
Project: Interactions of a polymer with a solid surface

Zaki Hasnain, Yangyang Huang, Hong Xu, Xin-Zeng Wu, Di Li

Reference: G. Giacomin, Random Polymer Models, Imperial College Press.

Take a polymer (for example a protein) in the vicinity of a surface (like the surface of a cell).
When temperature is low, the polymer sticks to the surface, because of attractive interactions. But
when the temperature increases, chemical bonds are broken and the polymer wanders away from
the surface.
We propose here to study this delocalization phase transition in a mathematical point of view,

for a reference, see G. Giacomin, Random Polymer Models, Imperial College Press. We will follow
the steps below:

(1) Modelization of a Polymer by a directed random walk.
(2) Use of the statistical mechanics formalism (Boltzmann-Gibbs energy) to modelize the inter-

actions of the polymer and the surface, the strength of the interactions depending on the
temperature.

(3) Existence of the free energy (or energy per monomer) in the infinite volume limit (when the
length of the polymer goes to infinity). Physical interpretation of the free energy.

(4) Observation of the phase transition for the free energy, and computation of the critical
temperature where the transition occurs.

(5) (Bonus) Explicit computation of the free energy.

The project should be self-explanatory, and accessible to any student in the 505a class. The goal
is to widen the scope of the class, and give an overview to all students of the possible subjects one
can deal with Probability Theory.
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Project: longuest run of Heads among N coin flips

Shankhoneer Chakrovarty, Swapnil Chhajer

Reference: Mark Schilling, The longest run of Heads

We perform N coin flips, and we ask the question of the length LN of the longest sequence of
consecutive Heads. The goal of this project is to prove that, with probability going to one, LN is
of order ln(cN). A related question is to know how fast this convergence occurs.

(1) Set up the framework, and study exactly small N cases (N = 3, 4, 5)
(2) Prove that E[LN ] behaves like ln(cN). What is the Variance of LN .
(3) Use this idea to tell how confident you are that in 200 coin flips, the longest run of Heads is

of length 5, 6, 7 or 8. (Bonus: what is the limiting distribution of LN/ ln(cN))
(4) You can simulate 200 coin flips, to see if you prediction verifies.

Remark: This is a useful feature of sequences of coin flips, to determine whether the sequence is
really random or not. For example, when flipping a coin 200 times, the longest sequence of Head
is of length approximately 8. If you ask someone to write down a sequence of Heads and Tails that
he/she thinks look reasonably random, he/she will most likely write down a sequence with a longest
run of Head of length at most 5 (which actually has a very small probability). You can then tell
right away, with a high confidence, that this sequence is not really random.
Use what you did



Project: Monte Carlo Simulation of the Ising Model

Group 1: Zheng Yang, Sasan Tavakkol, Yifan Sun
Group 2: Yanjie Tan, Yue Lie, John Hill

Reference: Grimmett and Sirtaker’s Chapter 6.14

The Ising Model was first introduced to study magnetism. Take the discrete square J0, nK2:
each site x = (i, j) has a spin σx ∈ {−1,+1}. The energy of a spin-configuration is equal to
H = −

∑
x∼y σxσx, where x ∼ y means that x and y are neighboring sites. It means that having

two neighboring sites of same spin brings a negative contribution (lower energy: it is favorized)
and having two neighboring sites of opposite spin brings a negative contribution (higher energy:
it is penalized). The probability of one spin-configuration is proportional to e−βH, where β is a
parameter telling how strong are the interactions, related to the inverse temperature (Boltzmann-
Gibbs distribution).
It is really hard to sample a random spin-configuration from this probability measure. The goal

of this project is to use the Monte Carlo method to do so. Monte Carlo method uses a Markov chain
associated to the model, which converges to the stationary distribution, which has to be precisely
the one we want to sample from (use the convergence Theorem, Ch. 6.4).

(1) Define/understand the Ising model. What are the natural questions to be asked on that
model?

(2) Group 1: use the Gibbs sampler. Explain what is the Markov Chain associated to the Ising
model, justify that the stationary distribution is the right one. Use (an explain briefly) the
limit Theorem for Markov chains to sample a random spin-configuration for β = .2, β = .44,
β = .6. What do you observe?

(3) Group 2: use the Metropolis algorithm. Explain what is the Markov Chain associated to
the Ising model, justify that the stationary distribution is the right one. Use (an explain
briefly) the limit Theorem for Markov chains to sample a random spin-configuration for
β = .2, β = .44, β = .6. What do you observe?



Project: Monte Carlo Method to estimate integral

Yuan Hu, Chao Deng, Nathan Arkin, Shuang Li

Reference: Grimmett and Sirtaker’s (Chapter 2.6 and 7)

We try to estimate numerically several quantities, such as π or integrals of some complicated
functions.

(1) Describe how works the Monte Carlo method to approximate.
(2) How big is the error you make in these estimates? (How fast is the procedure converging)
(3) Use this method to estimate π up to the 4th digit (give intervals of confidence). Estimate

also
∫ 1

0
(lnx)2

1+cos x
dx.



Project: Random Walk: how often you return to your starting point

Conghuan Xu, Lang Wang, Yihan Li, Kexin Zhu

Reference: Greg Lawler, Intersection of Random Walks
www.math.leidenuniv.nl/scripties/BachLeenman.pdf

When walking in the street, you like to take steps at random. The question is to know how often
you have passed by your starting point. Denote Zn the number of times you visited your starting
point after n steps.

(1) First, set up the framework and notations. Your city can be 1 dimensional, 2 dimensional,
3 dimensional, etc...

(2) Show that in dimensions 1 and 2, Zn
n→∞→ ∞ on average. Show also that, in dimensions 1, 2,

the probability that Zn
n→∞→ ∞ is equal to 1. (How is that different?)

(3) What are the asymptotics of E[Zn] and Var(Zn)? Can you use Second moment method to
say something about the probability that you visit your starting point less often (or more
often) than the average value?

(4) What about dimension 3 and higher?
(5) You are welcome to make computer simulations! (to graph your random trajectory...)



Project: Linear Prediction

Beibei Xin, Xiaofei Wang, Zheng Dai

Reference: Grimmett and Sirtaker’s Ch. 9.2
www.math.uiuc.edu/ r-ash/Stat/StatLec21-25.pdf

A plane is travelling from Paris to Los Angeles. It is supposed to follow an ideal trajectory, but
it deviates from it (for multiple reasons). We denote Xn the gap between ideal trajectory and the
position of the plane at time n. We then model Xn the following way:

Xn = αXn−1 + ηn−1 for n ∈ Z,

where α is a real number and (ηn)n∈Z are independent Standard Normal random variables The
measures made from the airports also contain errors, and are Yn = Xn + γn, where (γn)n∈Z are
independent Standard Normal random variables, independent of the (ηn)n∈Z.
The goal is to predict Xn thanks to the observations Y0, Y1, . . . , Yn−1.

(1) Explain the equation. What is the interpretation of α, and why do you have to choose
α ∈ (−1, 1)?

(2) Give some properties of the sequence (Xn)n≥0, such as its expectation, its autocovariance
function (see Grimmett’s Ch. 9.2).

(3) If you observed exactly the sequence X0, X1, . . . , Xn, how would you predict Xn+1? Explain
the reasoning.

(4) What is the mean squared error of prediction?
(5) How are Xn and Yn correlated? To predict Xn+1 from all the observations Y0, Y1, . . . , Yn,

we use the same formula as for question (3), with the Xis replaced by the Yis. What is the
mean squared error of prediction in that case?

bonus Show that (Yn)n∈Z is stationary. What is its autocovariance function? Can you find the
best linear predictor for Yn+1 given all the observations Y0, Y1, . . . , Yn? Start with the cases
n = 1, n = 2, etc... How do you then predict Xn+1? What is the mean squared error of
prediction in that case? [you can use a computer to find the coefficients for n = 100, and
compare with question (5)]



Project: Estimating parameters in a statistical model

Jie Ren, Kejia Wang, Hailong Cui

Reference: Pruim, Foundations and Applications of Statistics

You have two biased coins, with unknown parameters p1 and p2 (the parameter is the probability
to get Head). You then play a game: you win $1 each time you get Head, whatever the coin you
chose was. The goal is to find a strategy so that your gain is the highest possible.

(1) Set the framework and notations of the problem.
(2) How would you estimate the parameter p1? Can you give intervals of confidence (using

Central Limit Theorem)?
(3) A first strategy would be to estimate the two parameters, pick the coin with the parameter

you think is the highest, and then only use this one. What is the probability that you pick
the wrong one, if you use N coin flips to estimate the parameters of the coins?

(4) Can you think of a strategy so that, with probability one, your gain becomes asymptotically
max(p1, p2)×N?



Project: Where is the horse on a chessboard?

Shrikanth Narayanan, Nitika Aggarwal, Adam Levin, Thomas Choi

Reference: Grimmett and Sirtaker’s Chapter 6

You have a chessboard and you move a horse randomly on that chessboard. Then, after a large
number of steps, the position of the horse will be random, but not uniform on the chessboard (some
sites are more likely than others). The goal is to give the probability mass function of the position
of the horse (after infinitely many moves).
We will restrict to a 4x4 chessboard.

(1) The first step is to see the Markov Chain associated to that problem. After defining what
a Markov Chain is, one will explain why our problem fits that framework.

(2) The second step is to use the limit theorem of Markov chains (Ch. 6.4) [proving it is bonus],
and to identify the stationary distribution.

(3) Simulations are welcome! (simulate the movement of the horse on a chessboard, and see
how fast the Markov chains converges to the stationary distribution).



Project: Random Graph

Aditya Parikh, Pragya Goel, Mihir Sathe, Yadi Zhong

Reference: Belá Bollobás, Random Graphs, Cambridge University Press
And the webpage

www.cs.cornell.edu/courses/cs4850/2010sp/Course%20Notes/Random-graphs-from-jeh-Feb-06-2010.pdf

You have N individuals connected at random: take two individuals at random, then they are
connected with probability p, independently from the other connections. You get a random network
among these N people, called Erdös-Renyi graphs. The goal of this project is to understand the
properties of such a random graph: are all individuals connected? how many connections are needed
on average to get from one person to the other?

(1) First, define properly what the model is, and give first properties of the graph (how many
connections does each individual has on average, variance of that number, etc...).

(2) Prove is that, when the parameter is large enough (p ≥ c
√
lnn/

√
n with c >

√
2), then with

probability going to 1 the diameter of the graph is equal to 2.
(3) Can you show that you have a threshold for this property at

√
2 lnn/

√
n?

(4) Find a condition on the parameter of the graph so that, with probability going to 1, the
diameter of the graph is equal to 3 (use the idea of the question above).

(5) Conjecture what should be the answer of the same question, with diameter equal to 4, 5,
etc...



Project: Queues

Melike Sirlanci Tuysuzoglu, Emre Demirkaya, Mark Duggan

Reference: Grimmett and Sirtaker’s Chapter 11 (and Chapter 6)

Clients are arriving in a queue at rate λ, and are treated by one single server at rate µ. One
wants to know if the queue will be overwhelmed, or if the number of clients in the line is finite (and
what is this number on average).

(1) The first step is to make these statements more rigorous: what does it mean to arrive at
some given rate? Give the precise model (Choose between discrete: arrivals are Poisson(λ),
or continuous: arrivals are Exponential(λ)) .

(2) After defining what a Markov Chain is, one will explain what is the Markov chain associated
to the situation.

(3) The second step is to use the limit theorem of Markov chains (Ch. 6.4) [proving it bonus],
and to identify if the stationary distribution exists and what it is in that case (and give
properties of this distribution: average, variance, etc...).

(4) Simulations are welcome! (simulate the arrival/treatment time in the queues, see what
happens when there are several servers).



Project: Studying the growth of a population

Josh Schiffman, Yiwei Qian, Joey Huddleston

Reference: Grimmett and Sirtaker’s Chapter 5.4

We study the growth of a population. At each generation, every individual has a random number
of children (independently from the others), and we denote by Zn the total number of descendents of
generation n. Depending on the parameters, we ask the question whether the population eventually
get extinct, and with which probability. We also ask the question of how fast the population is
growing, when population does not get extinct.

(1) The first step is to formulate properly the problem.
(2) Then, use generating function to show that the population get extinct with probability 1 if

the average number of children µ is smaller (strictly) than 1. Show that when µ > 1, then
there is a positive chance of non-extinction, and that if there is no extinction, population
grows exponentially. What happens when µ = 1?

(3) Give examples where one can compute explicitely the probability mass function of Zn.
(4) Possible directions: introduce immigration (5 p175) or aging in the branching process (Ch.

5.5).



Project: Gene regulation by transcription factors

By Chengliang Dong and Qiuyu Guo

Transcription factors (TF) bind to DNA and regulate transcription of genes nearby. However,
how the binding pattern of a TF near a gene determines the genes transcription outcome has
not been systematically examined. A recently-developed, high-throughput DNA sequencing-based
technology, named ChIP-Seq, could be used for this purpose (Park et.al 2009). Data generated by
ChIP-Seq provides information on (1) binding positions of a TF in the genomes and (2) ChIP-Seq
reads enrichment (reflecting the likelihood of each binding events detected to be true). We propose
to utilize information from ChIP-Seq data to study regulation of gene transcription by a TF in a
mathematical perspective, as following:

(1) Calculate the following parameters describing a TF binding pattern using existing ChIP-Seq
data regarding one TF: a) likelihood of the nearest TF binding event to a gene; b) distance
of the nearest TF binding event to a gene; c) number of binding events near a gene; d)
average likelihood of binding events near a gene.

(2) Calculate differential expression of a group of genes (training set) between i) cells with the
TF expressed and ii) comparable cells with negligible expression of this TF; this value serves
as the transcriptional outcome of this TF over the genes.

(3) Utilizing parameters from 1) and outcomes from 2) as cross-validation data, build a model
to describe the relationship between the parameters and the outcomes.

(4) Using the model we build in 3), test the performance of our model by predicting the tran-
scriptional outcome of other genes whose real outcomes are already known and conclude the
robustness of our model.

Park, Peter J. ”ChIPseq: advantages and challenges of a maturing technology.” Nature Reviews
Genetics 10, no. 10 (2009): 669-680.


