
Homework 3: Queues
Due: February, Wednesday 19th

Customers arrive at a station for service, forming a queue. Our main assumptions are as follows:

• If the queue is empty at a given time, then a random number of new customers arrive at
the next time.

• If the queue is nonempty at a given time, then one customer is served and a random number
of new customers arrive at the next time.

• The number of customers who arrive at each time period form an independent, identically
distributed sequence.

Let us denote Xn the number of customers in the system at time n ∈ N, and let Un be the number
of customers who arrive at time n ∈ N. The Un’s are i.i.d. with common probability mass function
f(k) := P(U1 = k), k ≥ 0. We assume that f(0) > 0 (it is possible that no one arrives), and that
f(0) + f(1) < 1 (it is possible that more than 1 person arrives).
Then the queue evolves as follow:

Xn+1 =

{

Un if Xn = 0,

Xn − 1 + Un if Xn > 0.

1. Show that (Xn)n∈N is a Markov Chain. What is its transition matrix?
2. Is the chain (Xn)n∈N irreducible? Is it aperiodic?
3. We want to decide if the chain is recurrent. Let us denote T0 = inf{n > 0, Xn = 0}, and

q = P(T0 < +∞|X0 = 1). What does q < 1 mean? Show that P(T0 < +∞|X0 = x) = qx.
4. Show that q verifies the relation q = G(q), where G is the generating function of U1, G(s) =

∑

n≥0
P(U1 = k)sk = E[sU1 ].

5. We accept the fact that q is the smallest solution in (0, 1] of the equation G(s) = s. Show that
G(s) is non-decreasing and convex. Deduce that q = 1 if E[U1] ≤ 1 and that q < 1 if E[U1] > 1.
6. Classify the states of the Markov Chain, depending on E[U1], and interpret the results.
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