn be independent Poisson random variable, of parameter λ. Call Y = X1 +

· · ·+Xn. Compute the Moment Generating function of Y , MY (t) = E[etY ].
(3) Deduce that Y is a Poisson random variable, of parameter nλ.

Problem 4: You have n white balls and 2n black balls in an urn. You pick n balls.

(1) What is the probability that you pick only white balls?
(2) Let X be the number of white balls you get. Compute E[X ]. (Hint: use Xi, the indicator

function that the ith ball is white)
(3) Compute V ar(X). (Hint: you will need to compute Cov(Xi, Xj), make a difference between

j 6= i and j = i).

Problem 5. Choose a number X uniformly at random in [0, 4]. Now choose a number Y at
random not larger than X , that is in [1, X ].

(1) Find the joint probability density function of X and Y .
(2) Compute the conditional expectation of Y given X . Deduce the expectation of Y .
(3) Find the conditional mass function ofX given that Y = y (do it for all y) Find the conditional

expectation of X given Y .
(4) Are X and Y independent? Why?

Problem 6. Choose a number X at random from the set {1, 2, 3, 4, 5}. Now choose a number
Y at random not larger than X , that is in {1, . . . , X}.

(1) Find the joint probability mass function of X and Y .
(2) Compute the conditional expectation of Y given X . Deduce the expectation of Y .
(3) Find the conditional mass function of X given that Y = i (do it for i=1,2,3,4,5) Find the

conditional expectation of X given Y .
(4) Are X and Y independent? Why?
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Problem 7. In your drawers, you have flour, sugar and chocolate. The quantities remaining in
each of the containers are random. The quantity of flour left (in pounds), F , is a uniform random
variable in [0, 2]. The quantity of sugar left (in pounds), S, is a uniform random variable in [0, 2].
The quantity of sugar left (in pounds), C, is a uniform random variable in [0, 1].
You want to make chocolate muffins: for each muffin, one needs 1

4
pounds of flour, 1

4
pounds of

sugar, and 1
8
pound of chocolate.

(1) What is the probability that Chocolate is the limiting ingredient: that is 1
6
C < 1

4
S and

1
6
C < 1

4
C.

(2) Express the number X of muffin you can make (X can be non-integer: you might have
X = 1.15 Muffin), in terms of F, S and C. What is the maximal number of muffins you can
make?

(3) Compute the c.d.f. of X . Deduce that its p.d.f. is
(4) How many cookies you will make on average?

Problem 8. You have a list of N people, and N (nominal) letters that you have to send them.
You put the letters in envelopes and close them. But you forgot to put the names on the envelopes!
So you decide to write the names at random, and you send the envelopes.
Call Ai the event that the ith envelope goes to the right person, and let X be the number of

envelopes reaching the right person

(1) Compute P(Ai).
(2) Compute E[X ].
(3) Use Markov’s inequality to get a bound on P(X ≥ 10) (whatever n is).
(4) Compute P(Ai ∩ Aj) for i 6= j.
(5) Compute Var(X). Hint: when you compute E[X2] you have to distinguish the cases when

i = j from the ones where i 6= j.
(6) Use Chebichev’s inequality to get a better bound on P(X ≥ 10) (whatever n is).
(7) Compute P(Ai ∩ Aj ∩ Ak) for i 6= j 6= k.
(8) * Compute E[X3].
(9) * Use Markov’s inequality to get a better bound P(X ≥ 10) (whatever n is).

Problem 9. The coupon collector problem. (careful, it is not treated in the same way as for the
Homework!)
Each week, you buy a pack of cereal, which contains a toy, taken uniformly at random among n

different toys. We label the toys 1, 2, 3, . . . , n. We call Xk the number of different toys you have
after k weeks.

(1) Denote Ai,k the event that, after k weeks, your collection contains the toy of type i. Compute
P(Ai,k).

(2) Writing Xk as a sum of indicator functions of Ai,k, compute E[Xk].
The number of toys that you are left to collect is Yk = n−Xk.

(3) Show that P(Yk ≥ 1) ≤ E[Yk]. Deduce that P(Yk ≥ 1)
k→∞→ 0. How do you interpret that?

(4) Show that for any ǫ > 0, P(Y(1+ǫ)n lnn ≥ 1)
n→∞→ 0. Interpret that result.



Problem 10. You’re about to watch episodes of South Park at random. You know that Kenny
get killed in an episode (denote K this event) with probability p, independently from one episode to
the other. In an episode where Kenny get killed, the death occur X minutes after the start, where
X is a continuous random variable, with density function fX|K(x) =

1
200

x if x ∈ (0, 20) (an episode
lasts 20 min).

(1) You are watching an episode, and someone has told you that Kenny get killed in this one.
What is the probability that Kenny get killed in the first 5 min of the episode? On average,
how long do you have to wait (in this episode), to see Kenny get Killed?

(2) Denote Y the number of episodes you watch in a row before Kenny get killed (Kenny get
killed in the Y th). Assuming that there are infinitely many episodes, give the probability
mass function of Y .

(3) You decide to watch several episodes in a row. How long do you have to wait before you see
Kenny die?
Hint: relate that quantity to Y and X , recalling that each episode is 20min long.

Problem 11: Drunk walk.
A drunk person is walking, at random. To make a step, he/she chooses a direction at random

(an angle Θ uniformly distributed in [0, 2π)), and make a step of length 1 unit in that direction.
Let Θ1,Θ2, . . . be independent uniform random variables on [0, 2π) (Θk is the angle taken at step

k), and let Xk = cosΘk, Yk = sinΘk be the x and y deplacement at step k.

(1) Compute E[X1] and Var(X1). According to the symmetries of the problem, what are E[Y1]
and Var(Y1)?

Hint: use that cos(2θ) = 2(cos θ)2 − 1 = 1− 2(sin θ)2, so that (cos θ)2 = 1
2
(1 + 2 cos(2θ))

and (sin θ)2 = 1
2
(1− 2 cos(2θ)).

(2) Let X =
∑n

k=1Xk and Y =
∑n

k=1 Yk be the x and y coordinates after n steps. Compute
E[X ], E[Y ] and E[X2 + Y 2].

(3) Let D =
√
X2 + Y 2 be the distance of the person from the starting point, after n steps.

Show that E[D] ≤ √
n.

Hint: you just computed E[D2]. Use Cauchy Schwartz inequality.
(4) State the Central Limit Theorem for X and Y .

(5) Deduce that D√
n
converges in distribution to the random variable W =

√

Z2
1 + Z2

2 , where

Z1 and Z2 are two independent standard normal random variables.

Problem 12:

You have N components. Let X =
∑N

i=1Xi, where the Xi are independent exponential random
variables, of parameter 1.

(1) Show that the moment generating function of X1 is E[etX1 ] = 1
1−t

.

(2) Compute the moment generating function of X , M(t) = E[etX ].
(3) Show that, for any a > 0, P (X > a) ≤ e−atM(t). (This is known as Chernoff’s bound).

HINT: Use that etX ≥ Iae
at for every t ≥ 0, where Ia is the indicator function of the event

X > a.
(4) The previous question shows that P (X > aN) ≤ exp(−N(at + ln(1 − t))) for all t ∈ [0, 1].

Optimize this bound in t (Hint: h(t) = at + ln(1− t) is maximal for t = 1− 1/a).
(5) Give an upper bound of P (X > 200).
(6) Use the Central Limit Theorem to get the same result.


