
Homework no 7 Math 505a

Two players (player A and player B) play a board game. The rule is the following: both player
start at position 0. Then, at every round, a dice is thrown:

• If the result is different from 6, player A moves forward of 1 unit;
• If the result is 6, player B move forward of 5 units.

The goal is to be the first to get to the finish line.
We denote Xt the position of player A after t rounds, and Yt the position of player B after

t rounds. We want to compute the probability that player A wins over player B, in the limit
where the finish line is far.

(1) Compute E[X1], and E[Y1].
The first part of the problem is to be able to describe what movement makes player A

in between any move of player B.
(2) Let T1 be the first time when player B moves. What type of random variable is T1? What

is the probability mass function of D1 = XT1
?

(3) What is the probability that player A wins if the finish line is only 5 units from the start?
What if the finish line is 7 units from the start?

(4) Let us suppose that the finish line is 5n units from the starting point. We denote Tn the
nth time player B moves (which is also the time when he/she arrives). Show that you
can write XTn

as a sum of independent random variables D1 + . . . +Dn. What type of
random variables are the Dis? What are their expectation and variance?

(5) Apply the central limit theorem to estimate the probability that player A wins (that is
P(XTn

≥ 5n)).
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Homework no 7 Math 505a

Poisson point process

We study the occurrences of earthquakes Let 0 ≤ T1 ≤ T2 ≤ · · · be the times (in years) at
which the 1st, the 2nd etc... earthquake happen. They are supposed to have the two following
properties:

• the number of earthquakes during any interval of time [a, b], denotedN[a,b] =
∑

1{Ti ∈ [a, b]},
is a Poisson random variable of parameter λ (b− a), for some λ > 0;

• the numbers of earthquakes during two disjoints intervals of time are independent: N[a,b]

and N[c,d] are independent if [a, b] ∩ [c, d] = ∅.

The set of random times {T1, T2, . . .} is called Poisson arrival process of average rate λ.

(1) On average, how many earthquake during a fixed interval of length t? Find the probability
that at there is at least 2 earthquakes in the next 2 years.

(2) We want to find the distribution function of T1, the time when the first earthquake
happens. Compute P(T1 > t) (Hint: relate the event {T > t} to N[0,t]). Deduce what the
p.d.f. of T1 is.

(3) Use the same trick to compute P(Tn > t) (express it as a sum, there is no simpler form).
Deduce the p.d.f. of Tn. Tn is called a Gamma random variable of parameters n, λ.

(4) We denote Xi = Ti − Ti−1 the time between the i− 1th earthquake and the ith one (with
the convention that T0 = 0). Give a simple interpretation why the Xi are independent
exponential random variables of parameter λ.

(5) Writing Tn as a sum of Xis, compute E[Tn] and Var(Tn).

Note: a Gamma random variable Y , of parameters α, λ has p.d.f.

f(x) =
(λx)α−1

Γ(α)
(λx)α−1λe−λx if x ≥ 0, and 0 otherwise,

where Γ(α) =
∫ +∞

0
tα−1e−tdt. Remark that for α = 1, you recover an exponential random

variable, of parameter λ.

Properties (that you can check for practice):

• The Gamma function Γ(α) verifies: Γ(α+1) = αΓ(α). It is easy to see that Γ(1) = 1, so
that, for integer numbers, Γ(n) = (n− 1)!.

• E[Y ] = α/λ, Var(Y ) = α/λ2.
• The sum of two independent Gamma r.v. of parameters α1, λ and α2, λ is a Gamma r.v.
of parameters α1 + α2, λ.
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Gambler’s ruin, variation

You play the following game: you start with one unit, and at each step you throw a (fair) coin.
If you get Head, you gain one unit. If you get Tail you loose one unit. We denote T0 the first
time when you reach 0 (the time when you get broke).

(1) Show that the relation P(T0 < +∞) = 1
2
(1+P(T0 < +∞)2) holds. What can you deduce

on the probability that you eventually get broke?
(2) Let G(r) = E[rT0 ] be the generating function of T0. Show that it satisfies G(r) = r

2
(1 +

G(r)2). Tell what G(r) is for r ∈ [0, 1].
(3) Identify the coefficients of the series expansion of G(r). What is the probability mass

function of T0?
(4) Show that E[T0] = +∞.
(5) What does it change when the coin is not fair anymore? Note p = P(Head).
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Strong law of large numbers

You have X1, X2, . . . a sequence of independent, identically distributed random variables. We
denote µ := E[X1], and we suppose that it also has finite 3rd and 4th moment, that we denote
m2 := E[(X1 − µ)4] < +∞ and m4 := E[(X1 − µ)4] < +∞.
We are interested in the convergence of Yn := 1

n

∑n

k=1Xk.

(1) Compute E[Yn]. Compute Var(Yn).

(2) Use Chebichev’s inequality to show that, for any ǫ > 0, one has P(|Yn − µ| > ǫ)
n→∞

→ 0.
Interpret this result.

(3) Write X̃k = Xk − µ, and write Yn − µ = 1
n

∑n

k=1 X̃k. Compute E[(Yn − µ)4].
(4) Denote An,k the event that |Yn − µ| ≥ 1/k. Use the previous question, with Markov’s

inequality, to get that P(An,k) ≤ c/(n2k4), for some constant c > 0.

(5) Let Zk =
∑+∞

n=1 1An,k
be the number of times that An,k happens. Show that E[Z] < +∞,

and deduce that, with probability 1, only finitely many events An,k happens.
(6) The previous question means that P(lim sup |Yn − µ| ≥ 1/k) = 0. Using the events Ak

that lim sup |Yn − µ| ≥ 1/k, show that, with probability 1, limn→∞ |Yn − µ| = 0. What is
the difference with question 2?
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Married couples at a table

Put n married couples (n men and n women) at random at a round table, alternating a man
and a woman. Let Ai be the event that the married couple number i sit together (wife and
husband sit one next to the other).

(1) Compute P(Ai).
(2) Let X be the number of couples sitting together. Using the indicator functions of the

events Ai, compute E[X ].
(3) Compute P(Ai ∩Aj) for i 6= j. Hint: consider two cases: if a person of couple i sits next

to a person of couple j, or not.
(4) Compute Var(X).
(5) You want to give a number n0 such that you are 95% sure that no more than n0 couples

sit together. Use Chebichev’s inequality to give such a n0.
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• You start with k units, and you play the famous game. At each round, you throw a (fair)
coin. If you get Head, you gain one unit. If you get Tail you loose one unit. This time, you have
an objective: you want to get N units (to be able to buy a Math book). Therefore, the game
stops when you either get broke, or when you reach you objective.
Compute the probability that you reach your objective.

• Another, apparently unrelated problem: there are N stones, which form a circle, with a
piece of gold on each one. You stand on one stone, and then you start jumping to one adjacent
stone at random (clockwise with probability 1/2 or counterclockwise with probability 1/2). You
keep doing this random walk, picking up every piece of gold. Then, you stop when you get the
last piece of gold, and you do not move any more.
Here is how locate your position: stone k is the kth stone clockwise of your original position.

For example, stone 0 is your original position, and stone N − 1 is just the stone next to stone 0,
counterclockwise. Stone N coincides with stone 0.
Compute the probability that you stand just next to your original position (stone 1 or N −1).

More generally, compute the probability mass function of the stone you stand on, when you stop
moving.


