
Sample Problems for the final

Problem 1: You have two coins: one is fair (Head and Tail are equally likely, having both
probability 1/2), and the other one is biased (the probability of having Tail is 1/4, and of having
Head is 3/4). You pick a coin at random, and throw it 3 times in a row.

(1) What is the probability that you obtain 2 Heads and 1 Tail? (Simplify! put it in the form
??/128)

(2) Given that you observed 2 Heads and 1 Tail, what is the (conditional) probability that you
picked the biased coin?

Problem 2: You are playing a game against a bank. Both of you roll a dice, we note X your
score, and Y the score of the bank. If you get a score strictly larger than the bank (X > Y ), then
you win the difference between the two dices. Otherwise, you loose $3.

(1) What is the probability that you win something, that is P (X > Y )? (HINT: decompose
over the possibilities for Y )

(2) Let call W your gain (For example, W = −3 if X ≤ Y ). Give the probability mass function
of W .

(3) What is your expected gain?

Problem 3: When playing paintball, the paint mark you make has a circular shape, whose
radius is a random variable X , with p.d.f. fX(x) = xe−x for x ≥ 0.

(1) Compute the c.d.f. of X , FX(t).
(2) Compute the c.d.f. of Y , the area covered by the mark (Y = πX2). Deduce the p.d.f. of Y .
(3) You make another mark, of radius W independent of X (with p.d.f. fW (w) = we−w),

centered exactly at the same point as the first one. Then, the radius of the mark you see is
R = max(X,W ). Compute the c.d.f. of R. Deduce the p.d.f. of R.

Problem 4: We are studying trees. The diameter of a given tree is a random variable, X , and
its height is a random variable, Y . The joint p.d.f. of X and Y is given:
fX,Y (x, y) =

1
4
(x+ y)e−y for y ≥ 0, 0 ≤ x ≤ 2.

(1) Find the marginal p.d.f. of X .
(2) Are X and Y independent?
(3) Compute E[X ]. (HINT: use question 1)
(4) The age of the tree is given by W = 12XY . Find the expected value of W . (HINT: you do

not need the previous questions)

Problem 5: The quantity of dust in your room after 1 day (in mm3), denoted X , is a Normal
random variable with mean 10 and variance 4.

(1) What is the probability that you have more than 12mm3 of dust in your room after after
one day?

(2) You are out for 9 days. What is the probability that, after these 9 days, you get a total
quantity of dust smaller than 72mm3?
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Problem 6: Let X be a geometric random variable, of parameter p.

(1) Compute the generating function of X , GX(r) = E[rX ].
(2) Deduce E[X ] and V ar(X).

Problem 7: You flip N times a fair coin. You denote Xi the indicator function of having Head
on the ith flip (Xi = 1 if you get Head, and 0 if you get Tail). Let X =

∑N
i=1Xi be the total number

of Heads after N flips.

(1) Compute the Moment generating function of X1, MX1
(t) = E[etX1 ].

(2) Deduce from Question 1 that the moment generating function of X is MX(t) = E[etX ] =
(

1+et

2

)N

(3) Compute the Expectation and Variance of X from MX(t).

Problem 8. Recently, a newspaper talked about a study saying that on average, men have 6
partners in their lives, and women only 4. It was then suggested that women were more inclined
to settling down. Assuming that there is the same number of men and women, what can you say
about that study? (and prove it!)

Problem 9. You made a pile of your shoes in the entrance (you have n different pairs). You
take a shoe at random in the pile, until your are able to make a pair out of the shoes you picked.

(1) What is the probability that you found a pair in just two picks? in 3 picks?
(2) Let K denote the number of picks needed to constitute a pair. Compute P(K > k), the

probability that you need more that k picks (or in other words, the probability that after k
picks you only have mismatching shoes).

(3) Tell what is P(K = k). Deduce E[K].

Problem 10. A group of n men and n women is randomly seated at a round table.

(1) Find the expected number of men who have a woman next to them.
(2) Repeat the same question, now assuming that the group is randomly lined up (not in circle).

Problem 11.

Two envelopes, each containing a check, are placed in front of you. You do not know the values
of the check they contain. Call A and B these (unknown values). You pick an envelope at random,
and look at the value on the check. Then, you have the choice to keep it or to exchange it.

(1) The first strategy is to pick an envelope at random, and accept it. What is your expected
gain? Do you think that there exists a better strategy?

(2) The second strategy is when you picked the envelope and seen that it is a check of value x,
to accept it with probability 1-1/x, and to reject it with probability 1/x. Show that your

expected gain is then A+B
2

+ (B−A)2

2AB
. Observe that it is strictly higher than in the first case.

(3) With this latter strategy, compute the probability that you get the higher check (assume
B > A).

Problem 12. In western films, you have two types of persons. The ones with guns (40% of the
population), and the ones without. In the movie, 10% of the people without a gun die (these are



the people of low interest for the movie), and because they fight, 80% of the people with a gun die
(and remains mostly the heroes).
Given that your character survives at the end of the movie, how likely is it that you had a gun

(and thus that you are one of the surviving heroes)?

Problem 13. The number of persons giving money at charity is a Poisson random variable N ,
of mean 100. The amounts that each person gives are independent identically distributed random
variables, denoted X1, X2, . . ., with average 6 and variance 4.
The total amount collected is Y =

∑N
i=1Xi (note that there is a random number of terms in that

sum).

(1) Compute E[Y |N = n].
(2) Deduce E[Y ].
(3) Repeat the same procedure to show that E[Y 2] = E[N ]V ar(X1)+E[N2]E[X ]2. Deduce that

V ar(Y ) = E[N ]V ar(X1) + V ar(N)E[X ]2.
(4) 50 charities were given. Approximate the probability that less than $2,600 was collected

overall.

Problem 14. You flip a coin many times (filps are independent). After the kth flip (k ≥ 2), you
collect an amount of money Xk equal to the number of Head in the last two flips: Xk = Ik + Ik−1,
where Ik is the indicator function that a Head occurs on the kth flip.

(1) Compute E[Xk] and V ar(Xk).
(2) Compute Cov(Xk, Xk+1). Are Xk and Xk+1 independent?
(3) You play that game a long time. Call Yn =

∑n
k=1Xk. Compute E[Yn] and V ar(Yn).

(4) Use Chebichev’s inequality to show that Yn/n converges in probability to 1.
(5) Can you apply the Central Limit Theorem to Yn?

Problem 15. One each bet, a gambler loses 1 with probability .7, loses 2 with probability .2, or
wins 10 with probability .1. Approximate the probability that the gambler will be losing after his
first 100 bets.

Problem 16.

(1) Prove that, for any real random variable X , one has, for all t, a ≥ 0 P(X ≥ a) ≤ e−ta
E[eλX ].

(2) Apply this inequality to Z a standard normal random variable (remember what the moment
generating function of a standard normal is). Show that, optimizing in t, one gets P(Z ≥

a) ≤ e−a2/2.
(3) Use that bound to get an answer to the previous problem.

Problem 17. You have n (different) pairs of shoes (2n shoes in total). Your mother put shoes
at random in boxes, not caring of matching the pairs.

(1) You take one box at random. What is the probability that you get a matching pair?
(2) You takes another box. What is the probability that, with the two boxes you opened, you

are able to make one matching pair of shoes (out of the 4 shoes you got)?
(3) Using indicator functions that the ith box contains a matching pair, what is the average

number of boxes containing matching pairs?



Problem 18. Let X be a Poisson random variable of parameter λ = 1.

(1) For any given a > 0, what is P(X ≥ a)? Do not simplify.
It is actually not possible to compute that sum explicitely, and we try to give upper

bounds on that probability.
(2) Use Chebichev’s inequality to get an upper bound on P(X ≥ a). What does it give for

a = 10?
(3) We now use Chernoff’s bound (also known as exponential Markov’s inequality). Prove that,

for any r > 1, P(X ≥ a) ≤ r−a
E[rX ].

(4) Recall what is the generating function of X , and deduce that, for every r > 1, one has
P(X ≥ a) ≤ e(r−1)−a ln r.

(5) Show that the minimum of the function r − 1 − a ln r is attained for r = 1/a. Deduce that
P(X ≥ a) ≤ e−(1−1/a+a ln(1/a)).

(6) What value does it give for a = 10?


