
Homework 2: Branching process and Wright Fisher Model
Due: February, Wednesday 12th

A. The Wright-Fisher model.

There is a population of N haploid individuals, with possible alleles A or B. The population stays
constant over time. At each generation, each of the N individuals inherits its genetic material from a
uniformly chosen individual from the previous generation, independently from all other individuals.
We denote (Xn)n≥0 the number of individuals with allele A in generation n.
1. Show that the sequence X is a Markov Chain. What is its state space and its transition

matrix?
2. Classify the states of the Markov Chain.
3. Show that the probability that Xn is eventually equal to 0 or N is 1 (that is P(∃m, Xn =

0 or Xn = 1 ∀n ≥ m) = 1). What does it mean?

Note: we will be able to show easily that P(Xnis eventually equal to N |X0 = i) = i/N , you can
thought about it in the meanwhile (Hint: requires to solve a large system of equations...)

B. Branching Process.

Let X = {X0, X1, . . .} be a sequence of random variables, defined as follow: X0 = 1, and

Xn+1 =
∑Xn

k=1 ξ
(n)
k , where the (ξ

(n)
k )k∈N,n∈N are IID random variables with values in N, and common

probability mass function denoted f(m) = P(ξ
(1)
1 = m).

The Xn is interpreted as the size of a population, which is renewed at every generation, each

individual having a random number of children (the kth individual of the nth generation has ξ
(n)
k

children).

1. Show that the sequence X is a Markov Chain. What is its state space and its transition
matrix?
2. Classify the states of the Markov Chain, and interpret the result.

Note: one is able to prove that q := P(Xnis eventually equal to 0) is equal to 1 if E[ξ
(1)
1 ] ≤ 1,

and that q < 1 if E[ξ
(1)
1 ] > 1 (the value of q being such that E[qξ

(1)
1 ] = q). See Grimmett-Stirzaker,

Ch. 5.4.
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